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Abstract

We combinethe main ideasintroducedin Part I with adaptive techniquesto arrive at a powerful algorithmthat

estimatesmissingdatain nonstationarysignals.The proposedapproachoperatesautomaticallybasedon a chosen

linear transformthat is expectedto provide sparsedecompositionsover missing regions such that a portion of

the transformcoef�cients over missingregions are zero or closeto zero.Unlike prevalent algorithms,our method

doesnot necessitateany complex preconditioning,segmentation,or edgedetectionsteps,and it can be written as

a progressionof denoisingoperations.We show that constructingestimatesbasedon nonlinearapproximantsis

fundamentallya nonconvex problemandwe proposea progressive algorithmthat is designedto dealwith this issue

directly. The algorithmis appliedto imagesthroughan extensive setof simulationexamples,primarily on missing

regionscontainingtextures,edges,andotherimagefeaturesthatarenot readilyhandledby prevalentestimationand

recovery methods.We discussthe propertiesrequiredof good transforms,and in conjunction,show the typesof

regionsover which well-known transformsprovide goodpredictors.We further discussextensionsof the algorithm

wheretheutilized transformsarealsochosenadaptively, whereunpredictablesignalcomponentsin theprogressions

are identi�ed andnot predicted,andwherethe predictionscenariois moregeneral.
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I . INTRODUCTION

In this secondpart of the two part sequence,we combine the main ideas introducedin Part I [7] with a

carefullyconstructedadaptivealgorithmandevaluateits performanceonsimulationexamples.Givenanorthonormal

transform(or an overcompleteset of orthonormaltransforms)that is expectedto provide sparsedecompositions

over the target signal, the fundamentalissuewe deal with here is the constructionof the insigni�cant set(s)that

determinesthe sparsityconstraints,which in turn determinethe estimatesof missing data.For this purposewe

use a layering algorithm that allows us to work with small spatial size transformsin estimatingcomparatively

larger missingregions,and that givesus the capability to extend the algorithmwith further adaptation(the reader

canconsultthe discussionin SectionIII to seetradeoffs arising from transformspatialsizeandperformanceover

signaledges).Beyond layering,we recognizethe initial conditiondependenceof this problemdueto thenonconvex

datamodelsthat nonlinearapproximationprovides,andproposea progressive algorithmthat forms coarseto �ne

estimatesby searchingover progressively larger nonlinearapproximationclasses.

In this part we also provide an extensive set of simulation examplesthat illustrate the performanceof the

derived algorithm.Throughtheseexampleswe discussthe propertiesrequiredof good transformsthat will result

in successfulestimates(in the senseof mean squarederror) over various region types. We further show the

performanceandrobustnessof well-known transformsin estimatinga broadsetof imageregions.Whenevaluating

thesesimulationsthereadershouldkeepin mind thatthesameautomaticalgorithmis usedin obtainingsophisticated

performanceover diverseregions(pleaseseeSectionIII-A for implementationdetails).It is alsoimportantto note

that the algorithmknows nothingaboutedges,periodicity, textures,or other imagefeatures.

This papercontinuesto usethe notationof Part I. We provide the following shortsummaryto facilitateeaseof

referencein this manuscript.Recall that the original signal is arrangedinto a vectorx (N � 1), suchthat

x =

2

4
x0

x1

3

5 ; (1)

wherex0 (n0 � 1) constitutesthe available pixels and x1 (n1 � 1) denotesthe pixels in the missingregion. Our

estimateof the original is denotedby y which is given by

y =

2

4
x0

x̂1

3

5 ; (2)

where x̂1 is our estimateof the missing region. For the single orthonormaltransformcasewe had derived the

sparsityconstraint

G T
I ;1G I ;0x0 + G T

I ;1G I ;1x̂1 = 0; (3)

which we showed canbe solved throughthe basiciterationsof

Procedure 1 (Basic Iterations): Let u (n1 � 1) be an arbitrary vector and let y0 =

2

4
x0

u

3

5 . Let C denotethe

maximumiterationcount.For k = 0; 1; : : : ; C, and for a given D , de�ne the iterations

yk+1 = P1D yk + (1 � P 1)yk ; (4)
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where1 is the N � N identity.

For an overcompletesetof J orthonormaltransformsEquation(3) became

(
JX

l=1

G l T
I ;1 G l

I ;0)x0 + (
JX

l=1

G l T
I ;1 G l

I ;1)x̂1 = 0; (5)

which canbe solved via

Procedure 2 (OvercompleteIterations): Let u (n1 � 1) beanarbitraryvectorandlet y0 =

2

4
x0

u

3

5 . Let C denote

the maximumiterationcount.For k = 0; 1; : : : ; C, considerthe iterations

yk+1 = P1 ~D yk + (1 � P 1)yk ; (6)

where1 is the N � N identity.

The denosingmatricesD and ~D in the propositionsare de�ned for a single orthonormal transform and an

overcompletesetof orthonormaltransformsrespectively.

In SectionII, we derive our adaptive algorithmby startingwith a simple-mindedalgorithmwhich we gradually

build upby carefullyintroducingourdesigndecisions.SectionII-A introduceslayeringandSectionII-B incorporates

progressive estimates.Overcompletetransformsareincludedin SectionII-C to arrive at the main algorithmof this

paper. In SectionIII, we examinethe performanceof the algorithm on simulationexamples,discussthe required

propertiesfor goodtransforms,andshow our resultsfor well-known transformsand�lter banks.SectionIV discusses

future work andconcludesthe sequence.

I I . ADAPTIVE RECONSTRUCTIONS AND ALGORITHMS

In this sectionwe develop practicalalgorithmsthat implementthe conceptsoutlined in Part I on imagesand

video.We startthis developmentwith a simple-mindedalgorithmfor a singleorthonormaltransformandgradually

build it up in stagesto arrive at a powerful algorithmwhich we later apply to test imagesin SectionIII. Our main

constructionswill be iterative with two typesof iterations.The �rst type of iterationswill be dueto the solutionof

linear equationsthroughProcedures1 or 2, andthe secondtype will be dueto the progressive applicationof these

procedures.While we will alsodiscussnoniterative implementationof the proceduresthat solve the relevant linear

equations,we note that the most importantperformancebene�ts of the algorithmwill be due to the progressions.

Carrying out many iterationsof the procedures(or directly solving the underlying equations)will provide little

improvementswhen comparedto establishingthe progressionsthat deal with the underlyingnonconvex problem.

The �nal algorithmwe will constructwill necessarilybe progressive.

A. AdaptiveSparsity Constraints

As outlined in Part I, there is a fundamentaladvantagein using conditional statistics in the estimationof

missingregionson imagesandsimilar nonstationarysignals.This requiresthedeterminationof appropriatesparsity

constraintsusingthe informationprovided by the availablepixels in x0, i.e., the estimationof the insigni�cant set

V(x) usingx0. It is clearthat,dependingon theutilized transformationandtheclassof signalson which estimation

is to bedone,thedeterminationof thecorrectsparsityconstraintsfrom x0 canbea very dif�cult estimationtaskin

3



itself. In this work we areinterestedin the classof signalsthat arecomposedof locally uniform regionsseparated

by edgesor edge-like singularities.Over suchsignalswe utilize localizedtransforms(wavelets,complex wavelets,

andDCTs of varioussizes)andproceedwith the estimationtaskby decomposingthe missingpixels into “layers”.

This is donein order to form a closeestimateV̂ (x0) of the insigni�cant setV(x).

