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Abstract

We combinethe main ideasintroducedin Part | with adaptve techniquego arrive at a powerful algorithmthat
estimategmissingdatain nonstationarysignals.The proposedapproachoperatesautomaticallybasedon a chosen
linear transformthat is expectedto provide sparsedecompositionsover missing regions such that a portion of
the transformcoefcients over missingregions are zeroor closeto zero.Unlike prevalentalgorithms,our method
doesnot necessitat@ary complex preconditioning segmentation,or edgedetectionsteps,and it can be written as
a progressionof denoisingoperations.We showv that constructingestimatesbasedon nonlinearapproximantsis
fundamentallya noncomex problemandwe proposea progressie algorithmthatis designedo dealwith this issue
directly. The algorithmis appliedto imagesthroughan extensive setof simulationexamples,primarily on missing
regionscontainingtextures,edgesandotherimagefeatureshat are not readily handledby prevalentestimationand
recovery methods.We discussthe propertiesrequiredof good transforms,and in conjunction,showv the types of
regions over which well-known transformsprovide good predictors.We further discussextensionsof the algorithm
wherethe utilized transformsare alsochosenadaptvely, whereunpredictablesignalcomponentsn the progressions
areidenti ed andnot predicted,andwherethe predictionscenariois more general.
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I. INTRODUCTION

In this secondpart of the two part sequencewe combine the main ideasintroducedin Part | [7] with a
carefullyconstructeddaptve algorithmandevaluateits performancen simulationexamples Givenanorthonormal
transform(or an overcompleteset of orthonormaltransforms)that is expectedto provide sparsedecompositions
over the target signal, the fundamentalissuewe deal with hereis the constructionof the insigni cant set(s)that
determinesthe sparsity constraintswhich in turn determinethe estimatesof missing data. For this purposewe
use a layering algorithm that allows us to work with small spatial size transformsin estimatingcomparatrely
larger missingregions, andthat gives us the capability to extendthe algorithmwith further adaptation(the reader
can consultthe discussionin Sectionlll to seetradeofs arisingfrom transformspatialsize and performanceover
signaledges)Beyond layering,we recognizetheinitial conditiondependencef this problemdueto the noncorwex
datamodelsthat nonlinearapproximationprovides, and proposea progressie algorithmthat forms coarseto ne
estimatedy searchingover progressiely larger nonlinearapproximationclasses.

In this part we also provide an extensve set of simulation examplesthat illustrate the performanceof the
derived algorithm. Throughtheseexampleswe discussthe propertiesrequiredof good transformsthat will result
in successfulestimates(in the senseof mean squarederror) over various region types. We further shav the
performanceandrobustnesof well-known transformsin estimatinga broadsetof imageregions.Whenevaluating
thesesimulationsgthereadershouldkeepin mind thatthe sameautomaticalgorithmis usedin obtainingsophisticated
performanceover diverseregions (pleaseseeSectionlll-A for implementationdetails).It is alsoimportantto note
that the algorithm knows nothing aboutedges periodicity, textures,or otherimagefeatures.

This papercontinuesto usethe notationof Part I. We provide the following shortsummaryto facilitate easeof

referencen this manuscriptRecallthat the original signalis arrangednto a vectorx (N 1), suchthat
2 3

X
x=4"°5. (1)
X1
wherexg (ng 1) constitutesthe available pixelsandxy1 (n; 1) denotesthe pixelsin the missingregion. Our

estimateof the original is denotedby y which is given by
2 3

X0
y=4 "5; (2)
R1
where R is our estimateof the missing region. For the single orthonormaltransformcasewe had derived the

sparsityconstraint

G/ 1GioXo+ GJ.1G 4R = O; (3)
which we shaved can be solved throughthe basiciterationsof o 3
X
Procedue 1 (Basiclterations): Let u (n1 1) be an arbitrary vector and let y° = 4 5 et C denotethe
u
maximumiterationcount.For k = 0;1;:::;C, andfor a given D, de ne theiterations
y<'t = PaDY*+ (1 Pa)y; 4)
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wherel istheN N identity.

For an overcompletesetof J orthonormaltransformsEquation(3) became

X I Tl X I Tl
( GiaGioxot ( Gi;1G;)R1 =0 ®)
I=1 I=1
which canbe solved via 2 3
X
Procedue 2 (Overcompletelterations): Letu (ny 1) beanarbitraryvectorandlet y° = 4 %5 LetC denote
u
the maximumiterationcount.For k = 0; 1;:::; C, considerthe iterations
y<t = PIDY+ (1 Po)YS (6)

wherel istheN N identity.
The denosingmatricesD and D in the propositionsare de ned for a single orthonormaltransform and an
overcompletesetof orthonormaltransformsrespectiely.

In Sectionll, we derive our adaptve algorithmby startingwith a simple-mindedalgorithmwhich we gradually
build up by carefullyintroducingour designdecisionsSectionll-A introducedayeringandSectionll-B incorporates
progressie estimatesOvercompletaransformsareincludedin Sectionll-C to arrive at the main algorithmof this
paper In Sectionlll, we examinethe performanceof the algorithm on simulationexamples,discussthe required
propertiedor goodtransformsandshow our resultsfor well-known transformsand Ilter banks.SectionlV discusses
future work and concludeghe sequence.

1. ADAPTIVE RECONSTRUCTIONS AND ALGORITHMS

In this sectionwe develop practical algorithmsthat implementthe conceptsoutlinedin Part I on imagesand
video. We startthis developmentwith a simple-mindedalgorithmfor a single orthonormaltransformandgradually
build it up in stagedo arrive at a powerful algorithmwhich we later apply to testimagesin Sectionlll. Our main
constructionswill be iterative with two typesof iterations.The rst type of iterationswill be dueto the solutionof
linear equationghroughProcedured. or 2, andthe secondtype will be dueto the progressie applicationof these
proceduresWhile we will alsodiscussnoniteratve implementatiorof the procedureghat solve the relevant linear
equationswe note that the mostimportantperformancebene ts of the algorithmwill be dueto the progressions.
Carrying out mary iterationsof the procedureqor directly solving the underlying equations)will provide little
improvementswhen comparedo establishingthe progressionghat deal with the underlyingnoncoiwvex problem.

The nal algorithmwe will constructwill necessarilybe progressie.

A. AdaptiveSpassity Constrints

As outlined in Part I, thereis a fundamentaladvantagein using conditional statisticsin the estimation of
missingregionson imagesandsimilar nonstationarsignals.This requiresthe determinatiorof appropriatesparsity
constraintausing the information provided by the available pixelsin xg, i.e., the estimationof the insigni cant set
V (x) usingXg. It is clearthat,dependingon the utilized transformatiorandthe classof signalson which estimation

is to be done,the determinatiorof the correctsparsityconstraintsfrom xg canbe a very dif cult estimationtaskin
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itself. In this work we areinterestedn the classof signalsthat are composedf locally uniform regions separated
by edgesor edge-like singularities.Over suchsignalswe utilize localizedtransforms(wavelets,comple wavelets,
and DCTs of varioussizes)and proceedwith the estimationtask by decomposinghe missingpixels into “layers”.
This is donein orderto form a closeestimateV (xo) of the insigni cant setV (x).

