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Abstract
We consider the scenario where additive, independent and identically distributed (i.i.d) noise in an image is
removed using an overcomplete set of linear transforms and thresholding. Rather than the standard approach where
one obtains the denoised signal by ad hoc averaging of the denoised estimates provided by denoising with each of
the transforms, we formulate the optimal combination as a conditional linear estimation problem and solve it for
optimal estimates. Our approach is independent of the utilized transforms and the thresholding scheme, and as we
illustrate using oracle based denoisers, it extends established work by exploiting a separate degree of freedom that is
in general not reachable using previous techniques. Our derivation of the optimal estimates specifically relies on the
assumption that the utilized transforms provide sparse decompositions. At the same time, our work is robust as it
does not require any assumptions about image statistics beyond sparsity. Unlike existing work which tries to devise
ever more sophisticated transforms and thresholding algorithms to deal with the myriad types of image singularities,
our work uses basic tools to obtain very high performance on singularities by taking better advantage of the sparsity
that surrounds them. With well-established transforms we obtain results that are competitive with state-of-the-art
methods.
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I. I NTRODUCTION
The signal in additive i.i.d. noise problem continues to receive significant attention as it provides a benchmark for
the accurate statistical modeling and representation of signals. In this paper we are interested in the popular scenario
where noise in an image is removed with the aid of a set of linear transforms and thresholding nonlinearities1 .
Under sparse decomposition assumptions, it can be seen that additive noise leads to very low SNR on the many
transform coefficients with small magnitudes. Hence a thresholding nonlinearity that simply detects and removes
these coefficients results in robust and high performance denoising [9]. Such simple nonlinear shrinkage techniques
can also be generalized with the aid of sophisticated regularization constructs to arrive at elaborate regression
models and associated thresholding solutions [8], [14], [6]. For further details on the theory behind the shrinkage
operation the reader is referred to [11].
While significant denoising improvements can be shown for classes of signals over which the utilized linear
transforms provide sparse decompositions, it is well-known that typical transforms such as wavelets or block DCTs
have limited sparsity over images with singularities along smooth curves [7]. Hence, after the initial set of results in
[9], research in transform based denoising has so far concentrated on obtaining transforms with better mathematical
properties on singularities (see for e.g., [21], [31], [27], [13], [12]), better thresholding techniques that account
for spatial and scale variations over singularities (see for e.g., [25], [2], [22]), and better statistical modeling in
transform domain that addresses the dependencies among coefficients over singularities (see for e.g., [5], [24], [29],
[28], [23]).
The significant understanding and value provided by new transform design and better coefficient modeling
notwithstanding, it is clear that this line of research must overcome significant obstacles. Newly designed transforms
must surmount the practical challenges posed by real-world digital images and coefficient interdependency rules must
be able to account for the many different types of singularities depicted on even the simplest images. Formulation
of robust statistical models that govern groups of coefficients faces similar issues and is particularly difficult for
transforms such as wavelet/complex-wavelet packets, DCTs, etc. With such transforms, statistical dependencies must
be learned or modeled over large dimensional spaces since each singularity affects many transform coefficients.
While these transforms do not have good approximation properties on singularities, they are nevertheless very
valuable over image regions showing texture and similar high frequency variations ([15], [26]). A high performance
approach that is broadly applicable to such transforms is very desirable.
An interesting alternative that can also be complementary to transform design and statistical dependency learning
research is via the use of overcomplete decompositions established with the aid of an overcomplete set of transforms
[4]. Denoising with an overcomplete set of transforms allows one to retain the simplicity of the
transf orm → threshold → inverse transf orm

(1)

denoising recipe while producing high performance results even with mathematically suboptimal transforms especially when the transform set is chosen to accomplish translation invariance [4]. In the overcomplete setting several
denoised estimates (typically produced by applying (1) with shifted versions of the same transform, i.e., by “cycle
1

There are of course many other approaches possible, for example, see [1] for a recent denoising algorithm not directly based on transforms.
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spinning”) are combined by averaging them at every pixel. It is hoped that some of the estimates will provide
better performance than others, which will then be rectified in the combination via an average. While the main
signal processing tools (choice of transforms, thresholds, etc.) that are used in denoising with an overcomplete set
of transforms have been examined extensively, the final combination operation has not received much attention.
In this paper, we examine this little explored but important aspect, namely the management of how the denoised
estimates should be optimally combined at every pixel.
The method we present uses a set of denoised estimates provided by using (1) with an overcomplete set of
transforms. However, the bulk of the work leaves the transform and thresholding aspects aside and concentrates
solely on the final combination of the denoised estimates. In forming this combination, rather than obtaining an ad
hoc average, the simple method we propose adaptively determines the better denoised estimates and prefers them on
a per-pixel basis. As we show using oracle based denoisers, we build on the existing body of literature and exploit
a degree of freedom that is in general not reachable by using previous approaches with better-tuned thresholds.
Most importantly, our formulation does not lose the simplicity of averaging (and of the recipe in Equation (1)), but
it still manages to provide significant improvements.
One of the interesting things to see in this paper is that our techniques enable even “singularity-blind” transforms
like DCTs to obtain high performance over image singularities with virtually no sophisticated statistical modeling.
This becomes possible because close to singularities at least some denoised estimates tend to provide good results
even with transforms like DCTs. Hence achieving high performance simply becomes a matter of adaptively finding
these estimates and emphasizing them. While our approach does not directly model singularities, it implicitly
obtains very high performance on them by aggressively determining the regions around them where at least some
of the utilized transforms provide sparse decompositions. Our combination step simply gives preference to the
corresponding denoised estimates in order to obtain substantial improvements over direct averaging. As we show,
with the techniques of this paper, singularity-blind DCTs readily outperform elaborate directional basis over and
near singularities.
Given the denoised estimates provided by the transforms in the overcomplete set, our task in this paper is to
form an overall estimate of the denoised image2 . In this quest, we derive three estimators in order of diminishing
computational complexity. Our first estimator is also the most potent and improves denoising performance throughout, even when no singularities are present in the signal. Our second estimator is very simple and solely requires
the determination of the amount of expected noise energy remaining in the pixels of each denoised estimate. In
the case of hard-thresholding, this per-pixel residual noise energy can be determined using the coefficients from
each transform that survive thresholding with the aid of the associated basis functions. For our third and simplest
estimate, we further approximate this energy by the number of non-zero coefficients remaining (associated with
basis functions overlapping the given pixel) subsequent to denoising with each transform.
In related work, [16] considers hard-thresholding operations as projections to signal-subspaces and tries to find
the signal that lies in the intersection of all signal-subspaces as determined by an overcomplete set of transforms
and hard-thresholding. The resulting technique is very interesting but requires accurate thresholding (subspace
2

Our early work appeared in [20], [18].
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determination) since incorrect subspace determination can easily lead one to shrink to the all-zero signal. Beyond
being more computationally complex and less robust to thresholding compared to our work, their approach is also
difficult to generalize to other types of thresholding and denoising rules.
The paper is organized as follows. Section II introduces the basic ideas of this work. After introducing notation in
Section II-A, we discuss intuitions behind the work in Section II-B and provide the main derivation in Section II-C.
The three solutions and a brief solution comparison example comprise Section II-D. Section II-E expands further
on this comparison by introducing the equivalent, per-pixel adaptive denoising filters. In Section III we deploy the
three solutions on a set of simple images with sharp singularities in order to illustrate the solutions’ properties and
also look at results with oracle-based denoisers. The observed properties are used in Section IV to derive an image
denoising algorithm whose performance on test images is illustrated in Section V. Section VI concludes the paper.