Using saya block DCT basis,it is clear from the resultsin SectionPart I - III, that only the block DCT basis

functionsthat overlap the missingregion can be usedto establishsparsityconstraintsfor estimatingthe missing

region pixels. However, sincewe do not know the datain the missingregion in advance,the actualvaluesof the

associatedtransformcoef�cients will not be availableto us. Assumingwe initialize the missingregion with initial

valuesand we obtain the scalarproductsof the relevant transformbasisfunctionswith the resulting image,it is

easyto seethat we will be obtaining“noisy” coef�cients,

ĉ = c + e; (7)

wherec representsa genericunknown coef�cient, ĉ the noisy coef�cient, and e is the observation error. We will

thresholdthe noisy coef�cients to obtain insigni�cant sets and perform estimationusing the resulting sparsity

constraints.Hence,in order to ensurethat we generatethe correctsparsityconstraints,we would like to have as

small an error aspossible.We will accomplishthis for a given thresholdby makingsurethat the transformbasis

functionsthat are relevant for the sparsityconstraintsmostly overlap the availablepixels, andhave only marginal

spatial overlap with the missing region pixels. We thus decomposethe missing region into layers and perform

the estimationin stages. As we will see,this will alsoensurethat we canutilize localizedtransformsto estimate

regionsthataremuchlargerthanthespatialsizeof theindividual transformbasisfunctions.(Of course,if transform

basisfunctionsare of appreciablespatial size when comparedto the size of the missing region, layering is not

necessaryandonecangroupall missinginformationinto a singlelayer).The needto uselocalizedtransformswill

be discussedlater in SectionIII, andour actualthresholdselectionstrategy will be detailedin SectionII-B.

Figure 1 (a) illustratesan imagewith a missing block, and Figure 1 (b) is a magni�ed portion of the image

showing the missingblock pixels decomposedinto layersof rectangularshells.The layer decompositionin Figure

1 (b) is of courseonepossibilityandmany differenttypesof layeringarepossibledependingon thesizeandshape

of themissingregion.Oncethemissingregion is decomposedinto L layerswe startby choosinganinitial valuefor

(x   pixels)
 0

(x   pixels)
 1

Image = Layer 0

Layer 1
Layer 2
Layer 3

...Lost Block

Image

(a) Image with missing block (b) Missing block pixels decomposed
into rectangular shell layers (magnified)

Fig. 1. Themissingregion composedof a lost block is groupedinto layers.Layer0 incorporatestheavailablepixels in x 0 . Layers1; : : : ; L

incorporatex1 pixels.
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the pixels in the missingregion (saythe meanvalueobtainedfrom the pixels immediatelysurroundingthe missing

region). As outlined earlier, we determinethe sparsityconstraintsand do the correspondingestimationin stages.

At stagei (i = 1; : : : ; L ), we pretendthat we know all the pixels in the imageexcept for the pixels in layer i , and

usethe information from the remainingpixels to estimatelayer i , i.e., we will pretendthat the layer i pixels are

the “x1 pixels” and the rest of the imageconstitutesthe “x0 pixels”. However, in this layeredestimationprocess

layers0; : : : ; i � 1 will containmorereliableinformationfor the estimationof layer i , comparedto layersi; : : : ; L .

For example,in the estimationof layer 1, layer 0 will containthe available informationbearingpixels and layers

1; : : : ; L will containthe assignedmeanvalue.Oncewe estimatelayer 1, when we proceedto the estimationof

layer 2, we will assumethat the estimateddatain layer 1 is also reliable for the estimationof layer 2, andso on.

In order to determinethe sparsityconstraintsfor layer i , at stage i , the transformcoef�cients due to basis

functionsthat have limited spatial overlap with layers j � i are hard-thresholdedwith a given thresholdT (see

below for details). The basis functions that correspondto thosecoef�cients that have magnitudesless than T

are then usedto establishthe sparsityconstraintfor layer i and the pixels in layer i are estimatedaccordingto

this sparsityconstraintusing Equation(3) or Procedure1. The operationis repeatedsequentiallyfor all layersto

estimateall missingregion pixels.Note that the error term for a coef�cient obtainedover inner layersvia Equation

(7) becomesdependenton the successof the estimationover the outer layers.Regardless,with the missingblock

and transformparametersof this paper, we have not observed any relatedpracticalproblemsor artifactsdue to

error propagation in our simulations.However, as will be discussedin SectionIII-E, in caseswherethe missing

region is not predictablefrom the surroundings,we will encounterlower errorson the outsidelayers(dueto local

continuity) whencomparedto the inside layers.

thp        DCT block

2o   (p)

o   (p)1

outer border of layer i

the outer border of layer i (magnified)

th(b) Overlap of the p     DCT block with

Image

(a) DCT (MxM) tiling of the image

Fig. 2. The pth block DCT coef�cients arehard-thresholdedto determinesparsityconstraintsfor layer i if the spatialoverlapwith layers

i throughL is limited, i.e., if the spatialoverlapwith the rectanglethat determinesthe outerborderof layer i is limited.

Figure 2 (a) illustratesa tiling of the imagein termsof M � M DCT basisfunctionsand Figure 2 (b) helps

demonstratethe determinationof the sparsityconstraintthat will be usedto estimatelayer i . The �gure and the

DCT basisare meantas examplesto motivate Procedure3 which handlesthe more generalcase.In establishing

the sparsityconstraintfor layer i , we only hard-thresholdthe DCT basisfunctionsthat have limited spatialoverlap

with layers i throughL . This is done to ensurethat the establishedsparsityconstraintis mostly determinedby
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the available pixels and the pixels that have alreadybeenestimatedin the previous layers.The limited overlap is

calculatedfor eachDCT coef�cient by consideringthespatialoverlapof thebasisfunctiongeneratingthecoef�cient

with layers i throughL . Due to the block natureof DCTs, this overlap is the samefor all coef�cients in a block,

and it is the intersectionof layers i throughL with the spatial supportof the block (Figure 2 (b)). For the pth

DCT block, we calculatethe extent of the overlapin horizontalandvertical directionsto arrive at o1(p) ando2(p)

in pixel units as shown in Figure 2 (b). The pth DCT block enterssparsityconstraintcalculationsif and only if

o1(p) � M =2 or o2(p) � M =2, i.e., if this conditionholds then the magnitudeof the DCT coef�cients of the pth

block arehard-thresholdedandthosecoef�cients whosemagnitudesarebelow the thresholdareusedto form part

of the sparsityconstraintfor layer i .

The above ideascanbe generalizedto yield the algorithmbelow that determinesthe insigni�cant set for layer i

for a generaltransformG .

Procedure 3 (Insigni�cant set for layer i ): Let yi denotethe imageat stagei . Considerthe transformG andthe

subsetM i of missingregion pixels that arein layersi; : : : ; L . Let gT
k denotethe kth transformbasisfunction, i.e.,

the kth row of G . Let 1 > f > 0 denotean overlap factor, and let T > 0 be a threshold.

1) Obtainthespatialsupportof gk ; (k = 1; : : : ; N ) asthesetof pixels,support(gk ), over which gk is nonzero.

2) Considerthe gk ; k = 1; : : : ; N that satisfy

0 < card(support(gk ) \ M i ) � f card(support(gk )) ; (8)

i.e., considerthebasisfunctionsthatonly partially overlapM i . Form thematrix G r (i ) containingthesebasis

functions(gT
k ) that are relevant to layer i in its rows.

3) Obtain the relevant transformcoef�cients cr (i ) = G r (i )yi .

4) DeterminethesetV̂ i of insigni�cant coef�cients asthe indicesof thosecoef�cients in cr (i ) with magnitudes

lessthanT , i.e., hard-thresholdthe coef�cients to determinethe insigni�cant set.

5) Constructthe matrix G I (i ) that containsthe basisfunctionswith indicesin V̂ i in its rows.

In our simulationswe usef = :5 andwe usea sequenceof thresholdsto be discussedlater.

We now arrive at the �rst complete,but performance-wisenaive algorithm.In order to incorporatethe solutions

by iterationsandthesolutionsby Equation(3) into onealgorithm,we let thespecialiterationcountC = 1 denote

the casewhereEquation(3) is solved.

Algorithm 1 (BasicAlgorithm): Let T > 0 and1 > f > 0 be a given thresholdandoverlapfactor. Let 0 < C �

1 be an iterationcount.

1) Decomposethe missingregion into L layers.

2) Initialize layer pixels.

3) For i = 1; : : : ; L ,

a) ObtainG I (i ) for layer i usingProcedure3.

b) ObtainP 1(i ) for layer i as the projectionthat only selectslayer i pixels.

c) Solve for layer i pixels by usingG I (i ) in placeof G I in Equation(3) with x̂1 denotinglayer i pixels

and x̂0 denotingthe remainingpixels (C = 1 case).Alternatively useC iterationsin Procedure1 with
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1 � G I (i )T G I (i ) in placeof D , andP 1(i ) in placeof P 1.