Using say a block DCT basis,it is clearfrom the resultsin SectionPart | - 1ll, that only the block DCT basis
functionsthat overlap the missingregion can be usedto establishsparsityconstraintsfor estimatingthe missing
region pixels. However, sincewe do not know the datain the missingregion in adwance,the actualvaluesof the
associatedransformcoefcients will not be availableto us. Assumingwe initialize the missingregion with initial
valuesand we obtain the scalarproductsof the relevant transformbasisfunctionswith the resultingimage, it is

easyto seethat we will be obtaining“noisy” coefcients,
t=c+ e )

wherec represents genericunknovn coefcient, ¢ the noisy coefcient, and e is the obsenation error. We will
thresholdthe noisy coefcients to obtain insigni cant setsand perform estimationusing the resulting sparsity
constraintsHence,in orderto ensurethat we generatethe correctsparsityconstraintswe would like to have as
small an error as possible.We will accomplishthis for a given thresholdby making surethat the transformbasis
functionsthat arerelevant for the sparsityconstraintsmostly overlap the available pixels, and have only maiginal
spatial overlap with the missing region pixels. We thus decomposehe missing region into layers and perform
the estimationin stages As we will see,this will alsoensurethat we can utilize localizedtransformsto estimate
regionsthataremuchlargerthanthe spatialsizeof the individual transformbasisfunctions.(Of coursejf transform
basisfunctions are of appreciablespatial size when comparedto the size of the missing region, layering is not
necessaryandone cangroupall missinginformationinto a singlelayer). The needto uselocalizedtransformswill
be discussedaterin Sectionlll, andour actualthresholdselectionstrategy will be detailedin Sectionll-B.
Figure 1 (a) illustratesan image with a missing block, and Figure 1 (b) is a magni ed portion of the image
shaving the missingblock pixels decomposedhto layersof rectangularshells. The layer decompositiorin Figure
1 (b) is of courseonepossibility andmary differenttypesof layeringare possibledependingon the sizeandshape

of the missingregion. Oncethe missingregion is decomposethto L layerswe startby choosinganinitial valuefor

Image Image = Layer 0
____layert--—""
Layer 2
Layer 3
Lost Block |
7(X1 pixels) ] ———
,,,,,,,,,,,,,, Gopbeld
(a) Image with missing block (b) Missing block pixels decomposec
into rectangular shell layers (magnifie
Fig. 1. Themissingregion composedf alost block is groupedinto layers.Layer 0 incorporateghe availablepixelsin xo. Layers1;:::;L

incorporatex; pixels.



the pixelsin the missingregion (saythe meanvalue obtainedfrom the pixels immediatelysurroundingthe missing

region). As outlined earlietr we determinethe sparsityconstraintsand do the correspondingestimationin stages.

usethe information from the remainingpixels to estimatelayeri, i.e., we will pretendthatthe layeri pixels are
the “x; pixels” andthe restof the image constitutesthe “xq pixels”. However, in this layeredestimationprocess

layersO;:::;i 1 will containmorereliableinformationfor the estimationof layeri, comparedo layersi; :::;L.

layer 2, we will assumehat the estimateddatain layer 1 is alsoreliablefor the estimationof layer 2, andso on.

In order to determinethe sparsity constraintsfor layer i, at stagei, the transform coefcients due to basis
functionsthat have limited spatial overlap with layersj i are hard-thresholdedvith a given thresholdT (see
belov for details). The basis functions that correspondto those coefcients that have magnitudeslessthan T
are then usedto establishthe sparsityconstraintfor layeri and the pixelsin layeri are estimatedaccordingto
this sparsityconstraintusing Equation(3) or Procedurel. The operationis repeatedsequentiallyfor all layersto
estimateall missingregion pixels. Note thatthe error termfor a coefcient obtainedover innerlayersvia Equation
(7) becomegdependenbn the succes®f the estimationover the outer layers.Regardless,with the missingblock
and transform parameterf this paper we have not obsered ary relatedpractical problemsor artifacts due to
error propagtion in our simulations.However, aswill be discussedn SectionllI-E, in caseswherethe missing
region is not predictablefrom the surroundingswe will encountedower errorson the outsidelayers(dueto local

continuity) whencomparedo the inside layers.

- pth DCT block-._

R R T R " outer border of layer i

(a) DCT (MxM) tiling of the image (b) Overlap of theE‘ DCT block wi
the outer border of layer i (magnifiec

Fig. 2. Thep" block DCT coefcients are hard-thresholdetb determinesparsityconstraintsor layeri if the spatialoverlapwith layers
i throughL is limited, i.e., if the spatialoverlapwith the rectanglethat determineshe outerborderof layeri is limited.

Figure 2 (a) illustratesa tiling of the imagein termsof M M DCT basisfunctionsand Figure 2 (b) helps
demonstratehe determinationof the sparsityconstraintthat will be usedto estimatelayeri. The gure andthe
DCT basisare meantas examplesto motivate Procedure3 which handlesthe more generalcase.ln establishing
the sparsityconstraintfor layeri, we only hard-thresholdhe DCT basisfunctionsthat have limited spatialoverlap

with layersi throughL. This is doneto ensurethat the establishedsparsity constraintis mostly determinedby
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the available pixels and the pixels that have alreadybeenestimatedn the previous layers. The limited overlapis
calculatedor eachDCT coefcient by consideringhe spatialoverlapof the basisfunctiongeneratinghe coefcient
with layersi throughL. Due to the block natureof DCTSs, this overlapis the samefor all coefcients in a block,
andit is the intersectionof layersi throughL with the spatial supportof the block (Figure 2 (b)). For the p
DCT block, we calculatethe extent of the overlapin horizontaland vertical directionsto arrive at 01(p) and o2(p)
in pixel units as shavn in Figure 2 (b). The p™ DCT block enterssparsityconstraintcalculationsif and only if
o(p) M=2o0ro(p) M=2 ie,if this conditionholdsthenthe magnitudeof the DCT coefcients of the p
block are hard-thresholdedndthosecoefcients whosemagnitudesare below the thresholdare usedto form part
of the sparsityconstraintfor layeri.

The above ideascanbe generalizedo yield the algorithmbelow that determineghe insigni cant setfor layeri
for a generaltransformG.

Procedue 3 (Insigni cant setfor layeri): Lety' denotetheimageat stagei. Considerthe transformG andthe
subsetM ; of missingregion pixelsthatarein layersi; :::;L. Let gl denotethe k™ transformbasisfunction, i.e.,

thek™™ row of G. Let 1> f > 0 denotean overlapfactor andlet T > O be a threshold.

1) Obtainthe spatialsupportof gy; (k = 1;:::;N) asthesetof pixels, support(gx), over which gx is nonzero.
2) Considerthegg;k = 1;:::; N thatsatisfy

0 < card(support(gx)\ M) f card(support(gk)); (8)

i.e., considerthe basisfunctionsthatonly partially overlapM ;. Form the matrix G, (i) containingthesebasis
functions (g, ) thatarerelevantto layeri in its rows.

3) Obtainthe relevant transformcoefcients ¢, (i) = G, (i)y'.

4) Determinethe set¥' of insigni cant coefcients astheindicesof thosecoefcients in ¢, (i) with magnitudes

lessthanT, i.e., hard-thresholdhe coefcients to determinethe insigni cant set.

5) Constructthe matrix G, (i) that containsthe basisfunctionswith indicesin V' in its rows.

In our simulationswe usef = :5 andwe usea sequencef thresholdsto be discussedater.

We now arrive atthe rst complete but performance-wis@awve algorithm.In orderto incorporatethe solutions
by iterationsandthe solutionsby Equation(3) into onealgorithm,we let the specialiterationcountC = 1 denote
the casewhere Equation(3) is solved.

Algorithm 1 (Basic Algorithm): Let T > O and1 > f > 0 be a giventhresholdandoverlapfactor Let0< C
1 Dbeaniterationcount.

1) Decomposéhe missingregion into L layers.

2) Initialize layer pixels.

a) ObtainG, (i) for layeri using Procedures.

b) ObtainP (i) for layeri asthe projectionthat only selectslayeri pixels.

c) Solve for layeri pixels by usingG, (i) in placeof G, in Equation(3) with 1 denotinglayeri pixels
and®y denotingthe remainingpixels (C = 1 case).Alternatively useC iterationsin Procedurel with
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1 G,(i)TG, (i) in placeof D, andP (i) in placeof P 1.

(If C = 1 and the solution is not unique, i.e., if the solution is restrictedto a subspacelet the
componentsf thesolutionthatis orthogonato thesolutionsubspacéedeterminedy the corresponding
component®f the initialization).

d) Updatelayeri pixelswith the solution.