II. M AIN I DEAS

AND

D ERIVATION

A. Definitions and Notation
Let x (N × 1) denote the original signal, and let the noise corrupted signal be given by
y = x + w,

(2)

2 . Let H (N × N ), i = 1, . . . , M denote a set of invertible linear transforms.
where w is i.i.d. noise of variance σw
i

The transform coefficients of each transform are thresholded to obtain a denoised estimate x̂i of x. These estimates
are then combined to arrive at an overall estimate x̂.
Denoised Estimates: The denoised estimates x̂i corresponding to each transform can be obtained in three stages
for i = 1, . . . , M as follows.
ci = Hi y,
ĉi = T (ci ),
x̂i = H−1
i (ĉi ),

(3)

where ci (N × 1) are the transform coefficients due to Hi , ĉi (N × 1) are the thresholded coefficients, T (.) is the
thresholding function, and x̂i is the ith denoised estimate of x.
Thresholding: As will become clear, our work can accommodate a large variety of thresholding techniques. For
convenience, the examples in this paper will utilize hard-thresholding on each coefficient via

 0,
ĉi (k) =
 c (k),
i

|ci (k)| ≤ τi,k
|ci (k)| > τi,k

(4)

for k = 1, . . . , N , where ci (k) is the k th transform coefficient of the ith transform, and τi,k is a given threshold
for the coefficient ci (k). Except for the simple examples in Section III, where will use spatially uniform thresholds
(i.e., τi,k = τ ), the manuscript will allow per coefficient variation in the thresholds.
4

Ideal Denoising Rule: Consider the original signal’s transform coefficients given by
di = Hi x,

i = 1, . . . , M.

(5)

For convenience in discussing the toy examples and the simple formulas for the weights, we define the infeasible
rule

 0,
ĉi (k) =
 c (k),

di (k) = 0
|di (k)| > 0

i

(6)

which can be written in terms of (4) by picking τi,k = |ci (k)| when di (k) = 0 and τi,k = 0 otherwise. Of course
this rule only provides denoising improvements for ideal signals that provide many zero-valued coefficients with
the given transforms.
Oracle-Based Denoising Rule: In order to show that weighting improves performance under more elaborate thresholding rules and to motivate the “coefficient denoising rule” that will be used in our actual denoising algorithm in
Section IV, we define the infeasible rule

 0,
ĉi (k) =
 c (k),
i

|di (k)| ≤ |ci (k) − di (k)|

(7)

otherwise,

i.e., if the distortion caused by keeping the noisy coefficient unchanged is less than the distortion caused by setting
it to zero, the coefficient is left as is; otherwise, the coefficient is set to zero. Note that the oracle can always find a
per-coefficient adaptive threshold (as a function of ci (k) and di (k)) to carry out this rule using the notation of (4).
Index Sets and Selection Matrices: To help later notation we also define the index sets
Vi = {k| |ci (k)| > τi,k }

(8)

and the related diagonal selection matrices

 1 k = l, |c (k)| > τ
i
i,k
Si (k, l) =
 0 otherwise.

(9)

Observe that with this notation, Equation (3) becomes

x̂i = H−1
i Si Hi y,

(10)

and by assuming orthonormal transforms it further simplifies to
x̂i = HTi Si Hi y,

(11)

where (.)T denotes transpose.
Residual Noise: By combining (2) and (11) we have x̂i = HTi Si Hi x + HTi Si Hi w, and the noise remaining after
denoising with the ith transform can be obtained as
wi = x̂i − HTi Si Hi x
= HTi Si Hi w.

5

(12)

Combination: In the traditional simple average-based combination the denoised estimates are combined at every
pixel to arrive at the overall denoised signal via
x̂(n) = 1/M

M
X

x̂i (n), n = 1, . . . , N.

(13)

i=1

In this paper, we would like to replace the above equation with
x̂(n) =

M
X

γi (n)x̂i (n), n = 1, . . . , N,

(14)

i=1

where the weights γi (n), i = 1, . . . , M, n = 1, . . . , N, are to be determined optimally in Section II-C3 . An
interesting viewpoint can be arrived at by noting that when one uses (10) to substitute for x̂i , Equation (14)
corresponds to doing a pixel adaptive inverse transform. For denoising with naturally overcomplete transforms such
as complex wavelets [21], where the inverse transform can be written in terms of a bank of real Hi , i = 1, . . . , M ,
the proposed work can be straightforwardly inserted in the inversion stage to again allow a pixel adaptive inverse
for better denoising performance.
Sparse Regions: Throughout, the manuscript will refer to regions in the image where the utilized localized transforms
provide sparse decompositions as sparse regions. These are regions where localized transform coefficients decay
rapidly in magnitude sorted order. The more rapid the decay the better the expected approximation-denoisingcompression performance, with the transform and the rate of decay to quantifying the families of images over
which this expected performance will be valid [9], [10], [3]. It is important to note that with DCT-like transforms
sparse regions can be much more general than locally smooth regions, i.e., non-smooth, textured patches in images
can also be sparse with respect to the utilized transform. For example, both Figure 4 (a) and (b) have large sparse
regions with respect to the utilized block DCT basis. As will become clear, the proposed work allows one to obtain
high performance on both images since it exploits the more general notion of “localized sparsity” rather than the
more restricted notion of localized smoothness.
B. Intuition
As an intuitive example consider a one dimensional piecewise constant signal, where an ideal step edge separates
the two piecewise constant portions. Assume this signal has been corrupted with additive, i.i.d. noise to result
in the signal depicted at the bottom of Figure 1. For simplicity, assume an overcomplete system of four 4 × 1
block DCTs (DCT 1, . . . , DCT 4) are evaluated on this signal corresponding to four translations of the block tiling.
Suppose, the coefficients of each transform are thresholded and inverse transformed to yield four denoised estimates
x̂i (n), i = 1, . . . , 4 at each sample n.