(If C = 1 and the solution is not unique, i.e., if the solution is restrictedto a subspace,let the

componentsof thesolutionthatis orthogonalto thesolutionsubspacebedeterminedby thecorresponding

componentsof the initialization).

d) Updatelayer i pixels with the solution.

The readershouldnote that in the caseof nonuniquesolutionsthe algorithmhasan extra stepthat allows for the

initial valuesto determinecomponentsin orthogonalsubspaces.This will be usefulwhenwe updatethe algorithm

to usea progressionof thresholdsin thenext section.Sincesolutionby iterationsonly makesupdatesin thesolution

subspace,this stepis not necessaryif C < 1 .

Algorithm 1 is performance-wisenaive in two main respects.

� The algorithm works with a particular thresholdT to determinethe insigni�cant set and to perform the

subsequentestimation,but it doesnot specify how T shouldbe selected.Clearly, if we specify a very large

T , all of the transformcoef�cients will fall into the insigni�cant set, and all missing region pixels will be

recoveredwith the value 0. On the other hand if we specify too small a value for T then the insigni�cant

set may be determinedas the empty set and the missing region pixels will not be determinedbeyond the

preassignedinitial values.

� Imagesandsimilar nonstationarysignalshave edgeswhich separatevarioustypesof regions.It is unrealisticto

expecta singlelocalizedorthonormaltransformsuchasan M � M DCT or a wavelet bank,to provide sparse

decompositionsover the entire image.It is well known that compactionand sparsitypropertiesare violated

over edges,even with nonlinearapproximationconstructs[4], [3].

In the next two sectionswe tackle theseissuesin turn.

B. ProgressiveThresholdsand Reconstructions

In this sectionwe areinterestedin a robust way of determiningthe thresholdusedin Algorithm 1. We �rst note

that, due to the way in which insigni�cant coef�cients are selectedin step (3a), the algorithm is dependenton

initial conditions.We illustrate this by consideringthe exampleof a “two-pixel” imagethat is missingone of its

pixels (Figure3 (a)).

As illustratedin Figure3 (b), theavailablepixel x0 determinesa constraintwhich interceptsthetransformdomain

coordinatesin two locations.Dependingon the initial conditions,thesetwo locationsdeterminetwo of thepossible

solutions,anda third solution is obtainedas the point wherethe availablepixel constraintis closestto the origin

(seebelow). An examplefor trivial solutions,wherethe algorithmdeterminesthe insigni�cant setasthe emptyset

andmakesno changeto the initial conditions,is shown at the top in Figure3 (c).

With the initial condition shown at the top in Figure 3 (c), the algorithm will determinethe sparsityconstraint

shown via the coordinateat 450, and arrive at the �rst possiblesolution.With the initial condition shown at the

bottom in Figure 3 (c), the algorithm would obtain the solution below the previous one.Finally by startingwith

the initial conditionshown in Figure3 (d), both of the transformcoordinatesareusedto form G I which resultsin
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x 0

x 1

(b) Transform coordinates.(a) Pixel coordinates for a

"two pixel" image.

(available pixel)

(missing pixel)

solutions

Three possible

T

T

T

T

(c) Solutions using class(K=1,T). (d) Solution using class(K=0,T).

Constraint due to

available pixel

Trivial solution

Initial condition

Fig. 3. Sparserecovery on a “two-pixel” image.

a sparseclasscontainingonly the origin. The third solution is thus that point in the availablepixel constraintthat

is closestto the origin.

Usingthenotationof De�nition Part I - 1, it canbeseenthat in Figures3 (c) and(d) we areeffectively searching

for a solution by assumingthat the signal of interestis in the extensionof the classof sparsesignalsdetermined

by T . With the two initial conditionsin Figure 3 (c), thresholdingwith T yields K = 1 and dependingon the

initial conditionwe obtainoneof two solutionsthat intersectwith the sparseclass.The initial condition in Figure

3 (d) however resultsin K = 0, andwe �nd a solutionas the closestpoint in the availablepixel constraintto the

sparseclass,which is given by the origin. As the algorithmfollows the chainof Equation(Part I - 5),

GivenT > 0 and the initial signal ! class(K ; T) !

! Ê(x) ! estimatedsignal �= x̂nonl inear (K ); (9)

we areconfrontedwith a multitudeof solutionsdependenton initial conditions.

Oneway to minimize the dependenceon initial conditionsis to try andensurethat we have the right numberof

sparsityconstraintsto uniquelysolve for the missingpixels in eachlayer. However, even if this is possible,it may

improperlyrequirecoef�cients with fairly largeobservedmagnitudesto establishsparsityconstraints.Whenwe are

applying our algorithmsto real signalswe are basicallyproceedingwith the assumptionthat the given transform

providessparsedecompositions,but it may well be the casethat this assumptionis only approximatelytrue or the

missingregion is not totally predictableusing the surroundingregion (seeSectionIII-E). Hence,to help with the

robustnessof our method,we formulatea different thresholdselectionstrategy.

Our aim is to startwith a reasonablyselectedthresholdand�nd progressive solutionsfor the missingpixels by
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reducingthresholds,and by effectively searchingover progressively larger classesof signals.In this fashion,the

searchusinga thresholdwill serve asthe initial conditionfor the searchwith the next threshold.We proceedwith

this strategy by assigningmissingpixels a meanvaluethat is estimatedfrom the surroundingregion. Allowing for

our zero-meantreatment,this can be seenas being similar to the casein Figure 3 (d), i.e., a searchover a class

with K = 0 (the all zerosignal)aswould be obtainedby a very large threshold.

In order to determinea reasonablestarting thresholdT0, let us considerEquation (7) as the observation of

a generic transformcoef�cient during the execution of Procedure3, step 4. The observation ĉ of the original

coef�cient c is corruptedby the error e dueto the missingregion. In orderfor us to deducethat the basisfunction

associatedwith this coef�cient forms part of the sparsityconstraints,we needa thresholdT > jĉj. Assumingthat

the coef�cient c is indeedcloseto zerowe needto choose

T >� (E [e2jx0])1=2: (10)

Sincee is dueto missingpixels,andsincewe areutilizing unit energy transforms,it is easyto seethat(E [e2jx0])1=2

is lessthanthemaximumpixel standarddeviation over themissingregion givenx0. We hencesetT0 asthestandard

deviationvaluethatis estimatedfrom thesurroundingregion.We furthersetaTf < T0 asanestimateof thestandard

deviation of the noise�oor in the signal,below which successfulpredictionis not possible.

Algorithm 2 (BasicAlgorithm with ProgressiveThresholds):Let 0 < C � 1 be an iteration count and let

� T > 0 be a thresholdreductionamount.

� Determinea meanvaluem from the pixels surroundingthe missingregion.

� Determinea standarddeviation valueT0 from the pixels surroundingthe missingregion.

� Determinea noise�oor standarddeviation valueTf < T0 from the pixels surroundingthe missingregion.

� Let the overlap factorbe f = :5.

1) T = T0.

2) Decomposethe missingregion into L layers.

3) Initialize layer pixels with m.

4) While T > Tf

a) Executestep3 of Algorithm 1, except if C = 1 and the solution is not uniquein Algorithm 1, step

3c, let the componentsof the solutionthat is orthogonalto the solutionsubspacebe determinedby the

correspondingcomponentsof the solutionusing the previous threshold.

b) T ! T � � T .

The readershouldnotethat in the single layer case(L = 1), undercertainconditions,the algorithmmay satisfy

all the sparsityconstraints,andit may reacha point beyond which the progressionof thresholdsis redundant,i.e.,

the sparsityconstraintsdeterminedat T � � T area subsetof the sparsityconstraintsat T , andno further change

will be obtainedby the algorithm.However, for L > 1, and in particularfor the caseof overcompletetransforms

to be discussednext, suchpropertiesdo not hold in general.We thereforeignore any computationalsavings that

may result.

