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Abstract

The sum-capacity of ergodic fading Gaussian two-user fiemence channels (IFCs) is developed
under the assumption of perfect channel state informatiadl aransmitters and receivers. For the sub-
classes ofiniformly strong(every fading state is strong) aedyodic very strongwo-sided IFCs (a mix of
strong and weak fading states satisfying specific fadingeaesl conditions) the optimality of completely
decoding the interference, i.e., converting the IFC to amaumd multiple access channel (C-MAC), is
proved. It is also shown that this capacity-achieving sahaequires encoding and decoding jointly
across all fading states. As an achievable scheme and atstop& of independent interest, the capacity
region and the corresponding optimal power policies forrgodic fading C-MAC are developed. For the
sub-class ofuniformly weaklFCs (every fading state is weak), genie-aided outer boanelsleveloped.
The bounds are shown to be achieved by ignoring interferandeseparable coding for one-sided fading
IFCs. Finally, for the sub-class of one-sidkgbrid IFCs (a mix of weak and strong states that do not
satisfy ergodic very strong conditions), an achievablees@h involving rate splitting and joint coding
across all fading states is developed and is shown to per&dirieast as well as a separable coding

scheme.

L. Sankar, X. Shang, and H. V. Poor are with the Department lettEcal Engineering, Princeton University, Princeton,
NJ 08544, USA. email{lalitha,xshang,poor@princeton.eduE. Erkip is with the Department of Electrical and Computer
Engineering, Polytechnic Institute of New York UniversiBrooklyn, NY 11201, USA. email: elza@poly.edu. This resba
was conducted in part when E. Erkip was visiting Princetorivehsity.

This research was supported in part by the National Scieaaadation under Grant CNS-06-25637 and in part by a fellgwsh
from the Princeton University Council on Science and Te&mo The material in this paper was presented in part atEf€El
International Symposium on Information Theory, Toront@n@da, Jul. 2008 and at the!* Annual Allerton Conference on

Communications, Control, and Computing, Monticello, IlepS 2008.

June 3, 2009 DRAFT


http://arxiv.org/abs/0906.0744v1

Index Terms

Interference channel, ergodic fading, strong and weakfarence.

. INTRODUCTION

The interference channel (IFC) models a wireless networkrevkevery transmitter (user) communicates
with its unique intended receiver while causing interfeeito the remaining receivers. For the two-user
IFC, the topic of study in this paper and henceforth simpfenred to as an IFC, the capacity region
is not known in general even when the channel is time-inmarige., non-fading. Capacity results are
known only for specific classes of non-fading two-user IFQsere the classes are identified by the
relative strength of the channel gains of the interferingsstlinks and the intended direct links. Thus,
strong and weak IFCs refer to the cases where the channed ghthe cross-links are at least as large
as those of the direct links and vice-versa.

The capacity region for the class of strong Gaussian IFC®v&ldped independently in [1], [2], [3]
and can be achieved when both receivers decode both thelédend interfering messages. In contrast,
for the weak channels, the sum-capacity can be achieved royiigy interference when the channel
gains of one of the cross-links is zero, i.e., for a one-sif#&zi[4]. More recently, the sum-capacity of a
class of noisy or very weak Gaussian IFCs has been deternmidegendently in [5], [6], and [7]. Outer
bounds for the IFC are developed in [8] and [9] while seveddli@vable rate regions for the Gaussian
IFC are studied in [10].

The best known inner bound is due to Han and Kobayashi (HK)R8Eently, in [9] a simple HK type
scheme is shown to achieve every rate pair within 1 bit/s/Hthe capacity region. In [11], the authors
reformulate the HK region as a sum of two sets to charactdlizemaximum sum-rate achieved by
Gaussian inputs and without time-sharing. More recertily,approximate capacity of two-user Gaussian
IFCs is characterized using a deterministic channel maudlL2]. The sum-capacity of the class of
non-fading MIMO IFCs is studied in [13].