The readershouldnote thatin the caseof nonuniquesolutionsthe algorithm hasan extra stepthat allows for the
initial valuesto determinecomponentsn orthogonalsubspacesThis will be usefulwhenwe updatethe algorithm
to usea progressiorof thresholdsn the next section.Sincesolutionby iterationsonly makesupdatesn the solution
subspacethis stepis not necessaryf C < 1 .

Algorithm 1 is performance-wis@ave in two main respects.

The algorithm works with a particular threshold T to determinethe insigni cant set and to perform the

subsequenéstimation,but it doesnot specifyhow T shouldbe selectedClearly, if we specify a very large

T, all of the transformcoefcients will fall into the insigni cant set, and all missingregion pixels will be

recovered with the value 0. On the other handif we specify too small a value for T then the insigni cant

set may be determinedas the empty set and the missing region pixels will not be determinedbeyond the

preassignedhitial values.

Imagesandsimilar nonstationansignalshave edgeswhich separaterarioustypesof regions.lIt is unrealisticto

expecta singlelocalizedorthonormaltransformsuchasanM M DCT or a waveletbank,to provide sparse
decompositionver the entire image. It is well known that compactionand sparsity propertiesare violated
over edgeseven with nonlinearapproximationconstructg4], [3].

In the next two sectionswe tackletheseissuesin turn.

B. ProgressiveThresholdsand Reconstructions

In this sectionwe areinterestedn a robustway of determiningthe thresholdusedin Algorithm 1. We rst note
that, due to the way in which insigni cant coefcients are selectedin step (3a), the algorithm is dependenbn
initial conditions.We illustrate this by consideringthe example of a “two-pixel” imagethat is missingone of its
pixels (Figure 3 (a)).

As illustratedin Figure3 (b), the availablepixel xg determines constrainwhich interceptghe transformdomain
coordinatesn two locations.Dependingon the initial conditions,thesetwo locationsdeterminetwo of the possible
solutions,and a third solutionis obtainedas the point wherethe available pixel constraintis closestto the origin
(seebelaw). An examplefor trivial solutions,wherethe algorithmdetermineghe insigni cant setasthe empty set
and makes no changeto the initial conditions,is shavn at the top in Figure 3 (c).

With the initial conditionshavn at the top in Figure 3 (c), the algorithmwill determinethe sparsityconstraint
shavn via the coordinateat 45°, and arrive at the rst possiblesolution. With the initial condition shovn at the
bottom in Figure 3 (c), the algorithm would obtain the solution below the previous one. Finally by startingwith

theinitial conditionshowvn in Figure 3 (d), both of the transformcoordinatesare usedto form G| which resultsin
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available pixel

X0

Three possibl
(available pixel) P '

solutions
(a) Pixel coordinates for a (b) Transform coordinates.
"two pixel" image.
A - . A
Trivial solution
Initial condition
(c) Solutions using class(K=1,T). (d) Solution using class(K=0,T).

Fig. 3. Sparserecovery on a “two-pixel” image.

a sparseclasscontainingonly the origin. The third solutionis thusthat point in the available pixel constraintthat
is closestto the origin.

Using the notationof De nition Partl - 1, it canbe seenthatin Figures3 (c) and(d) we areeffectively searching
for a solution by assumingthat the signal of interestis in the extensionof the classof sparsesignalsdetermined
by T. With the two initial conditionsin Figure 3 (c), thresholdingwith T yields K = 1 and dependingon the
initial conditionwe obtain one of two solutionsthat intersectwith the sparseclass.The initial conditionin Figure
3 (d) however resultsin K = 0, andwe nd a solutionasthe closestpoint in the available pixel constraintto the

sparseclass,which is given by the origin. As the algorithmfollows the chain of Equation(Part | - 5),

GivenT > 0 andtheinitial signal! class(K;T)!
I B(x)! estimatecsignal= Rnoniinear (K); (9)

we are confrontedwith a multitude of solutionsdependenbn initial conditions.

Oneway to minimize the dependencen initial conditionsis to try and ensurethat we have the right numberof
sparsityconstraintgo uniquely solve for the missingpixelsin eachlayer However, evenif thisis possible,t may
improperlyrequirecoefcients with fairly large obsered magnitudego establishsparsityconstraintsWhenwe are
applying our algorithmsto real signalswe are basically proceedingwith the assumptiorthat the given transform
provides sparsedecompositionshut it may well be the casethat this assumptioris only approximatelytrue or the
missingregion is not totally predictableusingthe surroundingregion (seeSectionlll-E). Hence,to help with the
robustnessf our method,we formulatea differentthresholdselectionstrateyy.

Our aim is to startwith a reasonablyselectedhresholdand nd progressie solutionsfor the missingpixels by
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reducingthresholds,and by effectively searchingover progressiely larger classesf signals.In this fashion,the
searchusing a thresholdwill sere asthe initial conditionfor the searchwith the next threshold.We proceedwith
this stratgy by assigningmissingpixels a meanvaluethatis estimatedrom the surroundingregion. Allowing for
our zero-meartreatmentthis can be seenas being similar to the casein Figure 3 (d), i.e., a searchover a class
with K = 0 (the all zerosignal)aswould be obtainedby a very large threshold.

In order to determinea reasonablestarting threshold T, let us considerEquation (7) as the obsenration of
a generictransform coefcient during the execution of Procedure3, step 4. The obsenation ¢ of the original
coefcient cis corruptedby the error e dueto the missingregion. In orderfor usto deducethat the basisfunction
associatedvith this coefcient forms part of the sparsityconstraintswe needa thresholdT > j¢j. Assumingthat
the coefcient c is indeedcloseto zerowe needto choose

T~ (E[?jxo])*™: (10)

Sincee is dueto missingpixels, andsincewe areutilizing unit enegy transformsit is easyto seethat (E [€?jxo]) 17
is lessthanthe maximumpixel standarddeviation over the missingregion givenxo. We hencesetT, asthe standard
deviation valuethatis estimatedrom the surroundingegion. We furtherseta T; < Tp asanestimateof the standard
deviation of the noise oor in the signal, belonv which successfupredictionis not possible.
Algorithm 2 (Basic Algorithm with ProgressiveThresholds):Let 0 < C 1 be an iteration count and let
T > 0 be a thresholdreductionamount.

Determinea meanvalue m from the pixels surroundingthe missingregion.

Determinea standarddeviation value To from the pixels surroundingthe missingregion.

Determinea noise oor standarddeviation value Ty < Tp from the pixels surroundingthe missingregion.
Let the overlapfactorbef = :5.

1) T = To.

2) Decomposehe missingregion into L layers.

3) Initialize layer pixels with m.

4) While T > T;

a) Executestep3 of Algorithm 1, exceptif C = 1 andthe solutionis not uniquein Algorithm 1, step
3c, let the componentof the solutionthatis orthogonalto the solution subspacéde determinedby the
correspondingcomponentf the solution using the previous threshold.

by T! T T.

Thereadershouldnotethatin the singlelayer case(L = 1), undercertainconditions,the algorithmmay satisfy
all the sparsityconstraintsandit may reacha point beyond which the progressiorof thresholdss redundantj.e.,
the sparsityconstraintsdeterminedat T T area subsetof the sparsityconstraintsat T, andno further change
will be obtainedby the algorithm.However, for L > 1, andin particularfor the caseof overcompletetransforms
to be discussecdhext, suchpropertiesdo not hold in general.We thereforeignore ary computationalsavings that
may result.

It is importantto obsene that the algorithm with progressie thresholdsis well-suited for casesin which the
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utilized transformprovidesvery spaisedecompositiondJsing orthonormatransformsandassumingsignalsof x ed
enepy, if the datais indeedsparsethenit mustbe the casethat a few transformcoefcients capturemostof the
signalenegy andthe remainingcoefcients have magnitudegshatarecloseto zero. The sparsetthe data,the fewer
the signi cant coefcients, and the larger their magnitudesHence,the easierfor the algorithmto determinethe
correctindex setandto form successfuestimatesin this sensethe sparsethe datais, the betterour estimatesare
expectedto be. In more generalcaseswe may expectthe progressie thresholdsprocesso accuratelycapturethe
“components’of the signalin class(K ; T) for large thresholdswith potentially reducedperformanceor smaller
thresholdsin the progressionin the next section,we incorporateovercompletetransformsto arrive at the main

algorithm proposedn this work.