It is important to observe that the algorithm with progressive thresholdsis well-suited for casesin which the
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utilized transformprovidesverysparsedecompositions.Usingorthonormaltransformsandassumingsignalsof �x ed

energy, if the datais indeedsparsethen it must be the casethat a few transformcoef�cients capturemost of the

signalenergy andthe remainingcoef�cients have magnitudesthatarecloseto zero.Thesparserthedata,the fewer

the signi�cant coef�cients, and the larger their magnitudes.Hence,the easierfor the algorithm to determinethe

correctindex setandto form successfulestimates.In this sense,the sparserthe datais, the betterour estimatesare

expectedto be. In moregeneralcases,we may expect the progressive thresholdsprocessto accuratelycapturethe

“components”of the signal in class(K ; T) for large thresholds,with potentially reducedperformancefor smaller

thresholdsin the progression.In the next section,we incorporateovercompletetransformsto arrive at the main

algorithmproposedin this work.

C. Main Algorithm

In this sectionwe arrive at the main algorithmof this paperthat combinesprogressive estimateswith translation

invariantsparsityconstraintsasprovided throughan overcompletesetof orthonormaltransforms.Continuingwith

the illustrative examplethat usesDCTs, in order to obtain the performancebene�ts of translationinvariance(see

SectionPart I - IV-A), we would like to allow all M 2 shifts of an M � M DCT to establishsparsityconstraints

in the estimationof eachlayer. Of course,we can also utilize an overcompleteset of wavelet transformsthat are

formedby shifting a given wavelet transform,etc. We noteagain that while overcompletetransformsaretypically

usedto establishtranslationinvariance,we do not concernourselveswith transformdesignissuesandusegeneral

notation.Thisallowsusto useovercompletetransformsthatareapproximatelytranslationinvariant(suchascomplex

wavelets[10]), or to usea combinationof transformsthat satisfyotherdesirableproperties.

Let G 1; G 2; : : : ; G J denotean overcompleteset of orthonormaltransformsas in SectionPart I - IV-A. Recall

that the overcompletetransformis given by

~G =

2

6
6
6
6
6
6
4

G 1

G 2

...

G J

3

7
7
7
7
7
7
5

: (11)

For continuity purposeslet us also repeatDe�nition Part I - 7.

De�nition 1 (OvercompleteDenoisingMatrix): Let ~D (J N � J N ) denotethe matrix that when applied to a

vectory yields a new vectorobtainedwith only the signi�cant overcompletetransformcoef�cients of y via,

~D y = ~G � 1~S ~Gy;

~D =
1
J

~G T ~S ~G: (12)

Note again that Equation(12) implies ~D y = 1
J

P J
l=1 G lT

S G l
Sy = 1

J
P J

l=1 (1 � G lT
I G l

I )y. Given this notation,the

adaptive determinationof the insigni�cant partsof eachtransformis similar to SectionII-A and it is established

by invoking Procedure3 for eachtransformG l , l = 1; : : : ; J . Algorithm 2 is thus updatedin the straightforward

fashionto arrive at the main algorithmusedin this work.
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Algorithm 3 (Main Algorithm): Let 0 < C � 1 be an iterationcountand let � T > 0 be a thresholdreduction

amount.

� Determinea meanvaluem from the pixels surroundingthe missingregion.

� Determinea standarddeviation valueT0 from the pixels surroundingthe missingregion.

� Determinea noise�oor standarddeviation valueTf < T0 from the pixels surroundingthe missingregion.

� Let the overlap factorbe f = :5.

1) T = T0.

2) Decomposethe missingregion into L layers.

3) Initialize layer pixels with m.

4) While T > Tf

a) For i = 1; : : : ; L ,

i) For l = 1; : : : ; J , obtainG l
I (i ) for layer i usingProcedure3.

ii) Construct ~D (i ) for layer i usingDe�nition 1 and the found G l
I (i ).

iii) ObtainP 1(i ) for layer i as the projectionthat only selectslayer i pixels.

iv) Solve for layer i pixelsby usingG l
I (i ) in placeof G l

I in Equation(5) with x̂1 denotinglayer i pixels

and x̂0 denotingthe remainingpixels (C = 1 case).Alternatively useC iterationsin Procedure2

with ~D = ~D (i ), andP 1(i ) in placeof P 1.

(If C = 1 and the solution is not unique, i.e., if the solution is restrictedto a subspace,let

the componentsof the solution that is orthogonalto the solution subspacebe determinedby the

correspondingcomponentsof the solutionusing the previous threshold).

v) Updatelayer i pixels with the solution.

b) T ! T � � T .

Using the notationof Part I, SectionPart I - III-B.2, the readershouldnote that the algorithmconstructsthe �nal

estimateA �
c(x0)x0, and hencethe �nal estimationmatrix A �

c(x0), throughprogressions.In generalno threshold

alonedeterminesA �
c(x0), andit caneasilybe the casethat sparsityconstraintsof earlierprogressionsdo not hold

for the �nal estimate.The �nal estimationmatrix is implicitly constructedafter all of the progressionsarecarried

out thanksto the updatesbeing restrictedto the solutionsubspacein the iterative solutioncase,and thanksto the

initial valuesdeterminingthe componentsin orthogonalsubspacesin the C = 1 case1. Hence, usingthe resultsof

Part I, the wholeoperation of this algorithm can be thoughtof as the constructionof a sophisticatedA �
c(x0) (or

equivalentsophisticateddenoisingmatrix which can be usedin Procedure 1 directly to obtain the said A �
c(x0)) to

solvefor the missinginformation(seefurther remarksalong this line in SectionIV).

The readershouldalsonote that sinceinsigni�cant setsaredeterminedfor eachtransformindependentlyusing

Procedure3, the thresholdreductionstrategy canbe alteredin a way where� T variesat eachprogressionusinga

minimumreductionvalue� Tmin > 0. In sucha setting,onecan�nd a � T (subjectto theconstraint� T � � Tmin )

that resultsin a changein at leastoneof the insigni�cant setsat eachprogressionof insigni�cant setdetermination.

1It is of coursepossiblefor someof the earlier progressions'contributions be annulledby later progressions.Note however that if this

happensit doesso in a datadependentfashionandmay thusbe dif�cult to predict in advance.
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This canbeusedto seta progressionspeci�c lower boundon � T that is greaterthan� Tmin . Similarly, in orderto

fully exploit the bene�ts of progressive solutionsby applyingchangesthat areasgradualaspossiblein the search

over sparseclasses,one can also ensurethat a reductionby � T (subjectto � T � � Tmin ) causesthe smallest

desiredchangein insigni�cant sets.This canthenbeusedto seta progressionspeci�c upperboundon � T . Beyond

suchextensionshowever, preciserelationshipsamonginsigni�cant sets,as they vary throughthe progressions,are

dif�cult to determineandexploit, especiallyin the overcompletetransformcase.

Having developedthe main algorithm we are now readyto deploy it on exampleimagesto show performance

resultsusinga varietyof transforms.Thenext sectionis devotedto recovery examplesusinga broadsetof images.

The detailsregardingalgorithmimplementation,asa preludeto the simulationexamples,arediscussedin Section

III-A.

I I I . SIMULATION RESULTS AND TRANSFORMS

columns

row
s

(b) Buildings.0001 (128x128) (c) Buildings.0009 (128x128)

(c) Fabric.0009 (128x128) (d) Food.0002 (128x128)

(e) Tile.0010 (128x128) (f) Artificial pattern (128x128)

(row, column): (16, 473), (94, 82), (199, 75), (314, 210), (323, 270), (331, 182), (374, 95)
(a) Standard image Barbara (512 x 512), missing block (16 x 16) locations

(g) Buildings.0004 (l) DocCageCity.0000(k) Wood.0000
(128x128) (128x128) (128x128) (128x128) (128x128) (128x128)

(j) Tile.0001(i) GroundWaterCity.0000(h) Fabric.0001

Fig. 4. Test imagesand blocks usedin the examples.The missingblocks (16 � 16) in (b) through(l) are at location (56; 56). Images

other than(a) and(f) are from the Vistex database[16].

In this sectionwe apply the developedideasto estimatemissingdatain imageregions shown in Figure 4. We

speci�cally notethatour aim is not to obtainthebestpossibleperformanceon theparticularregion, but to examine
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the ef�cacy of different transformsin predictingimageregions using Algorithm 3, i.e., we would like to develop

an understandingof the classesof stochasticprocesseson which a given transformwould perform successful

estimationusing the developedalgorithm. In this questour guiding principle will be “sparsity”. We will seethat

a transform(and its overcompleteextension)will provide successfulestimationto the degreeto which it provides

sparsedecompositionsover the target region.