Relatively fewer results are known for parallel or fadin@H- In [14], the authors develop an achievable
scheme of a class of two-user parallel Gaussian IFCs wheth parallel channel is strong using
independent encoding and decoding in each parallel chalmfl5], Sunget al. present an achievable
scheme for a class of one-sided two-user parallel Gauds@s [The achievable scheme involves encoding
and decoding signals over each parallel channel indepdgderch that, depending on whether a parallel

channel is weak or strong (including very strong) one-sidi€dl the interference in that channel is either
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viewed as noise or completely decoded, respectively. Is piaiper, we show that independent coding
across sub-channels is in general not sum-capacity optimal

Recently, for parallel Gaussian IFCs, [16] determines thiedidions on the channel coefficients and
power constraints for which independent transmission sceub-channels and treating interference as
noise is optimal. Techniques for MIMO IFCs [13] are appliedstudy separability in parallel Gaussian
IFCs (PGICs) in [17]. It is worth noting that PGICs are a specase of ergodic fading IFCs in which
each sub-channel is assigned the same weight, i.e., ocdtiwrg¢he same probability; furthermore, they
can also be viewed as a special case of MIMO IFCs and thustsdsoin MIMO [IFCs can be directly
applied.

For fading interference networks with three or more user$l8], the authors develop anterference
alignmentcoding scheme to show that the sum-capacity df -aser IFC scales linearly witlk in the
high signal-to-noise ratio (SNR) regime when all links ire thetwork have similar channel statistics.

In this paper, we study ergodic fading two-user Gaussiars|B@d determine the sum-capacity and
the corresponding optimal power policies for specific slasses, where we define each sub-class by
the fading statistics. Noting that ergodic fading IFCs areedghted collection of parallel IFCs (sub-
channels), we identify four sub-classes that jointly conthe set of all ergodic fading IFCs. We develop
the sum-capacity for two of them. For the third sub-class,dereelop the sum-capacity when only one
of the two receivers is affected by interference, i.e., fana-sided ergodic fading IFC. While the four
sub-classes are formally defined in the sequel, we referethaer to Figl ]l for a pictorial representation.
An overview of the capacity results is illustrated in the selgn Fig.[7.

A natural question that arises in studying ergodic fadind parallel channels is the optimality of
separable codingi.e., whether encoding and decoding independently on sabkchannel is optimal in
achieving one or more points on the boundary of the capaetyon. For each sub-class of IFCs we
consider, we address the optimality of separable codingnogferred to aseparability and demonstrate
that in contrast to point-to-point, multiple-access, anabldcast channels without common messages [19],
[20], [21], separable coding is not necessarily sum-capagtimal for ergodic fading IFCs.

The first of the four sub-classes is the seegjodic very strondEVS) IFCs in which each sub-channel
can be either weak or strong but averaged over all fadingsi@ub-channels) the interference at each
receiver is sufficiently strong that the two direct linksrfr@ach transmitter to its intended receiver are the
bottle-necks limiting the sum-rate. For this sub-classsiew that requiring both receivers to decode the
signals from both transmitters is optimal, i.e., the ergoairy strong IFC modifies to a two-user ergodic

fading compound multiple-access channel (C-MAC) in whiblk transmitted signal from each user is
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intended for both receivers [22]. To this end, as an achievadte region for IFCs and as a problem of
independent interest, we develop the capacity region amdfitimal power policies that achieve them
for ergodic fading C-MACs (see also [22]).

For EVS IFCs we also show that achieving the sum-capacityl (lwe capacity region) requires
transmitting information (encoding and decoding) joindlgross all sub-channels, i.e., separable coding
in each sub-channel is strictly sub-optimal. Intuitivelye reason for joint coding across channels lies in
the fact that, analogous to parallel broadcast channels soitnmon messages [23], both transmitters in
the EVS IFCs transmit only common messages intended forrdeattivers for which independent coding
across sub-channels becomes strictly sub-optimal. To ¢sedf our knowledge this is the first capacity
result for fading two-user IFCs with a mix of weak and strondp-€hannels. For such mixed ergodic
IFCs, recently, a strategy @frgodic interference alignmeiis proposed in [24], and is shown to achieve
the sum-capacity in [25] for a class éf-user fading IFCs with uniformly distributed phase and aste
K /2 disjoint equal strength interference links.