C. Main Algorithm

In this sectionwe arrive at the main algorithm of this paperthat combinesprogressie estimateswith translation
invariant sparsityconstraintsas provided throughan overcompleteset of orthonormaltransforms.Continuingwith
the illustrative examplethat usesDCTSs, in orderto obtainthe performancebene ts of translationinvariance(see
SectionPart | - IV-A), we would like to allow all M 2 shiftsof anM M DCT to establishsparsityconstraints
in the estimationof eachlayer. Of course,we canalso utilize an overcompleteset of wavelet transformsthat are
formed by shifting a given wavelet transform,etc. We note again that while overcompletetransformsare typically
usedto establishtranslationinvariance we do not concernourseheswith transformdesignissuesand usegeneral
notation.This allows usto useovercompletdransformghatareapproximatehtranslationinvariant(suchascomple
wavelets[10]), or to usea combinationof transformsthat satisfy other desirableproperties.

Let G1:G2;::::G? denotean overcompleteset of orthonormaltransformsasin SectionPart | - IV-A. Recall
that the overcompletetransformis given by
G! °
G2
G=8 : (11)
GJ

For continuity purposedet us alsorepeatDe nition Part| - 7.
De nition 1 (OveicompleteDenoisingMatrix): Let D (JN  JN) denotethe matrix that when appliedto a
vectory yields a new vectorobtainedwith only the signi cant overcompleteransformcoefcients of y via,

Dy = G !SGy;

1
jGTSG: (12)

D

. . . . P P . . .
Note again that Equation(12) impliesDy = +* L, GYGLky= 1" L, (1 G|TG})y. Giventhis notation,the
adaptve determinationof the insigni cant partsof eachtransformis similar to Sectionll-A andit is established
by invoking Procedure3 for eachtransformG!', | = 1;:::;J. Algorithm 2 is thus updatedin the straightforvard

fashionto arrive at the main algorithm usedin this work.
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Algorithm 3 (Main Algorithm): Let0< C 1 beaniterationcountandlet T > 0 be athresholdreduction
amount.
Determinea meanvalue m from the pixels surroundingthe missingregion.
Determinea standarddeviation value To from the pixels surroundingthe missingregion.
Determinea noise oor standarddeviation value Ts < Tp from the pixels surroundingthe missingregion.
Let the overlapfactorbef = :5.
1) T =T,
2) Decomposedhe missingregion into L layers.
3) Initialize layer pixels with m.
4) While T > T;

if) ConstructD (i) for layeri usingDe nition 1 andthe found G'I (i).

iii) ObtainP (i) for layeri asthe projectionthat only selectslayeri pixels.

iv) Solwefor layeri pixelshby usingG'| (i) in placeof G'| in Equation(5) with ®1 denotinglayeri pixels
and®o denotingthe remainingpixels (C = 1 case).Alternatively useC iterationsin Procedure?
with D = D (i), andP (i) in placeof Pj.

(If C = 1 and the solution is not unique, i.e., if the solution is restrictedto a subspace]et
the componentsof the solution that is orthogonalto the solution subspacebe determinedby the
correspondinggomponentf the solution using the previous threshold).

v) Updatelayeri pixels with the solution.

by T! T T.

Using the notationof Part I, SectionPart | - 11I-B.2, the readershouldnote that the algorithm constructshe nal
estimateA .(Xo)Xo, and hencethe nal estimationmatrix A .(Xo), through progressionsin generalno threshold
alonedeterminesA . (Xo), andit caneasily be the casethat sparsityconstraintof earlier progressionslo not hold
for the nal estimate.The nal estimationmatrix is implicitly constructedafter all of the progressionsre carried
out thanksto the updatesbeingrestrictedto the solution subspacen the iterative solution case,and thanksto the
initial valuesdeterminingthe componentsn orthogonalsubspaces theC = 1 casé. Hence usingthe resultsof
Part 1, the whole opemation of this algorithm can be thoughtof as the constructionof a sophisticatedA .(Xo) (or
equivalentsophisticateddenoisingmatrix which can be usedin Procedue 1 directly to obtain the said A ;(Xo)) to
solvefor the missinginformation (seefurther remarksalong this line in SectionlV).

The readershouldalso note that sinceinsigni cant setsare determinedfor eachtransformindependentlyusing
Procedures, the thresholdreductionstratgly canbe alteredin a way where T variesat eachprogressiorusinga
minimumreductionvalue Tmin > 0. In suchasetting,onecan nd a T (subjectto theconstraint T Tmin )

thatresultsin a changen atleastone of the insigni cant setsat eachprogressiorof insigni cant setdetermination.

LIt is of coursepossiblefor someof the earlier progressionscontritutions be annulledby later progressionsNote however that if this
happenst doessoin a datadependenfashionand may thusbe dif cult to predictin advance.
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This canbe usedto seta progressiorspeci ¢ lower boundon T thatis greaterthan T, . Similarly, in orderto
fully exploit the bene ts of progressie solutionsby applying changeghat are asgradualas possiblein the search
over sparseclassespne can also ensurethat a reductionby T (subjectto T Tmin ) causeshe smallest
desiredchangen insigni cant sets.This canthenbe usedto seta progressiorspeci ¢ upperboundon T. Beyond
suchextensionshowever, preciserelationshipsamonginsigni cant sets,asthey vary throughthe progressionsare
dif cult to determineand exploit, especiallyin the overcompletetransformcase.

Having developedthe main algorithmwe are now readyto deplgy it on exampleimagesto shav performance
resultsusinga variety of transforms.The next sectionis devotedto recovery examplesusinga broadsetof images.
The detailsregarding algorithmimplementationas a preludeto the simulationexamples,are discussedn Section
[-A.

I1l. SIMULATION RESULTS AND TRANSFORMS

columns

SMOJ

(b) Buildings.0001 (128x128) (c) Buildings.0009 (128x128)

(c) Fabric.0009 (128x128)  (d) Food.0002 (128x128)

(e) Tile.0010 (128x128) (f) Artificial pattern (128x128)
(a) Standard image Barbara (512 x 512), missing block (16 x 16) locations

(row, column): (16, 473), (94, 82), (199, 75), (314, 210), (323, 270), (331, 182), (374, 95)

(g) Buildings.0004 (h) Fabric.0001 (i) GroundWaterCity.0000  (j) Tile.0001 (k) Wood.0000  (I) DocCageCity.0000
(128x128) (128x128) (128x128) (128x128) (128x128) (128x128)

Fig. 4. Testimagesand blocks usedin the examples.The missingblocks (16 16) in (b) through(l) are at location (56;56). Images
otherthan(a) and (f) arefrom the Vistex databasg16].

In this sectionwe apply the developedideasto estimatemissingdatain imageregions shovn in Figure 4. We

speci cally notethatour aim is not to obtainthe bestpossibleperformanceon the particularregion, but to examine
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the ef cacy of differenttransformsin predictingimageregions using Algorithm 3, i.e., we would like to develop

an understandingof the classesof stochasticprocesseson which a given transformwould perform successful
estimationusing the developedalgorithm. In this questour guiding principle will be “sparsity”. We will seethat

a transform(andits overcompleteextension)will provide successfukstimationto the degreeto which it provides

sparsedecomposition®ver the target region.