It is importantto note that issuesrelatedto transformand �lter bank designare active researchtopics and are

beyond the scopeof this manuscript.Herewe only exposethe main tradeoffs for transformselectionand design.

In particular, we show that well known good transforms,when coupledwith Algorithm 3, provide good results

over a variety of imageregions.Of course,with bettertransformsit may be possibleto obtain equivalent results

with lessredundancy or betterresultsat the sameredundancy. We report resultsshowing visual quality andmean

squarederror (mse)performance.mseis reportedthroughPSNRvalues(PSNR=10 log10(2552=mse)), which are

calculatedonly over themissingregion(s).As is well known, visualquality anduniformity arenot alwaysindicative

of goodPSNR.We will show that somevisual quality v.s. PSNRtradeoffs arepossibleby adjustingTf (seealso

the discussionfor extensionsin SectionIV).

We startdiscussingsimulationresultswith the examplesin Figure5, which looks at locally texture type regions

that can be consideredto be approximatelyperiodic. We then move to regions over edges,to mixed regions,

and to more generalexamples.As we will see,DCTs will provide surprisinglygood performancethanksto our

overcompleteformulation, and their inherent frequency selectivity (Figure 7). In order to allow the readerto

comparethe scaleof our resultswith otherwork, the simulationsin Figures14 and15 areprovided.Theseresults

can be comparedto [11] and the summaryof literatureresultsit provides.For imageslike Lena,our resultsare

comparableto or better than establishedwork. For imageslike Barbara,our resultsare signi�cantly better than

establishedtechniques.Thusbeyond PSNRcomparisonsfor the imageLena, the readershouldkeepin mind that

while earlierwork is typically restrictedto piecewise smoothimages,the caliberof our resultsdoesnot changeon

moregeneralimageslike Barbarausingexactly the sametransform,algorithm,andparameters.The visual quality

of our resultscan further be comparedto inpainting work suchas [1], which doesnot provide PSNRnumbers.

Finally, we notethat theprovidedresultsarenot thebestnor thefastestpossible.Bettertransforms,tuning,layering,

etc.,arelikely to improve our resultsboth in termsof speedandPSNR.Proof of conceptsoftwarethat implements

Algorithm 3 usingDCTs for missingrectangularandgenerallyshapedregionscanbe found in [15].

A. ImplementationDetails

In our simulations,we have usedAlgorithm 3 with C = 1, Tf = 5 (unlessotherwiseindicatedin situations

wherewe examinethe effect of iterations),and � T = :1. The “surroundingpixels” usedin the estimationof mean

and T0 was taken as the one pixel boundaryimmediatelyoutsidelayer 1. T0 was set as in the algorithm except

for Figures14 and 15, whereit was set to T0 = 50 for all blocks.The readershouldnote that T0, and the mean

initialization essentiallyserve to limit redundantiterations,otherwiseonecan remove theseparametersby always

taking T0 = 255 or someothermaximumvaluewhich is guaranteedto boundthe conditionalvariancein Equation

(10). Layering is establishedusingsinglepixel thick rectangularshells.
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All resultsuse overcompletetransforms.All wavelet transformsare evaluatedto 4 levels, including wavelet

packets (full tree) and complex wavelets (Antonini 7 � 9, followed by 6-tap H L as in [10]). The wavelet and

complex wavelet transformsare fully overcompleteat the �rst level, and critically decimatedthereafter, resulting

in 4� redundancy. DCT basedresultsare fully translationinvariant, i.e., an M times M DCT resultsin M 2�

redundancy. Becauseof the choiceof rectangularshellsas layers,andthe natureof iterations,four-fold symmetry

(left-right/up-down/diagonal)becomesimportant.While DCTs alreadyhave sucha symmetrybuilt-in to the basis

functionsand the utilized complex wavelets lead to four-fold symmetryby construction,the orthogonalwavelet

banks(Daubechies8-tap) do not possessucha symmetry. For orthogonalwavelet bankswe have thus modi�ed

the algorithm to repeatthe computationsfor eachlayer four times, averagingthe resultsfor the regular and the

left-right/up-down/diagonal�ipped versionsof relevant imageregions.Magnitudesof complex wavelet coef�cients

are thresholded.Note that complex waveletscan be regardedas four real transformsand they readily �t into our

overcompleteformulation.While eachoneof thesefour transformsis not strictly orthonormal,for the purposesof

this work, deviationsaremarginal.

B. ApproximatelyPeriodic Regionsand Uniform FrequencyTilings

6.35 dB 21.94 dB 23.68 dB
(DCT 16x16)

24.38 dB
(DCT 24x24)

25.16 dB
(DCT 32x32)

22.40 dB
(Wavelet Packets)

LOST 16x16
BLOCK

ORIGINAL
LOCAL MEAN
FILLED WITH RECOVERED

15.02 dB 18.03 dB 13.26 dB
(DCT 4x4)

8.91 dB
(DCT 16x16)

22.59 dB 26.24 dB

5.87 dB 18.30 dB 17.29 dB
(DCT 8x8)

(DCT 8x8)
Perfect Rec.

22.92 dB
(Wavelets)

20.62 dB
(DCT 16x16)

15.27 dB
(Wavelets)

24.63 dB

(DCT 24x24)
24.21 dB

(Wavelet Packets)

Perfect Rec.

22.88 dB

24.16 dB

(Wavelet Packets)

(Complex Wavelets)

(Wavelet Packets)

(a)

(b)

(c)

(d)

Fig. 5. Examplesof the proposedrecovery algorithmover locally approximatelyperiodicstructures.

Figure 5 (a) shows the performanceof the algorithm on an arti�cial signal that is periodic with a period of

8 pixels. The original, the imagewith the lost block, the imagewith the block �lled using the locally estimated

mean,and the recoveredimagesareshown from left to right. Undereachimage,the PSNRof the reconstruction

14



togetherwith the transformusedin the recovery (for the recoveredimages)are indicated.As can be seenin the

�gure, while recovery with 4� 4 DCTs andwaveletsis inadequate,8� 8 DCTs aswell aswavelet packetsachieve

perfect reconstruction(pleaseseeSectionIII-A for algorithm, transform,and transformredundancy parameters).

In order to shedlight into the resultslet us �rst considerthe intuitive example in Figure 6, which shows a 1-D

......

s(n)

nM-M P2    /M

|S(w)|

w

... ...

Sparse frequencies

... P2    /M

|S(w)|

w

... ...

Sparse frequencies after thresholding

...

T

(a) (b) (c)

envelope

Fig. 6. Example1D periodicsignaland its Fourier transform.

periodicsignalwith periodM (Figure6 (a)) andits DiscreteTime Fouriertransform(Figure6 (b)). In thefrequency

domain the signal can be representedvia a train of impulseswhosemagnitudesare modulatedby an envelope,

which canbe obtainedas the Fourier transformof the baseperiodof the signal in Figure6 (a) [12]. As indicated

in Figure6 (b), the signal is very sparsein the frequency domainwith the Fourier transformequalto zeroalmost

everywhere.Hence,if a transformtiles the frequency domainwith suf�cient densityanduniformity (so that many

transformbasisfunctionshave their energy concentratedmostlyover thesesparsefrequencies),thenwe expectthat

transformto provide many small magnitudecoef�cients over sucha signal2. Of course,given our framework, we

expect the transformto be successfulin predictionover periodicregionsto the degreethat it providessuchsparse

decompositions.
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(2,3)

(3,0)

(1,3)

(0,3)

(-P,P)

(P,P)(P,-P)

(-P,P)

(P,P)(P,-P)

(a) DCT (4x4) tiling in frequency domain (b) Wavelet tiling (c) Complex Wavelet tiling

45
0750
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-150

-45
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-150
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150

45
0

750

-75
0

Fig. 7. Tiling of the frequency domainby DCT (4 � 4), Wavelet (2-level), and Complex Wavelet (2-level) transforms(2-level Wavelet

Packetshave tilings that are identical to the DCT). Tiles with the samecolor belongto the samebasisfunction,e.g.,the four cornersin (a)

comprisethe regionsin frequency domainwheremostof the energy of the DCT (3; 3) basisfunction is concentrated.The complex wavelet

tiling picture is borrowed from [14].