Observe that the sample identified at ne has four block DCTs overlapping it, one block from each transform,
labeled bne ,1 , . . . , bne ,4 . Of these four blocks the first two overlap the “edge” in the figure (shown dark shaded)
3

Reviewer 2 has pointed out potential connections to the data fusion literature [33], [34]. The reader should note though that compared

to cases considered in general fusion setups, all of the “fusing” sources in (14) are simple versions of the same signal, i.e., the problem we
are trying to solve is much simpler compared to the general fusion problem which will allow us to obtain high performance solutions with
little apriori information.
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Noise corrupted piecewise constant signal and an overcomplete system of four block DCTs tiling it. The sample at ne is close

to the singularity and the sample at ns is away from it. One DCT block from each transform overlaps each sample resulting in blocks
bne ,1 , ..., bne ,4 overlapping ne and blocks bns ,1 , ..., bns ,4 overlapping ns .

whereas the latter two overlap smooth portions of the signal (shown lightly shaded). Using well-known approximation arguments [10], [3], we expect the two block DCTs overlapping the smooth regions to provide sparse
decompositions and yield good individual denoised estimates for the sample at ne . The two block DCTs overlapping
the edge on the other hand will not give rise to good denoised estimates at ne . Hence, rather than setting γi (ne ) = 1/4
for i = 1, . . . , 4 as in Equation (13), one can see that it is beneficial to give more weight to i = 3, 4 and less to
i = 1, 2 when the individual estimates are combined.

For the sample at ns in Figure 1, whether there should be a difference in the weights is not clear. However,
consider the example case where the thresholding operation retains only the DCT-DC terms in the four overlapping
blocks, i.e., except for the DC coefficient, all coefficients in blocks bns ,1 , ..., bns ,4 are thresholded to zero. For this
case, it can be seen that while Equation (13) forms the equivalent denoising filter shown in Figure 2 (a) (see Section
II-E for the general derivation), the optimal filter results by choosing γ1 (ns ) = γ4 (ns ) = 1/2, γ2 (ns ) = γ3 (ns ) = 0
as shown in Figure 2 (b). Thus it is clear that the optimal assignment of the γi (n) in Equation (14) has the potential
to benefit samples away from singularities as well.

Fig. 2.

ns

ns

(a) Standard

(b) Optimal

Equivalent filters for denoising at ns . The final denoised signal can be obtained by filtering the noisy signal y with per-sample

adaptive filters. For the sample at ns , the standard solution corresponds to obtaining a scalar product of y with the filter in (a) (shown
superimposed on ns ) whereas the optimal combination corresponds to a scalar product with the filter in (b).
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C. Main Derivation
For convenience assume zero mean quantities. We would like to derive the optimal weights in Equation (14)
such that they minimize the conditional mean squared error, given the noisy signal y and the denoised estimates
x̂1 , . . . , x̂i , . . . , x̂M ,
E[|x(n) − x̂(n)|2 |y, x̂1 , . . . , x̂i , . . . , x̂M ].

(15)

Assuming the denoisers generating the individual estimates do not have side information beyond y , it is clear
that the above quantity is equivalent to E[|x(n) − x̂(n)|2 |y]. Furthermore, if we are allowed to adapt the weights
γi (n) for each y in an unconstrained way it is clear that, unless all of the x̂i (n) are zero, the optimal combination
x̂∗ (n) =

PM

∗
i=1 γi (n)x̂i (n)

should be equal to E[x(n)|y], i.e., to the global minimizer of Equation (15) [32] (simply

pick an i for which x̂i (n) is non-zero, set the weight γi∗ (n) = E[x(n)|y]/x̂i (n), and set the remaining weights to
zero). Hence, our per-pixel setup neither loses nor gains anything compared to the most general formulation of the
signal in noise problem. Some assumptions are needed to convert this most ambitious formulation into a tractable
setting. The assumptions below are motivated by tractability concerns especially given the nonlinearities used in
the individual denoisers.
i- For the results in this paper, we will assume that the overall estimate will only be conditioned on the index
sets of Equation (8), i.e, on the available sparsity information as established by the denoisers. Our aim then
is to minimize
E[|x(n) − x̂(n)|2 |V1 , . . . , VM ]

(16)

rather than (15). In the rest of this section we let E[.] denote the conditional expectation E[.|V1 , . . . , VM ].
ii- We will assume that
M
X

γi (n) = 1.

(17)

i=1

In conjunction with the simplifications proposed in Section II-D, this assumption will allow us to side-step
issues related to the determination of the particulars of signal statistics4 .
Given these assumptions our goal becomes the minimization of
E[|x(n) −

M
X

γi (n)x̂i (n)|2 ]

(18)

i=1

in terms of γi (n), i = 1, . . . , M , subject to

PM

i=1 γi (n)

= 1. Let ei = x − x̂i and define

Γn = [γ1 (n) . . . γM (n)]T ,

(19)

χn = [x̂1 (n) . . . x̂M (n)]T ,

(20)

ǫn = [e1 (n) . . . eM (n)]T ,

(21)

u = [1 . . . 1]T ,

(22)

η n = E[ǫn ǫTn ].
4

(23)

Under the ideal denoising rule of (6), one can manipulate the relevant equations to see that this assumption becomes equivalent to a high

signal to noise ratio assumption. Combining (11) with (6) leads to xi = x + wi with x and wi being independent under (6). The resulting
optimization of (16) in terms of γi (n) assuming high signal to noise ratio results in
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PM

i=1

γi (n) ≈ 1.

The minimization of Equation (18) becomes the minimization of
E[||x(n) − ΓTn χn ||2 ] − λn ΓTn u
= E[||x(n)(1 − ΓTn u) − ΓTn ǫn ||2 ] − λn ΓTn u,

(24)

where λn is chosen to enforce ΓTn u = 1. We thus arrive at
η n Γn = λ′n u

(25)

where λ′n ensures ΓTn u = 1.
D. Practical Solutions
It is clear that the exact determination of η n = E[ǫn ǫTn ] in order to enable the solution of (25) is difficult
given the nonlinearities used in the individual denoisers. In order to obtain simple expressions for the weights we
will assume that the errors remaining after denoising with each transform are mostly due to residual noise, i.e.,
E[ei (n)ej (n)] ≈ E[wi (n)wj (n)]. Define the vector δn (N × 1) as

 1,
δn (i) =
 0,

i=n
otherwise.

(26)

We have
η n (i, j) = E[ei (n)ej (n)]

(27)

≈ E[wi (n)wj (n)]

(28)

= δnT E[wi wj ]δn .

(29)

Substituting (12) and approximating E[wwT ] ≈ E[wwT ] we obtain5
2 T T
η n (i, j) ≈ σw
δn Hi Si Hi HTj Sj Hj δn
2
= σw
Gn (i, j),

(30)
(31)

2 is the noise variance and G is a matrix that is solely dependent on the overcomplete transform set and
where σw
n

the index sets Vi , i = 1, . . . , M .
With the aid of (31), it can be seen that Equation (25) reduces to
Gn Γn = λ∗n u,

(32)

where λ∗n is the scaling factor that achieves ΓTn u = 1. In this paper we consider the following solutions to (32).
Full Solution: Since Gn is positive semidefinite, Equation (32) can be solved within the positive eigenspace of Gn
to yield Γn whenever the rank of Gn is non-zero. (For the zero rank case we assume that Γn is set to its standard
value of [1/M . . . 1/M ]T .) We will refer to this solution of Equation (32) as the full solution.
5

Note that using the ideal denoising rule of (6), both approximations become exact and (30) becomes an equality.
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Diagonal Solution: The full solution is complex as it requires the formation and the inversion of Gn at every pixel.
Looking at the form of Gn through Equations (30) and (31), we observe that the matrix element Gn (i, j) represents
the cross correlation of the noise remaining at pixel n after denoising with the ith and j th transforms divided by
2 . Assuming these cross terms are negligible in comparison to the correlations at diagonals and thereby setting
σw

the off-diagonal elements of Gn to zero yields a diagonal matrix Dn where

 G (i, i) = δ T HT S H δ ,
n
n i i i n
Dn (i, j) =
 0,

if i = j

(33)

otherwise.