It is importantto note thatissuesrelatedto transformand Iter bank designare active researchopics and are
beyond the scopeof this manuscript.Here we only exposethe main tradeofs for transformselectionand design.
In particular we shav that well known good transforms,when coupledwith Algorithm 3, provide good results
over a variety of imageregions. Of course,with bettertransformsit may be possibleto obtain equivalentresults
with lessredundang or betterresultsat the sameredundang. We reportresultsshaving visual quality and mean
squarederror (mse) performancemseis reportedthroughPSNRvalues(PSNR=0 logo(255°=mse)), which are
calculatedonly over the missingregion(s).As is well known, visual quality anduniformity arenot alwaysindicative
of good PSNR.We will shav that somevisual quality v.s. PSNRtradeofs are possibleby adjustingT; (seealso
the discussiorfor extensionsin SectionlV).

We startdiscussingsimulationresultswith the examplesin Figure 5, which looks at locally texture type regions
that can be consideredto be approximatelyperiodic. We then mave to regions over edges,to mixed regions,
and to more generalexamples.As we will see,DCTs will provide surprisingly good performancethanksto our
overcompleteformulation, and their inherentfrequeny selectvity (Figure 7). In order to allow the readerto
comparethe scaleof our resultswith otherwork, the simulationsin Figures14 and 15 are provided. Theseresults
can be comparedto [11] and the summaryof literatureresultsit provides. For imageslike Lena, our resultsare
comparableto or betterthan establishedvork. For imageslike Barbara,our resultsare signi cantly betterthan
establishedechniquesThus beyond PSNR comparisondor the imageLena, the readershouldkeepin mind that
while earlierwork is typically restrictedto piecavise smoothimagesthe caliberof our resultsdoesnot changeon
more generalimageslike Barbarausing exactly the sametransform,algorithm,and parametersThe visual quality
of our resultscan further be comparedto inpainting work suchas[1], which doesnot provide PSNR numbers.
Finally, we notethatthe providedresultsarenot the bestnor the fastespossible Bettertransformstuning, layering,
etc.,arelikely to improve our resultsbothin termsof speedand PSNR.Proof of conceptsoftwarethatimplements

Algorithm 3 using DCTs for missingrectangulatand generallyshapedregions canbe foundin [15].

A. ImplementatiorDetails

In our simulations,we have usedAlgorithm 3 with C = 1, Ty = 5 (unlessotherwiseindicatedin situations
wherewe examinethe effect of iterations),and T = :1. The “surroundingpixels” usedin the estimationof mean
and To wastaken as the one pixel boundaryimmediatelyoutsidelayer 1. T was setasin the algorithm except
for Figures14 and 15, whereit wassetto To = 50 for all blocks. The readershouldnote that Ty, andthe mean
initialization essentiallysene to limit redundaniterations,otherwiseone canremove theseparameterdy always
taking To = 255 or someothermaximumvalue which is guaranteedo boundthe conditionalvariancein Equation

(10). Layeringis establishedising single pixel thick rectangularshells.
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All results use overcompletetransforms.All wavelet transformsare evaluatedto 4 levels, including wavelet
paclets (full tree) and complex wavelets (Antonini 7 9, followed by 6-tap H_ asin [10]). The wavelet and
complex wavelet transformsare fully overcompleteat the rst level, and critically decimatedthereafter resulting
in 4 redundang. DCT basedresultsare fully translationinvariant,i.e., an M timesM DCT resultsin M 2
redundang. Becauseof the choiceof rectangularshellsaslayers,andthe natureof iterations,four-fold symmetry
(left-right/up-davn/diagonal)becomesmportant. While DCTs alreadyhave sucha symmetrybuilt-in to the basis
functions and the utilized complex waveletslead to four-fold symmetryby construction,the orthogonalwavelet
banks(DaubechiesB-tap) do not possessucha symmetry For orthogonalwavelet bankswe have thus modi ed
the algorithm to repeatthe computationsfor eachlayer four times, averagingthe resultsfor the regular and the
left-right/up-davn/diagonal ipped versionsof relevantimageregions.Magnitudesof complex wavelet coefcients
are thresholdedNote that complex waveletscan be regardedas four real transformsand they readily t into our
overcompleteformulation. While eachone of thesefour transformsis not strictly orthonormal for the purposesof

this work, deviations are mamginal.

B. ApproximatelyPeriodic Regions and Uniform FrequencyTilings

ORIGINAL LOST 16x16 FILLED WITH RECOVERED
BLOCK LOCAL MEAN

d & B R B B B

15.02 dB 18.03 dB

13.26 dB Perfect Rec. 15.27 dB Perfect Rec.
(DCT 4x4) (DCT 8x8) (Wavelets) (Wavelet Packets)

. fi i i f L
8.91dB 22.59 dB

26.24 dB 22.92dB 24.63 dB 22.88 dB

(DCT 16x16)  (Wavelets) (Wavelet Packets)Complex Wavelets)

5.87 dB 18.30 dB 17.29 dB 20.62 dB 24.21 dB 24.16 dB

(DCT 8x8) (DCT 16x16)  (DCT 24x24) (Wavelet Packets)

23.68 dB 24.38 dB 25.16 dB 22.40 dB
(DCT 16x16) (DCT 24x24) (DCT 32x32) (Wavelet Packets)

Fig. 5. Examplesof the proposedecovery algorithm over locally approximatelyperiodic structures.

Figure 5 (a) shawvs the performanceof the algorithm on an arti cial signal that is periodic with a period of
8 pixels. The original, the image with the lost block, the imagewith the block lled usingthe locally estimated

mean,andthe recoveredimagesare shovn from left to right. Under eachimage,the PSNRof the reconstruction
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togetherwith the transformusedin the recovery (for the recoreredimages)are indicated.As can be seenin the
gure, while recovery with 4 4 DCTsandwaveletsis inadequate8 8 DCTsaswell aswaveletpacletsachiere
perfectreconstructionpleasesee Sectionlll-A for algorithm, transform,and transformredundang parameters).

In orderto shedlight into the resultslet us rst considerthe intuitive examplein Figure 6, which shavs a 1-D

s(n) [Sw)l [Sw)l

envelope

S

\ 2P /M — w

W 2P M

Sparse frequencies Sparse frequencies after thresholding

@ (b) ©

Fig. 6. ExamplelD periodicsignalandits Fourier transform.

periodicsignalwith periodM (Figure6 (a)) andits DiscreteTime Fouriertransform(Figure6 (b)). In the frequeny
domainthe signal can be representediia a train of impulseswhose magnitudesare modulatedby an ervelope,
which canbe obtainedasthe Fourier transformof the baseperiod of the signalin Figure6 (a) [12]. As indicated
in Figure 6 (b), the signalis very sparsein the frequeny domainwith the Fourier transformequalto zeroalmost
everywhere.Hence,if a transformtiles the frequeng domainwith sufcient densityand uniformity (so that mary
transformbasisfunctionshave their enegy concentrateanostly over thesesparsdrequencies)thenwe expectthat
transformto provide mary small magnitudecoefcients over sucha signaf. Of course,given our framework, we
expectthe transformto be successfuln predictionover periodicregionsto the degreethatit providessuchsparse

decompositions.

(P,-P) P,P) (P-P) P.P) (P,-P)

(EHOIN(3,1) (3,2) (3.3)

(0.1) (0.3)

PP) (P.P)

(a) DCT (4x4) tiling in frequency domain (b) Wavelet tiling (c) Complex Wavelet tiling

Fig. 7. Tiling of the frequeny domainby DCT (4 4), Wavelet (2-level), and Complex Wavelet (2-level) transforms(2-level Wavelet
Paclets have tilings that areidenticalto the DCT). Tiles with the samecolor belongto the samebasisfunction, e.g.,the four cornersin (a)
comprisethe regionsin frequeny domainwheremostof the enegy of the DCT (3; 3) basisfunctionis concentratedThe comple wavelet

tiling pictureis borraved from [14].