Figure 7 shows the tiling of the frequency domainby DCTs (4 � 4 is shown for clarity in drawing), wavelet

packets, wavelets,and complex wavelets.Given the periodic impulse train of Figure 6 (b), a transformshould

accomplisha uniform tiling in frequency domain,with the frequency axis choppedinto uniform tiles with the

2Observe that the scalarproductof a transformbasisfunction with the signal can be evaluatedin frequency domain,wherethe Fourier

transformof the basisfunction will emphasize/deemphasizethe impulsesbasedon its concentrationin the frequency domain.
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required density of such tiles determinedby M . By design,wavelets and complex wavelets do not have this

frequency selectivity and we do not expect them to provide sparsedecompositionsover generalperiodic signals.

In contrastDCTs andwavelet packetsdo accomplishsucha uniform tiling andwe expect themto provide sparse

decompositions,provided that they are “grown” beyond the minimum requiredtile density. For example,over a

periodicsignalwith periodM we would like to useDCTs of size >� M � M , andwavelet packetsof >� log2(M )

levels in eachband.

In order to determinethe exact tiling densityor size for the transformit is useful to note that beyond the exact

periodicity, M , of the signal,the baseperiodandthe associatedfrequency domainenvelopearevery important.As

illustratedin Figure6 (c), a signalwith a baseperiod that resultsin a fastdecayingenvelopewill in generalgive

rise to a sparsersetof transformcoef�cients afterhard-thresholding.Hencewhile somesignalsof periodM will be

predictableusinganM � M DCT (or possiblyevensmaller),aswe will see,otherswith slowly decayingenvelopes

will requirea highertiling density. Notealsothatwhenperiodicity is not alignedwith thehorizontal/vertical image

axis, intuitive frequency domainargumentscanagain be usedto determinethe requireduniform tiling density.

With the8� pixel periodicregion in Figure5 (a), 4� 4 DCTs,andwaveletsdo not performwell, whereas4-level

waveletpacketsand8� 8 DCTsachieve perfectreconstructionon this arti�cial signal.Observe alsothat in the8� 8
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Fig. 8. PSNR vs. iterationsfor (a) the DCT 8 � 8 reconstructionin Figure 5 (a) (beyond a certain PSNR rounding resultsin perfect

reconstruction),(b) the DCT 16 � 16 reconstructionin Figure5 (b).

DCT reconstruction,our layeringtechniqueseffectively enablethe informationto �o w from outsideof the missing

region to inside,evenwith transformbasisfunctionsthatarespatiallysmallerthanthemissingregion. In Figure5 (b)

the approximateperiodicity is at an angleandrequireslarger selectivity. Again DCTs andwavelet packetsperform

well and,as expected,waveletsand complex waveletsfail. Figure 5 (c), shows an approximatelyperiodic signal

with a larger periodanda “harder” baseperiod(i.e., a slower decayingenvelope).Betterperformanceis obtained

by using transformsthat provide more tiling density. Finally for Figure 5 (d), our “approximatelyperiodic” label

becomeslessvalid and the algorithm is confrontedwith a region showing grayscalevariationsover eachperiod.

Again, asexpected,therule of thumb,“uniform frequency tiling densityincreasesperformance,” holds(seeSection

III-E to seehow unpredictablegrayscalevariationsaffect the algorithm).

The PSNR vs. iterations curves for the DCT 8 � 8 reconstructionin Figure 5 (a), and the DCT 16 � 16

reconstructionin Figure 5 (b) are shown in Figure 8. Each iteration correspondsto a particular threshold,with
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the leftmost PSNRvalue at T0, and rightmostat Tf . It can be seenthat our progressive thresholdsobtain rapid

improvementsin PSNRandeithercontinueimproving or settleto a range.This will be thegeneralthemeto expect

from thesecurves with notableexceptionsdiscussedbelow. We will see through theseexceptionsthat certain

thresholdsmay correspondto unpredictableportionsof dataand they may inducefurther variation in the curves.

We concludethis sectionby statingthatover approximatelyperiodicregionswe generallyexpecttransformsthat

yield the densestuniform frequency tiling to be the mostsuccessful.Observe that this remarkis valid in a stricter

statisticalsense,sincegeneralperiodic processescan be constructedin frequency domainby choosingthe period

and the impulsetrain magnitudesrandomly. Hence,on approximatelyperiodic regionswe would like to uselarge

DCTs and wavelet packets of many levels, which resultsin basisfunctions of large spatial size for both types

of transforms.Unfortunately, as is well known, large spatialsize basisdo not yield sparsedecompositionsover a

multitudeof regionsseparatedby edges,and localizationis an importantlimiting consideration.We next examine

performanceover regionswith edges.

C. Regionswith Edgesand Uniform/AngularFrequencyTilings

Estimationperformanceover regions with edgesis best discussedin light of Figure Part I - 7, and the �rst

two examplesin Figure 9. We adoptthe viewpoint that edgesare boundariesof regions of uniform statisticsand

8.23 dB 12.87 dB 36.93 dB
(DCT 4x4)

5.11 dB 16.55 dB 22.75 dB
(DCT 4x4)

5.46 dB 14.91 dB 13.87 dB
(DCT 8x8)

4.31 dB 15.68 dB 19.06 dB
(DCT 8x8)

38.38 dB
(DCT 8x8)

22.01 dB
(DCT 5x5)

27.13 dB
(DCT 16x16)

22.33 dB
(DCT 16x16)

27.83 dB
(Wavelets)

25.05 dB
(DCT 16x16)

25.99 dB
(Wavelets)

24.94 dB
(DCT 24x24)

36.71 dB

25.92 dB

31.63 dB

24.54 dB
(Wavelets)

(Complex Wavelets)

(Complex Wavelets)

(Wavelet Packets)

LOST 16x16
BLOCK

ORIGINAL
LOCAL MEAN
FILLED WITH RECOVERED

(a)

(b)

(c)

(d)

Fig. 9. Examplesof the proposedrecovery algorithmover edges.

little sparsity/compactioncanbe achieved over them[4], [3] (seealsoour remarksbelow regarding linear edges).

It is important to note that this viewpoint is different from the one offered by edgedetectorsof classicalimage
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processing,which will classify many successfullypredictedhigh frequency patterns/structuresas edges(seefor

example,high frequency featuresin earlierdiscussedexamplesin Figure5).
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Fig. 10. PSNRvs. iterationsfor the complex wavelet reconstructionin Figure9 (c).

Using the exampleof FigurePart I - 7, we expectlocalized,overcompletetransformsto obtainsparsedecompo-

sitionsaroundedgesprovidedthat theregionsaroundedgesareamenablefor theparticulartransform.Furthermore,

as illustratedin Figure 9 (a), if an edgecan locally be approximatedby a straight line, then the transformbasis

evaluatedover the edgemay take advantageof this one dimensionalstructurebeyond the simpli�ed intuition of

FigurePart I - 7. For example,in Figure9 (a), we expectall transformcoef�cients that re�ect vertical variationto

have magnitudescloseto zerosincethereis little suchvariation in the region. We further expect the edgepro�le

to have a role, sincesmootherpro�les will in generalresult in fasterdecayinghorizontalvariationsin frequency

domain,and thereforea sparserset of coef�cients after thresholding,provided the transformhas the frequency

selectivity to take advantageof it. This observation about the edgepro�le is con�rmed in the �gure. While all

transformsdo well, DCTs andwavelet packetsperformbetterby taking advantageof the edgepro�le.

Observe from Figure 7 that, regardlessof size,separabletransformslike DCTs and waveletshave the intrinsic

ability to isolateandexploit horizontal/vertical variationas in Figure9 (a). Edgesaligneddiagonallyalsoprovide

someroom for sparsityfor suchtransforms.However, whenthe edgeangleis not horizontal,vertical,or diagonal,

frequency selectivity andspatialsizeof basisfunctionsagain becomeimportant.Figure9 (b) is locally similar to

Figure 9 (a), rotatedto an angle.With the simple intuition that a straightline at an anglewill result in a Fourier

transformthat is only non-zeroat a relatedangle,we expect larger DCTs and wavelet packets to perform better

thansmallerDCTs andwaveletsdueto their denseuniform tilings. Transformshaving directionalbasisfunctions,

like complex wavelets,are speci�cally designedto take advantageof the line-like structureof straightedgesin

frequency domain.Noting the complex wavelet tiling in Figure7 (c), we alsoexpectcomplex waveletsto perform

well on generaledgeangles.