We will refer to the solution of (32) with Gn replaced by Dn via
Dn Γn = λ∗n u

(34)

as the diagonal solution.
Significant-Only Solution: While the diagonal solution is much simpler than the full solution, it still requires us to
keep track of the square of the value of each transform basis function at every pixel since
δnT HTi Si Hi δn =

X

(Hi (k, n))2 .

(35)

k∈Vi

If we assume that the transform basis functions have values of constant magnitude in their spatial support we can
obtain an even simpler equation. Consider the mth basis function of the ith transform, i.e., the mth row of Hi
given as Hi (m, n), n = 1, . . . , N . Let αi (m) determine the number of non-zero entries in Hi (m, .). Fix ε ≥ 0.
For the given m and for n = 1, . . . , N define

p


1/ αi (m), if Hi (m, n) > ε


p
Fi (m, n) =
−1/ αi (m), if Hi (m, n) < ε



 0,
otherwise.

(36)

(For the results in this paper ε = 0.) We obtain what we refer to as the significant-only solution by replacing the
diagonal matrix D(n) in Equation (34) with

 δ T FT S F δ ,
n i i i n
D̃n (i, j) =
 0,

if i = j

(37)

otherwise.

Block Transform Simplification of the Significant-Only Solution: One of the benefits of the significant-only solution
is that it leads to a particularly simple form when the utilized transforms are block. For block transforms, the
transform basis functions have block support. Assuming all the transforms’ basis functions have the same block
size, the αi (m) in Equation (36) can be made independent of i and m, i.e., αi (m) = α. Since transforms are block,
there is one block from each transform that overlaps any pixel. Suppose pixel n is in block bn,i of transform i.
After denoising with transform i suppose this block has N (bn,i ) non-zero transform coefficients. Then we have
δnT FTi Si Fi δn =

X

(Fi (k, n))2

k∈Vi

=
k∈{Non-zero

=

N (bn,i )
.
α

10

X

1/α

coefficients in bn,i }
(38)

As a result, at pixel n the weight for the denoised estimate provided by the ith transform is
γi (n) =

Cn
,
N (bn,i )

where Cn is a constant independent of i chosen to ensure

(39)

i γi (n)

P

= 1. Hence, for the block transform case, the

significant-only solution results in intuitively simple weights that are only dependent on the sparsity of the transform
blocks in the denoised estimates. Observe that the transform blocks with many zero coefficients subsequent to
denoising receive larger weights in the combination. An example algorithm that implements the significant-only
solution with block transforms and hard-thresholding is sketched in Appendix I.
The following example illustrates the derived solutions for the toy signal in Figure 1.
Solution Comparison:
Example 1: Consider the noisy piecewise constant signal and the overcomplete transform set depicted in Figure 1.
In order to compare the three solutions assume that the denoised estimates are obtained through the ideal denoising
rule of (6) so that the coefficients of blocks overlapping the edge have not been thresholded, and the coefficients
of all the other blocks have been thresholded such that only the DCT-DC coefficient is retained. For the pixel at
ne we have
N (bne ,1 ) = 4, N (bne ,2 ) = 4, N (bne ,3 ) = 1, N (bne ,4 ) = 1,

and for ns
N (bns ,1 ) = 1, N (bns ,2 ) = 1, N (bns ,3 ) = 1, N (bns ,4 ) = 1.

Solving for the weights at ne and ns we obtain the results in Table I. (The mean squared error (mse) column in the
Solution

γ1 (ne )

γ2 (ne )

γ3 (ne )

γ4 (ne )

mse(ne )

Full

−0.02

−0.02

0.52

0.52

2
0.22σw

Diagonal

0.10

0.10

0.40

0.40

2
0.26σw

Significant-only

0.10

0.10

0.40

0.40

2
0.26σw

Standard

0.25

0.25

0.25

0.25

2
0.43σw

(a)
γ1 (ns )

γ2 (ns )

γ3 (ns )

γ4 (ns )

mse(ns )

Full

0.50

0.00

0.00

0.50

2
0.16σw

Diagonal

0.25

0.25

0.25

0.25

2
0.17σw

Significant-only

0.25

0.25

0.25

0.25

2
0.17σw

Standard

0.25

0.25

0.25

0.25

2
0.17σw

Solution

(b)

TABLE I
D ENOISING THE EXAMPLE SIGNAL IN F IGURE 1. S OLUTIONS AT ne

AND

ns ,

ASSUMING THE IDEAL DENOISING RULE .

table assumes that the same denoising rule has been carried out for many realizations, i.e., that we fix the index
sets and obtain the mse over many realizations.)
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As evidenced from Table I (a), for the pixel at ne , all solutions significantly outperform the standard solution.
The diagonal and significant-only solutions generate the same weights (since Dne in (33) and D̃ne in (37) become
identical) with mse performance closely following that of the full solution. On the other hand, as indicated in Table
I (b), for the pixel at ns only the full solution deviates from the standard solution. This is because the N (bns ,i )
are identical and the surviving coefficients correspond to DC, i.e., all constant, basis functions. Note that the full
solution is only marginally better than the standard solution since simple averaging of the denoised estimates works
well in portions of the signal where all of the utilized transforms yield sparse decompositions. Hence, based on
these results, we expect the weighted solutions to obtain significant improvements primarily around singularities.2
E. Equivalent Filters
Using Equations (11) and (14) we can construct the final denoised estimate as
x̂(n) =

M
X

γi (n)x̂i (n)

i=1
M
X

= [

γi (n)δnT HTi Si Hi ] y

i=1

= LTn y,
PM

where Ln = [δnT (

T
T
i=1 γi (n)Hi Si Hi )] .

(40)

Ln can be thought of as an equivalent, pixel adaptive filter or projection

that is applied to the noisy signal y to obtain the denoised output, i.e., the whole operation of overcomplete
transforms, thresholding, and weighted combination can be thought to result in the per-pixel adaptive denoising
filter Ln .
Example 1 (contd.) : Figure 3 shows the equivalent filters for the pixel at ne using the ideal denoising rule,
corresponding to the situation in Table I (a). Using the generic statistical model which dictates that pixels from
different sides of a singularity are decorrelated [3], we expect the optimal equivalent filter at ne to obtain a spatial
average over the pixels that are on the same side of the singularity as ne . It is easily seen from the figure that
the derived solutions perform better spatial averaging around ne compared to the standard solution and thereby
remove more noise.
The equivalent filters for the pixel at ns turn out to be as shown earlier in Figure 2, with the full solution
accomplishing the optimal filter in Figure 2 (b) and the other solutions accomplishing the standard filter in Figure
2 (a).