Figure 7 shaws the tiling of the frequeny domainby DCTs (4 4 is shown for clarity in drawing), wavelet
paclets, wavelets, and complex wavelets. Given the periodic impulse train of Figure 6 (b), a transformshould

accomplisha uniform tiling in frequeny domain, with the frequeng axis choppedinto uniform tiles with the

2Obsere that the scalarproductof a transformbasisfunction with the signal can be evaluatedin frequeng domain,wherethe Fourier
transformof the basisfunction will emphasize/deemphasittee impulsesbasedon its concentratiorin the frequeng domain.
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required density of suchtiles determinedby M . By design, wavelets and complex wavelets do not have this

frequeng selectvity and we do not expectthemto provide sparsedecompositionver generalperiodic signals.
In contrastDCTs and wavelet paclets do accomplishsucha uniform tiling andwe expectthemto provide sparse
decompositionsprovided that they are “grown” beyond the minimum requiredtile density For example,over a
periodicsignalwith periodM we would like to useDCTsof size” M M, andwavelet pacletsof ~ log(M )

levelsin eachband.

In orderto determinethe exacttiling densityor sizefor the transformit is usefulto note that beyond the exact
periodicity M, of the signal,the baseperiodandthe associatedrequengy domainervelopearevery important.As
illustratedin Figure 6 (c), a signalwith a baseperiodthat resultsin a fastdecayingernvelopewill in generalgive
riseto a sparsessetof transformcoefcients after hard-thresholdingHencewhile somesignalsof periodM will be
predictableusinganM M DCT (or possiblyevensmaller),aswe will see,otherswith slowvly decayingervelopes
will requirea highertiling density Note alsothatwhenperiodicity is not alignedwith the horizontal/erticalimage
axis, intuitive frequeny domainargumentscan again be usedto determinethe requireduniform tiling density

With the8 pixel periodicregionin Figure5 (a),4 4 DCTs,andwaveletsdo not performwell, whereasi-level

waveletpacletsand8 8 DCTsachieve perfectreconstructioron this arti cial signal.Obsere alsothatin the8 8
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Fig. 8. PSNRuvs. iterationsfor (a) the DCT 8 8 reconstructionin Figure 5 (a) (beyond a certain PSNR rounding resultsin perfect
reconstruction)(b) the DCT 16 16 reconstructiorin Figure5 (b).

DCT reconstructionpur layeringtechniquesffectively enablethe informationto o w from outsideof the missing
regionto inside,evenwith transformbasisfunctionsthatarespatiallysmallerthanthe missingregion. In Figure5 (b)
the approximateperiodicity is at an angleandrequireslarger selectvity. Again DCTs andwavelet paclets perform
well and, as expected,waveletsand complex waveletsfail. Figure 5 (c), shavs an approximatelyperiodic signal
with a larger periodanda “harder” baseperiod (i.e., a slowver decayingenvelope).Better performances obtained
by using transformsthat provide moretiling density Finally for Figure 5 (d), our “approximatelyperiodic” label
becomedessvalid and the algorithmis confrontedwith a region shoving grayscalevariationsover eachperiod.
Again, asexpectedtherule of thumb,“uniform frequeng tiling densityincreasegperformancé, holds(seeSection
llI-E to seehow unpredictablegrayscalevariationsaffect the algorithm).

The PSNR vs. iterations curves for the DCT 8 8 reconstructionin Figure 5 (a), and the DCT 16 16

reconstructionin Figure 5 (b) are shavn in Figure 8. Eachiteration correspondgo a particularthreshold,with
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the leftmost PSNRvalue at Tg, and rightmostat T; . It can be seenthat our progressie thresholdsobtain rapid
improvementsn PSNRandeithercontinueimproving or settleto a range.This will be the generalthemeto expect
from thesecurves with notable exceptionsdiscussedbelon. We will see through these exceptionsthat certain
thresholdsmay correspondo unpredictableportionsof dataandthey may inducefurther variationin the curves.
We concludethis sectionby statingthat over approximatelyperiodicregionswe generallyexpecttransformshat
yield the densesuniform frequeng tiling to be the mostsuccessfulObsenre that this remarkis valid in a stricter
statisticalsense since generalperiodic processegan be constructedn frequeng domainby choosingthe period
andthe impulsetrain magnitudesandomly Hence,on approximatelyperiodic regionswe would like to uselarge
DCTs and wavelet paclets of mary levels, which resultsin basisfunctionsof large spatial size for both types
of transforms.Unfortunately asis well known, large spatialsize basisdo not yield sparsedecomposition®ver a
multitude of regions separatedy edges.andlocalizationis animportantlimiting considerationWe next examine

performanceover regionswith edges.

C. Raionswith Edges and Uniform/AngularFrequencyTilings

Estimation performanceover regions with edgesis bestdiscussedn light of Figure Part | - 7, and the rst

two examplesin Figure 9. We adoptthe viewpoint that edgesare boundariesof regions of uniform statisticsand

(DCT 8x8) (DCT 16x16) (Wavelets) (Complex Wavelets)

ofF BF BF B B

19.06 dB 22.33dB 24.94 dB 24.54 dB
(DCT 8x8) (DCT 16x16) (DCT 24x24) (Wavelets)

N

ORIGINAL LOST 16x16 FILLED WITH RECOVERED
BLOCK  LOCAL MEAN

1 1
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®) ‘ ‘ ‘ ‘ ‘ ‘ ‘
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| i (DCT 4x4) (DCT 5x5) (DCT 16x16) (Complex Wavelets)
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| |
. 5.46dB 1491dB | 13.87dB 27.13dB 25.99 dB 31.63dB

Fig. 9. Examplesof the proposedecorery algorithm over edges.

little sparsity/compactioican be achieved over them[4], [3] (seealsoour remarksbelov regarding linear edges).

It is importantto note that this viewpoint is differentfrom the one offered by edgedetectorsof classicalimage
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processingwhich will classify mary successfullypredictedhigh frequeng patterns/structureas edges(seefor
example,high frequeny featuresin earlierdiscussedxamplesin Figure5).
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Fig. 10. PSNRuvs. iterationsfor the complex wavelet reconstructiorin Figure 9 (c).

Using the exampleof FigurePart| - 7, we expectlocalized,overcompleteransformsto obtain sparsedecompo-
sitionsaroundedgesprovided thatthe regionsaroundedgesareamenabldor the particulartransform.Furthermore,
asillustratedin Figure 9 (a), if an edgecanlocally be approximatedby a straightline, then the transformbasis
evaluatedover the edgemay take advantageof this one dimensionalstructurebeyond the simpli ed intuition of
FigurePart| - 7. For example,in Figure9 (a), we expectall transformcoefcients thatre ect vertical variationto
have magnitudescloseto zerosincethereis little suchvariationin the region. We further expectthe edgepro le
to have a role, sincesmootherpro les will in generalresultin fasterdecayinghorizontalvariationsin frequeng
domain, and thereforea sparserset of coefcients after thresholding,provided the transformhasthe frequeng
selectvity to take adwantageof it. This obsenation aboutthe edgepro le is con rmed in the gure. While all
transformsdo well, DCTs and wavelet paclets perform betterby taking advantageof the edgepro le.

Obsere from Figure 7 that, regardlessof size, separabldransformslike DCTs and wavelets have the intrinsic
ability to isolateand exploit horizontal/ertical variationasin Figure 9 (a). Edgesaligneddiagonallyalso provide
someroom for sparsityfor suchtransforms However, whenthe edgeangleis not horizontal,vertical, or diagonal,
frequeng selectvity and spatialsize of basisfunctionsagain becomeimportant.Figure 9 (b) is locally similar to
Figure 9 (a), rotatedto an angle.With the simple intuition that a straightline at an anglewill resultin a Fourier
transformthat is only non-zeroat a relatedangle,we expectlarger DCTs and wavelet paclets to perform better
thansmallerDCTs and waveletsdueto their denseuniform tilings. Transformshaving directionalbasisfunctions,
like complex wavelets, are speci cally designedto take advantageof the line-like structureof straightedgesin
frequeny domain.Noting the complex wavelettiling in Figure7 (c), we alsoexpectcomple« waveletsto perform
well on generaledgeangles.