Figure 9 (c) includesseveral diagonaledges,and it correspondsto the casewhere there is a slowly decaying

diagonalvariationin the frequency domaindueto the four consecutive diagonaledges.Thebestperformeris again

complex wavelets,with 16 � 16 DCTs and waveletsobtainingsatisfactory results.In Figure 9 (d) we are again

confrontedwith a diagonaledge.As expected,the almost diagonalhigh frequency periodic region on the right

sidedoesnot poseseriousissuesfor any of the transforms(sinceperiodicitiesdueto very high frequenciesdo not

requiredenseuniform tilings). It is interestingto note that the small “window-like” structureson the left of the
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Fig. 11. Examplesof the proposedrecovery algorithmover mixed regions.

�gure arealsoadequatelyrepresentedaslocal smoothnessandcontinuityarepreserved to theextentpossibleby all

transforms.However, the predictionperformanceover suchregions is dif�cult to analyzein general.What works

as an advantagein suchcasesmay becomea disadvantagewhen the particular transformcannotdiscernoverall

structureand proceedswith a locally consistent�ll, which can be evidencedfor the 8 � 8 DCT in Figure 9 (c).

Figure10 shows the PSNRvs. progressive thresholdsfor the complex wavelet reconstructionin Figure9 (c).

It is clear that performanceon regionscontainingedgesdependson two things,performanceon regionsaround

the edges,and if the edgeis linear, performanceover the edge.For performancearoundedges,we would like

to have a transformthat hasa dense,uniform frequency tiling. However, densertilings lead to larger spatialsize

basisfunctions,which in turn increasethe chancesof edgeoverlap.For example,the DiscreteFourier Transform

offers the most in termsof a dense,uniform frequency tiling but its image-widebasisfunctionsguaranteethat the

intuition of Figure Part I - 7 will never hold for it. For performanceover the edge,the spatialsizesof transform

basisfunctions are again very important,since on generalimage regions, the probability of an edgeremaining

linear decreasesas the size of the region increases.If one is guaranteedto operateon piecewise smoothimages

(or to a certain degree,on imagesthat are in the oppositeextreme of having only very high frequencies)then
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directionalbasissuchas complex waveletsmay becomepreferablesincethey can be designedto take advantage

of linear structuresin frequency domainfor a smallerspatialsize,whencomparedto other transformslike DCTs

andwavelet packets(which mustbecomelarger to obtainequivalentangularfrequency selectivity usinga uniform

tiling). On moregeneralimages,oneexpectsDCTs to be moresuccessfulas they provide smallerspatialsize for

given uniform frequency selectivity whencomparedto otherpopulartransforms.

D. Mixed Regions

Figure11 shows estimationperformanceover imageregionsthatcanroughlybeconsideredto bea mix of regions

in Figures5 and 9. It is interestingto note that Figure 11 (a) involves a region of graduallychangingstatistics,

andFigure11 (c) shows a caseof abruptchangein statisticswithout an apparentdiscontinuity. Throughout,DCTs

and wavelet packets perform well with the edgegoing more toward DCTs of larger sizes,which helps in better

exploiting overall structure3. Waveletsandcomplex waveletsperformcomparatively worse.In Figure11 (c), 8 � 8

DCTsandcomplex waveletscanonly try to establishlocal continuity/uniformnessasthey do not have thefrequency

selectivity to seethe “big picture”. 16 � 16 DCTs fall just short of a good reconstruction,which is achieved by

using24� 24 DCTs. Observe that the depictedregions, in particularthe cagein Figure5 (d), arenot particularly

conducive for classicaledge-detectionor segmentationbasedalgorithms.Our algorithmbasedon sparsity-detection

(or equivalently, using the resultsof Part I, “predictable-detection”)performssubstantiallybetter.

E. General Regions

It is clear that for Algorithm 3 to be successfulover a particularimageregion (with any transform)the region

underexaminationshouldbe predictablefrom its surroundings.As exempli�ed in Figure 12 (a), for many types

of imageregions this is not the case.In this �gure, the distribution of the coffee beansinside the missingregion

is simply not predictablebasedon the distribution outside. It can be seenfrom the accompanying PSNR vs.

progressive thresholdscurve that the algorithmslightly improvesPSNRin the few initial iterationsbeyond which

PSNRdecreases.The initial iterationsmostlyaddto theoutsidelayersof themissingregion wherelocal continuity

helps the algorithm in improving PSNR. While the visual quality of the �nal reconstructionis acceptable,the

algorithm ultimately fails in providing successfulestimation4. Of course,assuminglocalized regions of uniform

statistics,it is possibleto devise further adaptationinto the algorithmto avoid suchestimationerrors(seeSection

IV). Figure 12 (b) illustratesa casewhere the missingregion is a combinationof predictableand unpredictable

components.The algorithm is successfulin predictingthe overall structurein this approximatelyperiodic region.

Note that, the arrayof “knots” have “sparkles”or detail structuresthat is different in eachperiod.As canbe seen

from the PSNRdiagramand the reconstructionshown after 50 iterations,the algorithmforms an initial estimator

that capturesthe main structureand periodicity. Beyond iteration 300 however, the algorithm tries to predict the

detail structureat lower thresholdsandPSNRis reduced.The �nal reconstructedimagehassuperiorvisual quality,

albeit at a lower PSNR.
3The utilized DCTs alsohave higherredundancy factorsin comparisonto wavelet packets.As DCTs andwavelet packetsarevery similar

transformsinvestigating further differencesbetweenthemis beyond the purposesof this paper.
4For muchbettervisual quality in suchregions,the readeris referredto non-msebasedtexture generationmethodssuchas [13], [2].
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Fig. 12. SpatialPredictabilityandProgressive Thresholds.(a) Recovery is not successful.(b) Successfulrecovery but spatiallyunpredictable

detailsaddedat later iterationsreduceperformance.
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Fig. 13. Examplesof the proposedrecovery algorithmover generalregions.

On a generalimageregion one can typically decomposethe region into componentsand apply the foregoing

analysis.The unpredictablebeandistribution problemmorphsitself to an unpredictablelines problemin Figure13

(a), wherea straightextensionof lines enteringthe missingregion resultsin incorrectestimation.Especiallythe

transformsof higher tiling densityperformacceptablefrom a visual quality standpoint,but nonemanageto guess

the interior correctly. Portionsof Figure13 (b) arepredictableandthe algorithmagain doesan acceptablejob both

in termsof PSNRperformanceandvisual quality. The wavetopsinside the missingregion areof coursemissed.

Othercommonregion typeswe have not directly examinedcanalsobeanalyzedusingsimilar concepts.Generally

we would like to usethe transformthat providesthe fastestnonlinearapproximationdecayfor a given spatialsize.

For example,if the algorithmis to be restrictedto piecewise polynomialregionsthendirectionalwavelet-like basis
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suchascomplex waveletsbecomevery goodchoicessincethey canbe designedto annihilatepolynomialsof the

highestdegreefor a given spatialsize.If thereareno restrictionson the classof regionsover which estimationis

desired,onecanresortto transformsthat provide uniform frequency tilings in the expectationof reasonablyrobust

solutionsas we show below. Of course,in the most generalcase,it is best to adaptively determinethe utilized

transformfrom a dictionaryof candidates(seeSectionIV).

Figures14 and 15 demonstratethe performanceof the algorithm on missing blocks in two well-known test

imagesusing16� 16 DCTs. Note that our algorithmwhich knows nothingaboutedges,periodicity, textures,and

otherimagefeaturesprovidesrobustperformanceover a varietyof regions.Theseresultscanbe improvedby using

transformswith densertilings (for example,portions of the table cloth in Barbaracontainshigh periodswhich

can only be exploited using 24 � 24 DCTs and higher). Finally, Figure 16 shows performanceover very large

missingblocks,wherepredictabilityandsparsityassumptionsareunavoidablyviolated.Again, largerDCTs,andin

particular, directionalbasisimprove PSNRperformancebut it is clearthat our algorithmwhich performslocalized

sparsereconstructionscannotrecover very high level structure5. As remarked earlier, our aim is not to producethe

bestpossibleresultsbut to show that even a �x ed, reasonablygood transform,when coupledwith Algorithm 3,

provides good performanceover a variety of imageregions.As this work hastried to show, this is accomplished

by tappinginto the power of sparsedecompositionsandnonlinearapproximation.