2

III. S IMPLE E XAMPLES

AND

P ROPERTIES

In this section we consider four toy images that illustrate the main properties of the derived solutions. These
images have sharp singularities that better delineate the performance around such features and thus form good test
cases of denoising around singularities. Singularity geometry is especially important on the images Graphics and
Criss-Cross. The denoising results on these images are particularly impacted by performance on singularities.
Assume that the images shown in Figure 4 are corrupted with white Gaussian noise having standard deviation
σw . The noisy images are denoised using an overcomplete set of block DCT (8 × 8) transforms so that the resulting
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Full

Diagonal

0.6

0.6

0.4

0.4

0.2

0.2

0
−3

−2

−1

0

1

2

0
−3

3

−2

−1

Significant−only
0.6

0.4

0.4

0.2

0.2

Fig. 3.

−2

−1

0

1

1

2

3

1

2

3

Standard

0.6

0
−3

0

2

0
−3

3

−2

−1

0

Equivalent filters for the derived three solutions and for the standard solution at pixel ne using the ideal denoising rule (Table I

(a)). The filters are displayed so that the tap at 0 multiplies the pixel value y(ne ), the tap at −1 multiplies the pixel value y(ne − 1), etc.
With the aid of Figure 1, observe that taps at −1, 0, 1, . . . , 3 multiply values on the same side of the step edge as the pixel at ne . Since it
averages more, the full solution accomplishes the best filtering which results in the most noise suppression. This is followed by the identical
diagonal and significant-only solutions. The standard solution accomplishes the worst filtering as it gives too much influence to y(ne ) and
thereby averages less over the pixels that are on the same side of the singularity.

denoising is fully translation invariant, i.e., Hi , i = 1, . . . , M , represent all translations of a 8 × 8 block DCT with
M = 64. Denoising is carried out by spatially uniform hard-thresholding with a single threshold τ using the recipe

of Equation (3) (DCT-DC coefficients are not thresholded). In what follows, when comparing the three derived
solutions over the standard system, we also compare them to the high performance BLS-GSM denoising method
proposed in [28].

(a)
Fig. 4.

(b)

(c)

(d)

Toy images. (a) Graphics (512 × 512), (b) Criss-Cross (512 × 512), (c) Voronoi (256 × 256), (d) Teapot(512 × 512).

PSNR Performance: The PSNR v.s. threshold (τ ) curves6 obtained by denoising the four simple images are illustrated
in Figure 5. It is clear that on this set of images with sharp singularities the three solutions of Section II-D (full,
diagonal, and significant-only) substantially outperform the standard solution, which itself outperforms BLS-GSM.
Observe that there are significant improvements in PSNR, which sometimes approach 10 dB improvements over
BLS-GSM. These images are almost completely described by their singularity geometry as their uniform portions
6

We defer issues related to threshold selection to Section V where we will present our full-fledged denoising algorithm.
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can be denoised very effectively, practically with any technique, i.e., performance around singularities is the main
bottleneck in improving overall PSNR. The PSNR improvements are thus a clear indication of the improvements
the proposed work achieves close to singularities.
Graphics (σ =5)

Criss−cross (σ =5)

w

w

48

52

47
50
46
45

48

PSNR

PSNR

44
46

44

43
42
41

42
Full
Diagonal
Significant−only
Standard
BLS−GSM

40

39
38

38
8

10

12

14

τ

16

Full
Diagonal
Significant−only
Standard
BLS−GSM

40

18

8

10

12

(a)

14

τ

16

18

(b)

Voronoi (σ =5)

Teapot (σ =10)

w

w

42

40

41
39
40
38

PSNR

PSNR

39
38

37
36

37
35
Full
Diagonal
Significant−only
Standard
BLS−GSM

36
35

2

4

6

8

10
τ

12

14

16

34

Significant−only
Standard
BLS−GSM

33

18

16

(c)

18

20

22

24

τ

26

28

30

32

34

(d)

Fig. 5. PSNR v.s. threshold denoising results on the simple images Graphics (σw = 5), Criss-Cross (σw = 5), Voronoi (σw = 5), and Teapot
(σw = 10). On these images with sharp singularities, the derived solutions significantly outperform the standard solution and BLS-GSM.

Complex singularities: It is important to note that the piecewise uniform images, Graphics and Criss-Cross, depicted
in Figure 4 (a) and (b) have the same singularity geometry but exhibit very different behavior in their uniform
portions. Due to this difference, the singularities in these two images also show remarkably different behaviour. As
can be seen in the magnified portions depicted in Figure 6, while Graphics has straightforward edges for which the
many singularity models devised in the literature apply, transform coefficients over the singularities of Criss-Cross
are much more difficult to model. A technique dependent on straightforward edge models will likely not achieve
full performance on Criss-Cross due to model failures. The derived solutions on the other hand are robust to the
change in the nature of the singularities since they only depend on the sparsity around them. These observations are
confirmed in Figure 5 (a) and (b), where the proposed solutions significantly outperform the standard solution and
14

(a)

(b)

Fig. 6. Portions from Graphics (a) and Criss-Cross (b). The singularities in Graphics are straightforward edges. Criss-Cross manifests more
sophisticated singularities

BLS-GSM7 . Note also that while BLS-GSM accomplishes performance close to the standard solution in Graphics,
it falls significantly behind in Criss-Cross.
Sensitivity to thresholding: As is evident from figures 5(a) through 5(c), the full solution obtains the peak performance at smaller thresholds compared to diagonal, significant-only, and standard solutions. This follows since
the full solution is the one that is most tied to the assumption of Equation 30: As the threshold is raised, hardthresholding zeros out progressively more significant portions of the signal which makes the assumptions leading to
(30) progressively less valid. Deviations from the model are especially pronounced in the image Voronoi; for many
pixels close to corner points where several edges intersect there are no denoised estimates for which (30) is justified.
While still outperforming the standard solution, the full solution no longer enjoys performance advantages over
diagonal and significant-only solutions on the image Voronoi. Since the full solution is also the most complicated
solution due to the need for the formation and inversion of Gn of Equation (32) at every pixel, in what follows we
will concentrate on the significant-only solution which obtains comparable performance to the diagonal solution
while being the computationally simplest solution.
Performance around singularities: Recent developments in image processing have shunned classical transforms
like DCTs for the sake of sophisticated directional transforms which have better mathematical properties around
singularities along curves. Using Figures 7 and 8 observe that one can obtain very sophisticated results with the
proposed techniques using block DCTs, which are well-known to be suboptimal around such singularities. Without
the proposed solutions, small thresholds lead to substantial residual noise, whereas large thresholds lead to ringinglike artifacts. As illustrated in Figure 7 on the image Voronoi, the proposed solutions obtain substantially better
performance by having less noise compared to the standard solution and by having less noise and artifacts compared
to BLS-GSM. On the image Teapot, the proposed significant-only solution again obtains better performance due to
less ringing. It is interesting to note that while BLS-GSM utilizes fully-steerable transforms which are theoretically
better than the DCT, the practical nuances of even simple image singularities prevent it from obtaining better
performance.
7

Some performance is lost on Criss-Cross since the square wave pattern in the piecewise uniform portions leads to less sparsity compared

to the DC pattern in Graphics.
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(a) Noisy, 34.13 dB

(b) Standard, 39.54 dB

(c) Full, 40.83 dB

(d) Diagonal, 42.08 dB (e) Significant-only, 41.99 dB (f) BLS-GSM, 37.94 dB
Fig. 7.