Figure 9 (c) includessereral diagonaledges,andit correspondgo the casewherethereis a slowly decaying
diagonalvariationin the frequeny domaindueto the four consecutie diagonaledges.The bestperformeris again
comple wavelets,with 16 16 DCTs and wavelets obtaining satisictory results.In Figure 9 (d) we are again
confrontedwith a diagonaledge.As expected,the almostdiagonalhigh frequeng periodic region on the right
side doesnot poseseriousissuesfor ary of the transforms(since periodicitiesdueto very high frequenciesdo not

require denseuniform tilings). It is interestingto note that the small “window-like” structureson the left of the
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Fig. 11. Examplesof the proposedrecorery algorithm over mixed regions.

gure arealsoadequatelyepresentedslocal smoothnesandcontinuity are preseredto the extent possibleby all

transforms.However, the predictionperformanceover suchregionsis dif cult to analyzein general.What works
as an adwantagein suchcasesmay becomea disadwantagewhen the particulartransformcannotdiscernoverall
structureand proceedswith a locally consistentll, which can be evidencedfor the8 8 DCT in Figure 9 (c).
Figure 10 shavs the PSNRVvs. progressie thresholdsfor the comple wavelet reconstructiorin Figure 9 (c).

It is clearthat performanceon regions containingedgesdependon two things, performanceon regionsaround
the edges,and if the edgeis linear, performanceover the edge.For performancearoundedges,we would like
to have a transformthat hasa dense,uniform frequeng tiling. However, densertilings leadto larger spatialsize
basisfunctions,which in turn increasethe chancesof edgeoverlap. For example,the DiscreteFourier Transform
offers the mostin termsof a denseuniform frequeng tiling but its image-widebasisfunctionsguaranteghat the
intuition of Figure Part | - 7 will never hold for it. For performanceover the edge,the spatial sizesof transform
basisfunctions are again very important, since on generalimage regions, the probability of an edgeremaining
linear decreasess the size of the region increaseslf oneis guaranteedo operateon piecavise smoothimages

(or to a certaindegree, on imagesthat are in the oppositeextreme of having only very high frequencies}then
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directionalbasissuchas complex wavelets may becomepreferablesincethey can be designedto take adwvantage
of linear structuresn frequeny domainfor a smallerspatialsize, when comparedo othertransformslike DCTs
and wavelet paclets (which mustbecomelarger to obtainequivalentangularfrequeng selectvity usinga uniform
tiling). On more generalimages,one expectsDCTs to be more successfubsthey provide smallerspatialsize for

given uniform frequeny selectvity whencomparedo other populartransforms.

D. Mixed Ragions

Figurell shavs estimationperformancever imageregionsthatcanroughly be consideredo be a mix of regions
in Figures5 and 9. It is interestingto note that Figure 11 (a) involves a region of gradually changingstatistics,
andFigure 11 (c) shavs a caseof abruptchangein statisticswithout an apparendiscontinuity Throughout,DCTs
and wavelet paclets perform well with the edgegoing more toward DCTs of larger sizes,which helpsin better
exploiting overall structuré. Waveletsand complex waveletsperformcomparatiely worse.In Figure11 (c),8 8
DCTsandcomple waveletscanonly try to establishHocal continuity/uniformnesssthey do not have thefrequeny
selectvity to seethe “big picture”. 16 16 DCTsfall just short of a good reconstructionwhich is achiezed by
using24 24 DCTs. Obsene thatthe depictedregions,in particularthe cagein Figure5 (d), are not particularly
conducve for classicaledge-detectiolnr sgmentatiorbasedalgorithms.Our algorithmbasedon sparsity-detection

(or equialently, usingthe resultsof Part |, “predictable-detection”performssubstantiallybetter

E. Genenl Rajions

It is clearthat for Algorithm 3 to be successfubver a particularimageregion (with any transform)the region
under examinationshould be predictablefrom its surroundingsAs exempli ed in Figure 12 (a), for mary types
of imageregionsthis is not the case.In this gure, the distribution of the coffee beansinside the missingregion
is simply not predictablebasedon the distribution outside. It can be seenfrom the accompaying PSNR vs.
progressie thresholdscurve that the algorithm slightly improves PSNRin the few initial iterationsbeyond which
PSNRdecreasesTheinitial iterationsmostly addto the outsidelayersof the missingregion wherelocal continuity
helps the algorithm in improving PSNR. While the visual quality of the nal reconstructionis acceptablethe
algorithm ultimately fails in providing successfulestimatio. Of course,assuminglocalized regions of uniform
statistics,it is possibleto devise further adaptationinto the algorithmto avoid suchestimationerrors(seeSection
IV). Figure 12 (b) illustratesa casewhere the missingregion is a combinationof predictableand unpredictable
componentsThe algorithmis successfuin predictingthe overall structurein this approximatelyperiodic region.
Note that, the array of “knots” have “sparkles”or detail structureshatis differentin eachperiod.As canbe seen
from the PSNRdiagramand the reconstructiorshavn after 50 iterations,the algorithmforms an initial estimator
that capturesthe main structureand periodicity Beyond iteration 300 however, the algorithm tries to predictthe
detail structureat lower thresholdsand PSNRis reduced.The nal reconstructedmagehassuperiorvisual quality,
albeit at a lower PSNR.

3The utilized DCTs alsohave higherredundang factorsin comparisorto wavelet paclets. As DCTs andwavelet pacletsarevery similar

transformsinvestigating further differencesbetweenthemis beyond the purposef this paper
“4For much bettervisual quality in suchregions, the readeris referredto non-msebasedtexture generatiormethodssuchas[13], [2].
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Fig. 12. SpatialPredictabilityandProgressie Thresholds(a) Recarery is not successful(b) Successfutecovery but spatiallyunpredictable
detailsaddedat later iterationsreduceperformance.
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Fig. 13. Examplesof the proposedrecorery algorithm over generalregions.

On a generalimage region one can typically decomposehe region into componentsand apply the foregoing
analysis.The unpredictabldeandistribution problemmorphsitself to an unpredictabldines problemin Figure 13
(a), where a straightextensionof lines enteringthe missingregion resultsin incorrectestimation.Especiallythe
transformsof highertiling densityperformacceptabldrom a visual quality standpointbut nonemanageto guess
the interior correctly Portionsof Figure 13 (b) are predictableandthe algorithmagain doesan acceptablgob both
in termsof PSNRperformanceand visual quality. The wavetopsinside the missingregion are of coursemissed.

Othercommonregion typeswe have not directly examinedcanalsobe analyzedusingsimilar conceptsGenerally
we would like to usethe transformthat providesthe fastestnonlinearapproximationdecayfor a given spatialsize.

For example,if the algorithmis to be restrictedto piecavise polynomialregionsthendirectionalwavelet-like basis
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suchas comple waveletsbecomevery good choicessincethey canbe designedo annihilatepolynomialsof the
highestdegreefor a given spatialsize.If thereareno restrictionson the classof regions over which estimationis
desired,one canresortto transformsthat provide uniform frequeng tilings in the expectationof reasonablyobust
solutionsas we shav belon. Of course,in the most generalcase,it is bestto adaptvely determinethe utilized
transformfrom a dictionary of candidategseeSectionlV).

Figures14 and 15 demonstrateghe performanceof the algorithm on missing blocks in two well-knowvn test
imagesusing16 16 DCTs. Note that our algorithmwhich knows nothing aboutedges periodicity, textures,and
otherimagefeaturesprovidesrobust performanceover a variety of regions. Theseresultscanbe improved by using
transformswith densertilings (for example, portions of the table cloth in Barbaracontainshigh periodswhich
can only be exploited using24 24 DCTs and higher). Finally, Figure 16 shavs performanceover very large
missingblocks,wherepredictabilityand sparsityassumptionsre unavoidably violated. Again, larger DCTs, andin
particular directionalbasisimprove PSNRperformancebut it is clearthat our algorithmwhich performslocalized
sparsereconstructiongannotrecover very high level structur@. As remarled earlier our aim is not to producethe
bestpossibleresultsbut to shav that even a x ed, reasonablygood transform,when coupledwith Algorithm 3,
provides good performanceover a variety of imageregions. As this work hastried to shaw, this is accomplished
by tappinginto the power of sparsedecompositiongand nonlinearapproximation.