IV. CONCLUSIONS AND FUTURE WORK

In this work we provide a systematicway of constructingadaptive linear estimatorsfor nonstationarysignals

throughthe combinationof orthonormaltransforms(and�lter banks)andadaptively determinedinsigni�cant sets.

We show that implicitly, any work doing adaptive linear estimationis likewise choosinga linear transformand

an insigni�cant set. However, unlike earlier resultswhere the relevant choicesare fuzzy, adhoc,and restrictive,

we make the underlying constructionand tradeoffs explicit. This allows us to draw on signi�cant researchin

transformand �lter bank design,and more importantly, to establishconnectionswith harmonicanalysisresults

that help determinethe classesof stochasticprocessesover which successfulestimationis possible.Throughsuch

connectionswe recognizethat nonconvex datamodelsare fundamentalto adaptive linear estimators(whetherthe

�nal reconstructionequationsareconvex or not), andwe dealwith the resultingissuesdirectly.

As we have tried to illustrate,existing methodscan be analyzedthroughthe sparselinear decompositionsthat

they areimplicitly or explicitly using.In this analysis,it is clearthat theedgegoesto techniquesbasedon nonlinear

approximationover thosebasedon linear approximation.We notethat, underreasonableassumptions(like locally

uniform statistics,etc.), it is possibleto further improve our nonlinearapproximationbasedresults.For example,

it is possibleto avoid situationslike Figure 12 (a) (or to avoid rangesof offending thresholdsin Figure 12 (b))

by pretendingthat the missing region is larger and resorting to prediction only when the performanceon the

known layersjusti�es it. Beyondsuchimprovements,resortingto adaptive nonlinearapproximation,wherewe also

5The readermay notethat performancecomparisonsover very large missingchunkscould be misleading.Two predictionalgorithmsthat

areequallybadwhenvery largechunksof dataaremissing(for example,whenthe two algorithmsaretrying to predictBarbara's eyesusing

Barbara's forehead),may have very differentperformancewhensmallerregionsaremissing.

22



(a) Lost 16x16 blocks, PSNR= 5.59 dB (b) Recovered (DCT 16x16), PSNR= 26.00 dB

(d) Recovered (DCT 16x16), PSNR= 24.95 dB(c) Lost 16x16 blocks, PSNR= 6.02 dB

Fig. 14. DCT (16 � 16) performanceresultson LenaandBarbarawith missing16 � 16 blocks.

choosethe utilized overcompletetransformset adaptively, is expectedto give even further improvements.Again,

under reasonableassumptions,this can be done by adaptively selectingtransformsfrom a dictionary, basedon

their performancein reconstructingknown information. We point to thesetwo avenuesas possiblefuture work

directions.

Whetherthe proposedalgorithm is deployed on imagesor other nonstationarydata,the fundamentalmodeling

questionis still thewell-known one.On anobservedunknown stochasticprocesswhatarethebestlinear transforms

thatallow usto constructthemostusefulandgeneralstatisticalmodels?As far asthis work is concerned,onewould

like to have sparse,localized,translationinvariant,overcompletetransforms.This desireleadsto known trade-offs

in sparsity(frequency tilings, polynomial annihilationproperties,etc.) and spatial size of basisfunctions.While

thereis never a guaranteeof constructingsuccessfulestimatorson generaldata,by usingnonlinearapproximation

principles,this paperpushesthe“leap of faith” onehasto make (by committingto a linear representation)closerto

its limits. Theresultingrobustnessprovidedby our simpletechniquescaneasilybeseenin our extensive simulation

examples.

Another avenuefor future researchopensup when one noticesthat the main �a vor provided by our denoising
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(a) Lost 8x8 blocks, PSNR= 5.65 dB (b) Recovered (DCT 16x16), PSNR= 29.05 dB

(c) Lost 8x8 blocks, PSNR= 5.94 dB (d) Recovered (DCT 16x16), PSNR= 28.61 dB

Fig. 15. DCT (16 � 16) performanceresultson LenaandBarbarawith missing8 � 8 blocks.

iterationsin Equation(6) (or in Equation(4)), is constrainedminimizationsof the form

min
x̂1

yT (D � 1)y; (13)

wherethe role of the operator(D � 1) is to determinethe insigni�cant componentsof a signal.This observation

hasseveral consequences.

First,betterdenoisingmatricesD (or evennonlinearoperatorssubjectto convergencerequirementsif iterationsare

required)that allow the separationof signi�cant and insigni�cant componentsof a signal are expectedto further

the performanceof the estimatorsconstructedin this paper (see for example [8], which couplesthe weighted

overcompletedenoisingmethodof [9] with Algorithm 3 to predict missing wavelet transformcoef�cients over

edges.).In this regard, the readerinterestedin trying different denoisingmethodswith this work should note

that the underlyingdenoisingmust be able to operateon “noise” that is correlatedwith the signal (seeEquation

(7)). Thusonemay prefercross-correlationrobust denoisingmethodsto onesthat arebasedon independentnoise

assumptions(seefor e.g.,[5]). Beyond this caveathowever, onecandirectly apply an existing denoisingtechnique

to small missing regions using a single layer, in a progressive fashion.This will avoid signi�cant changesin

the existing denoisingalgorithm by not including layering, selective thresholding,etc., while preservingthe all
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(d) Recovered (DCT 16x16), PSNR= 22.23 dB

(b) Recovered (DCT 16x16), PSNR= 23.33 dB(a) Lost 16x432 blocks, PSNR= 14.34 dB

(c) Lost 16x432 blocks, PSNR= 13.13 dB

Fig. 16. DCT (16 � 16) performanceresultson LenaandBarbarawith missing16 � 432 blocks.

importantprogressions.Simpli�ed in suchfashion,Algorithm 3 with C = 1 becomes,denoiseat thresholdT (or

coarsedenoise),enforce availabledata,denoiseat thresholdT � � T (or �ner denoise),enforce availabledata, ...

(It shouldbe emphasizedthat while layering and selective thresholdinghelp performanceand are recommended,

over missingregionsof small sizewhencomparedto the sizeof the transformbasisfunctions,they canbe omitted

without a very signi�cant performancepenalty.)

Second,using the resultsof Part I, it can be seenthat the entire operationof Algorithm 3 is equivalent to the

constructionof a very sophisticated,signal adaptive D, which can be usedto solve for the missingdatadirectly

throughProcedure1, without progressions.This equivalentdenoisingmatrix is in turn equivalent to an estimation

matrix A c(x0), andhenceto an orthonormaltransformandan insigni�cant set.Note however that this equivalent

D, transform,and insigni�cant set will in generalbe very different from thoseusedin Algorithm 3 during their

construction!By using a well-known, overcompleteset of transforms,thresholdingideas,progressions,etc., we

are in effect designinga signal speci�c D. The constructionof this �nal equivalent D and the �nal equivalent

transform,asa by-productof Algorithm 3, may thushelp many interestingapplicationsbeyond recovery, suchas

denoising,basisdesign,regressionetc.
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Finally, the readerinsistenton atomic decompositionsshouldnote that many of the simulation resultsof this

sequenceare simply too dif�cult to obtain using an atomic decompositionof few atoms.By construction,atomic

decompositionsusingovercompletebasismodelsigni�canceratherthaninsigni�cance.Hence,for suchtechniques

to provide successfulestimatesin generalscenarios,onemusteitherhave dictionariesthatcanrobustly approximate

all interestingsignalfeatureswith few atoms,or relaxon thedesirefor “few”. Both optionsareexpectedto leadto

lessrobustresultswhencomparedto thetechniquesof thissequence,whichutilize well-known basisin progressively

enforcinginsigni�cance without regard to the numberof atomsin the decomposition(see[6]).
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