Visual quality after denoising on the image Voronoi. Standard, full, diagonal, and significant-only solutions are at their respective

peak PSNR thresholds. The standard solution has residual noise around the edges and BLS-GSM has residual noise and ringing. The proposed
solutions alleviate these problems significantly.

(a) Noisy, 28.11 dB
Fig. 8.

(b) Standard, 39.45 dB

(c) Signif.-only, 40.32 dB

(d) BLS-GSM, 39.03 dB

Visual quality after denoising on the image Teapot. Standard, and significant-only solutions are at their respective peak PSNR

thresholds. The standard solution and BLS-GSM have ringing. The significant-only solution alleviates this problem significantly.

Oracle-Based Denoising Rule: The examples so far have been on spatially uniform thresholding. However, the
proposed solutions do extend their effectiveness when the thresholding is more sophisticated. Suppose we utilize
the infeasible Oracle-Based Denoising rule of (7) so that thresholding decisions are done by an oracle that has
access to the noiseless transform coefficients. Table II shows the results on the simple images using the oraclebased denoising rule. The “Oracle (Standard)” column corresponds to using the oracle-based denoising rule to
obtain each denoised estimate, which are then combined using the standard solution. The “Oracle (Significantonly)” column corresponds to using the oracle-based denoising rule to obtain each denoised estimate, which are
then combined using the significant-only solution. For reference we also tabulate the results obtained using the
standard and significant-only solutions with spatially uniform hard-thresholding (both of these solutions use the
respective thresholds that result in peak PSNR). It is clear that switching to the oracle’s infeasible thresholding
strategy provides noticeable improvements over the corresponding uniformly thresholded results. Yet the derived
16

σw

Noisy

Standard

Significant-only

Oracle (Standard)

Oracle (Significant-only)

Graphics

5

34.13dB

43.96dB

49.77dB

46.45dB

52.79dB

Criss-Cross

5

34.13dB

42.98dB

45.70dB

44.36dB

46.89dB

Voronoi

5

34.13dB

39.54dB

41.99dB

42.81dB

45.33dB

Teapot

10

28.11dB

39.45dB

40.32dB

43.43dB

44.43dB

TABLE II
D ENOISING THE SIMPLE IMAGES USING THE ORACLE - BASED DENOISING RULE .

significant-only solution manages to obtain further improvements so that “Oracle (Significant-only)” substantially
outperforms “Oracle (Standard)”. Hence, it is clear that optimally weighting the denoised estimates is beneficial
even when one is using such an infeasible thresholding strategy.
IV. I MAGE D ENOISING A LGORITHM
In our image denoising algorithm we will use the derived significant-only solution but with a modified thresholding
(or coefficient denoising) strategy. This strategy uses an auxiliary variable for better thresholding, and is influenced
by the significantly better results oracle-based thresholding obtains over spatially uniform hard-thresholding (Table
II). As in (7), let ci (k) be the k th coefficient of the ith transform applied to the noisy signal y , and let di (k) denote
the corresponding noise-free coefficient.
Auxiliary Variable: Suppose ci (k) is to be thresholded and assume further that during this operation we have access
to an auxiliary variable ai (k), which we expect to be less noisy than ci (k) (the infeasible oracle denoiser uses
ai (k) = di (k)). We obtain this auxiliary variable as follows. We first denoise the noisy image y once using uniform

hard-thresholding with threshold τ and combine the denoised estimates via the significant-only solution to result
in an intermediate denoised image y ′ . We then obtain ai (k) as the k th coefficient of the ith transform applied to
the intermediate denoised image y ′ .
Coefficient Denoising Rule: We would like to set ĉi (k) = 0 if on the average this action will result in less distortion
compared to ĉi (k) = ci (k). Since we have ci (k) and ai (k) available, we can use conditional averages. This results
in the rule,

 0,
ĉi (k) =
 c (k),
i

E[(di (k))2 |ai (k), ci (k)] ≤ E[(ci (k) − di (k))2 |ai (k), ci (k)]

(41)

otherwise.

Observe that when ai (k) = di (k) we obtain the oracle-based denoising rule of (7). Simplifying (41) results in

ĉi (k) =




0,



0,




 c (k),
i

ci (k) ≥ 0, ci (k) > 2E[di (k)|ai (k), ci (k)]
ci (k) < 0, ci (k) < 2E[di (k)|ai (k), ci (k)]

(42)

otherwise.

Since ci (k) is a noise corrupted version of di (k) it can be expressed as
ci (k) = di (k) + νi (k),
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(43)

where νi (k) is the portion of the additive noise w seen by this coefficient. Suppose the auxiliary variable ai (k) is
also a version of di (k) corrupted with noise so that
ai (k) = di (k) + ρi (k),

(44)

with ρi (k) and νi (k) decorrelated.
a i(k)

a i(k)

...

...

τ/2
τ

τ

c i(k)

τ

c i(k)

(c) σρi (k) =

τ/2

3σνi (k)
2

τ

c i(k)

(d) σρi (k) = ∞

...

φ

c i(k)

...

σνi (k)
2

...

...

(b) σρi (k) =

...

...

τ/2

...

Fig. 9.

τ

...

...

(a) σρi (k) = 0

c i(k)

τ/2

...

a i(k)

...

...

τ/2

...

a i(k)

a i(k)

(e) Heuristic

Coefficient denoising rule of Equation (42). When the (ci (k), ai (k)) pair fall in the shaded region ĉi (k) is set to zero. Otherwise

ĉi (k) = ci (k). (Only the ci (k) ≥ 0 case is shown since the denoising rule is radially symmetric.)