1V. CONCLUSIONS AND FUTURE WORK

In this work we provide a systematicway of constructingadaptve linear estimatorsfor nonstationarysignals
throughthe combinationof orthonormaltransforms(and Iter banks)andadaptvely determinednsigni cant sets.
We show that implicitly, any work doing adaptve linear estimationis likewise choosinga linear transformand
an insigni cant set. However, unlike earlier resultswhere the relevant choicesare fuzzy, adhoc,and restrictve,
we make the underlying constructionand tradeofs explicit. This allows us to drav on signi cant researchin
transformand Iter bank design,and more importantly to establishconnectionswith harmonicanalysisresults
that help determinethe classesf stochastigprocessesver which successfukstimationis possible. Throughsuch
connectionsve recognizethat noncoiwvex datamodelsare fundamentato adaptve linear estimators(whetherthe
nal reconstructiorequationsare corvex or not), andwe dealwith the resultingissuesdirectly.

As we have tried to illustrate, existing methodscan be analyzedthroughthe sparselinear decompositionghat
they areimplicitly or explicitly using.In this analysisit is clearthatthe edgegoesto techniquedasedon nonlinear
approximationover thosebasedon linear approximationWe notethat, underreasonablessumptionglike locally
uniform statistics,etc.), it is possibleto furtherimprove our nonlinearapproximationbasedresults.For example,
it is possibleto avoid situationslike Figure 12 (a) (or to avoid rangesof offending thresholdsin Figure 12 (b))
by pretendingthat the missing region is larger and resortingto prediction only when the performanceon the

known layersjusti es it. Beyond suchimprovementsyesortingto adaptve nonlinearapproximationwherewe also

5The readermay note that performancecomparisonsver very large missingchunkscould be misleading. Two predictionalgorithmsthat
areequallybadwhenvery large chunksof dataare missing(for example,whenthe two algorithmsaretrying to predictBarbaras eyesusing
Barbaras forehead)may have very different performancevhen smallerregions are missing.
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(a) Lost 16x16 blocks, PSNR= 5.59 dB (b) Recovered (DCT 16x16), PSNR= 26.00 dB

(c) Lost 16x16 blocks, PSNR= 6.02 dB (d) Recovered (DCT 16x16), PSNR= 24.95 dB

Fig. 14. DCT (16 16) performanceesultson Lenaand Barbarawith missing16 16 blocks.

choosethe utilized overcompletetransformset adaptvely, is expectedto give even further improvements.Again,
under reasonableassumptionsthis can be done by adaptvely selectingtransformsfrom a dictionary basedon
their performancein reconstructingknown information. We point to thesetwo avenuesas possiblefuture work
directions.

Whetherthe proposedalgorithmis deployed on imagesor other nonstationarydata, the fundamentaimodeling
guestionis still the well-known one.On anobsened unknovn stochastigrocessvhatarethe bestlineartransforms
thatallow usto constructhe mostusefulandgeneralstatisticalmodels?As far asthis work is concernedpnewould
like to have sparsejocalized,translationinvariant, overcompleteransforms.This desireleadsto known trade-ofs
in sparsity (frequeng tilings, polynomial annihilation properties,etc.) and spatial size of basisfunctions. While
thereis never a guaranteef constructingsuccessfukstimatorson generaldata,by using nonlinearapproximation
principles,this paperpusheghe “leap of faith” onehasto make (by committingto a linear representationgloserto
its limits. The resultingrobustnesgprovided by our simpletechniquesaneasilybe seenin our extensve simulation
examples.

Another avenuefor future researchopensup when one noticesthat the main avor provided by our denoising
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(a) Lost 8x8 blocks, PSNR=5.65 dB (b) Recovered (DCT 16x16), PSNR= 29.05 dB

(c) Lost 8x8 blocks, PSNR=5.94 dB (d) Recovered (DCT 16x16), PSNR= 28.61 dB

Fig. 15. DCT (16 16) performanceaesultson Lenaand Barbarawith missing8 8 blocks.

iterationsin Equation(6) (or in Equation(4)), is constrainedninimizationsof the form

miny™ (D 1)y; (13)
wherethe role of the operator(D 1) is to determinethe insigni cant componentf a signal. This obsenration
hasseveral consequences.

First, betterdenoisingmatricesD (or evennonlinearoperatorsubjectto corvergencerequirementsf iterationsare
required)that allow the separatiorof signi cant and insigni cant componentf a signal are expectedto further
the performanceof the estimatorsconstructedin this paper (seefor example [8], which couplesthe weighted
overcompletedenoisingmethodof [9] with Algorithm 3 to predict missing wavelet transform coefcients over
edges.).In this regard, the readerinterestedin trying different denoisingmethodswith this work should note
that the underlying denoisingmust be able to operateon “noise” that is correlatedwith the signal (seeEquation
(7)). Thusone may prefer cross-correlatiomobust denoisingmethodsto onesthat are basedon independenhoise
assumptiongseefor e.g.,[5]). Beyondthis caveathowever, one candirectly apply an existing denoisingtechnique
to small missing regions using a single layer, in a progressie fashion. This will avoid signi cant changesin

the existing denoisingalgorithm by not including layering, selectve thresholding,etc., while preservingthe all
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(a) Lost 16x432 blocks, PSNR= 14.34 dB (b) Recovered (DCT 16x16), PSNR= 23.33 dB

(c) Lost 16x432 blocks, PSNR=13.13 dB (d) Recovered (DCT 16x16), PSNR= 22.23 dB

Fig. 16. DCT (16 16) performanceaesultson Lenaand Barbarawith missing16 432 blocks.

importantprogressionsSimpli ed in suchfashion,Algorithm 3 with C = 1 becomesdenoiseat thresholdT (or
coarsedenoise) enforce available data, denoiseat thresholdT T (or ner denoise)enfoice availabledata, ...
(It shouldbe emphasizedhat while layering and selectie thresholdinghelp performanceand are recommended,
over missingregionsof small sizewhencomparedo the size of the transformbasisfunctions,they canbe omitted

without a very signi cant performancepenalty)

Second,using the resultsof Part |, it canbe seenthat the entire operationof Algorithm 3 is equivalentto the
constructionof a very sophisticatedsignal adaptve D, which can be usedto solve for the missingdatadirectly
throughProcedurel, without progressionsThis equivalentdenoisingmatrix is in turn equivalentto an estimation
matrix A <(Xo), andhenceto an orthonormaltransformand an insigni cant set. Note however that this equivalent
D, transform,andinsigni cant setwill in generalbe very differentfrom thoseusedin Algorithm 3 during their
construction!By using a well-known, overcompleteset of transforms,thresholdingideas, progressionsetc., we
are in effect designinga signal speci ¢ D. The constructionof this nal equivalentD andthe nal equivalent
transform,as a by-productof Algorithm 3, may thus help mary interestingapplicationsbeyond recovery, suchas

denoising,basisdesign,regressionetc.
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Finally, the readerinsistenton atomic decompositionshould note that mary of the simulationresultsof this
sequenceare simply too dif cult to obtain using an atomic decompositiorof few atoms.By construction,atomic
decompositionsising overcompletebasismodel signi cance ratherthaninsigni cance. Hence,for suchtechniques
to provide successfukstimatesn generalscenariospne musteitherhave dictionariesthat canrobustly approximate
all interestingsignalfeatureswith few atoms,or relax on the desirefor “few”. Both optionsare expectedto leadto
lessrobustresultswhencomparedo thetechnique®f this sequencewhich utilize well-known basisin progressiely

enforcinginsigni cance without regard to the numberof atomsin the decomposition(see[6]).
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