Consider the example case where di (k) is a Laplacian random variable of standard deviation σdi (k) and the
additive noise is Gaussian with the noise standard deviation σνi (k) = σdi (k) . The denoising rule of Equation (42) is
shown shaded in Figure 9 for this example case for different values of σρi (k) as indicated in the figure. Observe that
with σρi (k) = 0, ai (k) = di (k) (Figure 9(a)) and we obtain the oracle-based denoising rule. This rule bulges upward
as σρi (k) increases (Figures 9(b) and (c)) to arrive at the hard-thresholding rule when ai (k) no longer provides any
information about di (k) (Figure 9(d)). Influenced by the nature of these curves, and assuming that ai (k) is less
noisy than ci (k), we have experimentally determined a heuristic denoising rule

ĉi (k) =



0,





 0,



0,




 c (k),
i

ci (k) ≥ 0, ai (k) ≤ φ
ci (k) ≤ 0, ai (k) ≥ −φ
|ci (k)| ≤ τ, |ai (k)| ≤ τ /2

(45)

otherwise.

as shown in Figure 9(e). This rule is easily parameterized using two threshold parameters τ and φ. For all our
results in Section V, these two parameters were determined as a function of the noise standard deviation σw using
a training set of images outside of our simulation set. The overall denoising algorithm is thus obtained via the
application of the algorithm outlined in Appendix I twice. First with a spatially uniform threshold τ to obtain y ′
and then with the hard-thresholding replaced with the heuristic rule of (45) for the final result.
V. S IMULATION

RESULTS

We applied the significant-only solution combined with the heuristic denoising rule of Section IV on the test
images shown in Figure 10. Each image was corrupted with Gaussian noise of standard deviation σw . We used a
fully overcomplete set of block DCT (8 × 8) transforms so that the resulting denoising is fully translation invariant,
i.e., Hi , i = 1, . . . , M , represent all translations of a 8 × 8 block DCT with M = 64. For immediate comparison
18

we utilize the high performance BLS-GSM method of [28] (using the fully-steerable pyramid) and the standard
solution with uniform hard-thresholding (using thresholds optimized as a function of σw over a training set outside
of our simulation set). We refer the reader to [28], [30] for a compilation of many other results in the literature.
The PSNR of denoised images can be seen tabulated in Table III. We note that our aim is only to show the
competitiveness of our techniques as the utilized algorithm can be fine tuned and optimized in many ways. For
example, the utilized 8 × 8 block DCT limits the equivalent denoising filters to be of spatial size 15 × 15, which
tends to hinder performance on uniform portions of the image and at high noise levels. Such issues can be alleviated
by using larger or multiscale transforms. Furthermore as Reviewer 1 has pointed out, the denoising rule in Section
IV can be carried out with more iterations so that auxiliary variables having more fidelity can be generated and
utilized in the rule.

Fig. 10.

Test images Lena, Barbara, Peppers, Cameraman, Boat, House, Photo1, Photo2. Cameraman and House are 256 × 256. All other

images (including peppers) are 512 × 512.

As expected, the proposed solution obtains the biggest improvements on images with high contrast, sharp
singularities. Except for a few cases at small noise levels, the proposed significant-only solution consistently
outperforms the standard solution. BLS-GSM tends to have comparatively higher performance on images like
Lena and at higher noise levels, where performance on large smooth patches is of considerable importance. Due
the multiresolutional dictionary it utilizes, BLS-GSM can take advantage of large spatial size basis functions. On
the other hand, both the standard and the significant-only solutions are limited to smaller spatial size equivalent
filters, which limits their performance in such cases. While the relative performance increases drop compared to the
toy examples of Section III, the significant-only solution remains consistently better on images that contain high
contrast singularities.
In terms of visual quality around image singularities, the proposed solution typically provides the best results as
illustrated in Figure 11. Consistent with earlier examples, the standard solution and BLS-GSM have more residual
noise and ringing-like artifacts in comparison.
VI. C ONCLUSION
In this paper we concentrated on the final estimate combination stage of denoising with an overcomplete set
of transforms and proposed a method that optimally combines the denoised estimates provided by denoising with
each of the transforms. Our formulation is equivalent to deriving a per-pixel optimal inverse transform, and as long
as η n in (23) can be suitably approximated, it allows practical solutions for general transforms and thresholding
rules. The derived solutions rely on sparse decompositions with the utilized transforms but do not require further
assumptions on image statistics. Unlike existing work, which attempts to devise elaborate statistical models for
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σw

Lena

Barbara

Peppers

Cameraman

Boat

House

Photo1

Photo2

Standard

38.47 dB

37.98 dB

37.46 dB

37.80 dB

37.13 dB

39.04 dB

38.58 dB

37.41 dB

σw = 5

Signif.-only

38.43 dB

37.84 dB

37.47 dB

37.95 dB

37.11 dB

39.07 dB

38.67 dB

37.50 dB

(34.13 dB)

BLS-GSM

38.49 dB

37.79 dB

37.12 dB

37.41 dB

36.97 dB

38.65 dB

38.43 dB

37.17 dB

Standard

35.33 dB

34.07 dB

34.61 dB

33.40 dB

33.52 dB

35.51 dB

34.53 dB

33.07 dB

σw = 10

Signif.-only

35.40 dB

34.07 dB

34.65 dB

33.74 dB

33.60 dB

35.70 dB

34.83 dB

33.33 dB

(28.11 dB)

BLS-GSM

35.61 dB

34.03 dB

34.57 dB

33.04 dB

33.58 dB

35.35 dB

34.53 dB

32.91 dB

Standard

33.46 dB

31.78 dB

33.06 dB

30.99 dB

31.53 dB

33.62 dB

32.17 dB

30.61 dB

σw = 15

Signif.-only

33.66 dB

31.90 dB

33.28 dB

31.46 dB

31.69 dB

33.93 dB

32.57 dB

30.97 dB

(24.59 dB)

BLS-GSM

33.90 dB

31.86 dB

33.13 dB

30.73 dB

31.70 dB

33.64 dB

32.29 dB

30.55 dB

Standard

32.09 dB

30.11 dB

31.92 dB

29.36 dB

30.14 dB

32.27 dB

30.53 dB

28.91 dB

σw = 20

Signif.-only

32.38 dB

30.33 dB

32.24 dB

29.87 dB

30.33 dB

32.66 dB

30.97 dB

29.34 dB

(22.09 dB)

BLS-GSM

32.66 dB

30.32 dB

32.08 dB

29.29 dB

30.38 dB

32.39 dB

30.74 dB

28.94 dB

Standard

31.03 dB

28.84 dB

30.97 dB

28.18 dB

29.05 dB

31.17 dB

29.29 dB

27.60 dB

σw = 25

Signif.-only

31.36 dB

29.09 dB

31.40 dB

28.66 dB

29.30 dB

31.67 dB

29.75 dB

28.05 dB

(20.15 dB)

BLS-GSM

31.69 dB

29.13 dB

31.21 dB

28.22 dB

29.37 dB

31.40 dB

29.60 dB

27.72 dB

Standard

30.15 dB

27.82 dB

30.18 dB

27.28 dB

28.17 dB

30.25 dB

28.33 dB

26.58 dB

σw = 30

Signif.-only

30.53 dB

28.06 dB

30.64 dB

27.75 dB

28.46 dB

30.83 dB

28.74 dB

27.00 dB

(18.57 dB)

BLS-GSM

30.85 dB

28.15 dB

30.45 dB

27.38 dB

28.55 dB

30.55 dB

28.68 dB

26.72 dB

TABLE III
D ENOISING RESULTS ON TEST IMAGES . ROWS CORRESPONDING TO “S IGNIF.- ONLY ” ILLUSTRATE THE PERFORMANCE OF THE
PROPOSED SOLUTION .
EITHER FROM

E ACH RESULT IS AN AVERAGE OF EIGHT RUNS WITH DIFFERENT NOISE REALIZATIONS . BLS-GSM RESULTS ARE

[28] ( WHEN AVAILABLE ) OR OBTAINED USING THE AUTHORS ’ SOFTWARE . T HE STANDARD DEVIATION OF THE RESULTS

AS A FUNCTION OF THE TESTED

σw

ARE

[0.017, 0.022, 0.022, 0.027, 0.028, 0.033] FOR THE STANDARD SOLUTION AND

[0.016, 0.022, 0.023, 0.027, 0.030, 0.032] FOR THE “S IGNIF.- ONLY ” SOLUTION .

transform coefficients over the myriad types of image singularities, i.e., over non-sparse regions of the signal,
our work successfully solves the dual problem by simply modeling coefficients over sparse regions of the signal.
Our results allow even singularity-blind transforms to obtain very high performance around image singularities as
our solutions actively determine and prefer the better estimates at the combination step. As we illustrated, armed
with the proposed work, well-known suboptimal transforms such as block DCTs can readily obtain substantial
improvements over elaborate directional basis.
Our results clearly demonstrate the effectiveness of the proposed techniques. When compared to some of the
best results in the literature that use sophisticated directional transforms and statistical modeling, a naive implementation of our work consistently provides competitive PSNR values and better quality around image singularities.
Better thresholding strategies that better retain the noisy coefficients over singularities, while accomplishing high
performance denoising over sparse regions, are expected to improve the performance of the proposed work. Such
strategies, while providing slightly worse performance on some denoised estimates (in order to keep Equation (30)
valid), will allow the final combination to have superior performance as the proposed work is designed to correct
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the shortcomings of some of the denoised estimates using others.
Since the proposed method can be seen as a per-pixel adaptive inverse transform, it can also be deployed
effectively with transform optimization approaches such as [12]. We hence point to joint optimization of transform,
coefficient denoising-rule, and weighted combination as an interesting future research item. Another interesting
issue is that with the weight normalization constraint

i γi (n)

P

= 1, the solutions of Equation (25) are expected

to be robust to signal to noise cross-correlations in the sense that one no longer needs to assume that the noise
is independent of the signal. One can hence deploy the proposed work on denoising quantization noise since the
statistical signal model provided under the umbrella of sparsity remains robust in that case with “on-off” coefficient
denoising rules [17]. A preliminary version of this work successfully deploying the significant-only solution in
denoising quantization noise in h.264 compressed video can be found in [18], [19].
As illustrated in this paper there is a distinct advantage to deploying transforms in a translation invariant fashion.
Yet one is tempted to think that fully expansive transforms, such as translation invariant DCTs, may bring an
unreasonable computational complexity burden. On this account it is useful to note that one can implement DCTs
using very fast multiplier-less algorithms and implement translation invariant transforms in fast ways that do not
duplicate computations8 . While the number of computations is large, these computations are highly parallelizable,
predictable, and they can be executed with minimal code-branching, pipeline-stalling, etc. On modern hardware that
can execute many instructions concurrently, unpredictable branches and pipeline stalls become so expensive that a
sophisticated but critically decimated transform can take more execution time compared to an overcomplete DCT
implementation. One can also utilize DSP chips, graphics cards, etc., since acceleration of DCT computations is
ubiquitous on modern multimedia related add-on boards. In terms of memory requirements, we note that the utilized
translation invariant DCTs allow one to deploy software and hardware with very small memory requirements. This
is because the spatial sizes of the equivalent filters are small and one only needs to have access to limited portions
of input data. In [18] we used such a fast, very low-memory implementation to denoise quantization noise in
compressed video at video frame-rates.
When one considers denoising with a critically decimated basis one can resort to well-known mathematical
approximation tools on statistical image models to determine basis that are optimal or near optimal in a well defined
mathematical sense. Yet when one is allowed operation in an overcomplete, translation invariant fashion, one can
no longer rely on such calculations to rule out “suboptimal” basis, as such basis, armed with good combination
strategies, can be made to perform close to if not better than optimal transforms. The distinguishing factors that are
in favor of sophisticated transforms also become fuzzy when one allows realistic variations in image singularities.
Rather than trying to do sophisticated modeling of image singularities or designing new directional transforms, this
paper has shown an alternative avenue that leads to high performance around singularities. This avenue is enabled
by using a localized, overcomplete decomposition, judiciously sorting through the resulting denoised estimates at
every pixel, preferring those estimates that offer good performance, and doing damage control on those that fail.
The main contribution of this paper is thus the proposal of a simple combination strategy that enables this additional
8

On current generation of CPUs an unoptimized implementation of the proposed algorithm runs on the order of a second for 512 × 512

images.
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avenue which can be used to better application performance around image singularities.
A PPENDIX I
E XAMPLE A LGORITHM

FOR

B LOCK T RANSFORMS

USING

H ARD -T HRESHOLDING

Suppose the image is N1 × N2 and we are using a block transform where each transform basis function has
spatial support B × B . Let T > 0 be a given threshold. The following pseudo-code implements the significant-only
solution using hard-thresholding.
Algorithm 1 (Significant-only solution with block transforms and hard-thresholding)
// assume norm(.,.), denoised(.,.) are
// initialized to zero.
for i=1,...,N1 -B+1 for j=1,...,N2 -B+1 {
for k=1,...,B for l=1,...,B
// copy data into block b

b(k,l)=image(i+k-1,j+l-1);
c b=block transform(b);

// transform coefficients of block b

t c b=hard threshold(cb,T);
z=1.0/(number of nonzero coefficients(t c b)+eps); // unnormalized weight
de b=inverse block transform(t c b);

// denoised estimate

for k=1,...,B for l=1,...,B {
denoised(i+k-1,j+l-1) += z * de b(k,l);

// weighted combination

norm(i+k-1,j+l-1) += z;

// unnormalized weight accounting

}
}
for i=1,...,N1 for j=1,...,N2
// normalize

denoised(i,j) /= norm(i,j);
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(a) Noisy, 28.11 dB

Standard, 33.39 dB

Signif.-only, 33.73 dB

BLS-GSM, 32.99 dB

(b) Noisy, 28.11 dB

Standard, 33.51 dB

Signif.-only, 33.58 dB

BLS-GSM, 33.58 dB

(c) Noisy, 24.59 dB

Standard, 33.58 dB

Signif.-only, 33.90 dB

BLS-GSM, 33.64 dB

(d) Noisy, 28.11 dB

Standard, 34.50 dB

Signif.-only, 34.81 dB

BLS-GSM, 34.50 dB

(e) Noisy, 28.11 dB

Standard, 33.02 dB

Signif.-only, 33.29 dB

BLS-GSM, 32.91 dB

Fig. 11.

Visual quality after denoising on the image (a) Cameraman (σw = 10), (b) Boat (σw = 10), (c) House (σw = 15), (d) Photo1

(σw = 10), (e) Photo2 (σw = 10).
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