The second sub-class is the setunmiformly strong(US) IFCs in which every sub-channel is strong,
i.e., the cross-links have larger fading gains than thectlilieks for each fading realization. For this
sub-class, we show that the capacity region is the same a®ftlaan ergodic fading C-MAC with the
same fading statistics and that achieving this region regqypint coding across all sub-channels.

The third sub-class is the set ohiformly weak(UW) IFCs for which every sub-channel is weak. As
a first step, we study the one-sided uniformly weak IFC anclibgvgenie-aided outer bounds. We show
that the bounds are tight when the interfering receiverigathe weak interference in every sub-channel.
Furthermore, we show that separable coding is optimal fisr shb-class. The sum-capacity results for
the one-sided channel are used to develop outer boundsdamtirsided case; however, sum-capacity
results for the two-sided case will require techniques sagthose developed in [16] that also determine
the channel statistics and power policies for which igrpiimterference and separable coding is optimal.

The final sub-class is the set bybrid IFCs for which the sub-channels are a mix of strong and weak
such that there is at least one weak and one strong sub-dHariree not EVS IFCs (and by definition
also not US and UW IFCs). The capacity-achieving strategyeMS and US IFCs suggest that a joint
coding strategy across the sub-channels can potentidiey ddvantage of the strong states to partially
eliminate interference. To this end, for ergodic fadorge-sided IFCswe propose a general joint coding
strategy that uses rate-splitting and Gaussian codeboitkeut time-sharing for all sub-class of IFCs.
For two-sided IFCs, the coding strategy we present geaesalio a two-sided HK-based scheme with

Gaussian codebooks and no time-sharing that is presentkedtadied in [26].
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In the non-fading case, a one-sided non-fading IFC is eitveak or strong and the sum-capacity is
known in both cases. In fact, for the weak case the sum-cypacchieved by ignoring the interference
and for the strong case it is achieved by decoding the it at the receiver subject to the interference.
However, for ergodic fading one-sided IFCs, in addition e W and US sub-classes, we also have
to contend with the hybrid and EVS sub-classes each of whashahunique mix of weak and strong
sub-channels. The HK-based achievable strategy we prapsies to all sub-classes of one-sided IFCs
and includes the capacity-achieving strategies for the B¥& and UW as special cases.

The sub-class ofiniformly mixed(UM) IFCs obtained by overlapping two complementary one-sided
IFCs, one of which is uniformly strong and the other uniformleak, belongs to the sub-class of hybrid
(two-sided) IFCs. For UM IFCs, we show that to achieve supaci#ty the transmitter that interferes
strongly transmits a common message across all sub-clsande the weakly interfering transmitter
transmits a private message across all sub-channels. Thditigrent interfering links however require
joint encoding and decoding across all sub-channels toreroptimal coding at the receiver with strong
interference.

Finally, a note on separability. In [27], Cadambe and Jatanahstrate the inseparability of parallel
interference channels using an example of a three-useudrmy selective fading IFC. The authors use
interference alignment schemes to show that separabdlityot optimal for fading IFCs with three or
more users while leaving open the question for the two-usging IFC. We addressed this question in
[28] for the ergodic fading one-sided IFC and developed thaditions for the optimality of separability
for EVS and US one-sided IFCs. In this paper, we readdressgimestion for all sub-classes of fading
IFCs. Our results suggest that in general both one-sidedhvaagided IFCs benefit from transmitting
the same information across all sub-channels, i.e., nhatpgeddently encoding and decoding in each
sub-channel, thereby exploiting the fading diversity tdigaite interference.

The paper is organized as follows. In Sectidn Il, we preseatdhannel models studied. In Section
] we summarize our main results. The capacity region ofeagodic fading C-MAC is developed in
SectionIV. The proofs are collected in Sectloh V. We disocogs results with numerical examples in

Section’ V] and conclude in Sectién VII.

I[I. CHANNEL MODEL AND PRELIMINARIES

A two-sender two-receiver (also referred to as the twojusegodic fading Gaussian IFC consists of
two source nodes; and S,, and two destination node®; and D, as shown in Figl]2. Sourc8,

k = 1,2, uses the channel times to transmit its messagd®;, which is distributed uniformly in the set
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Fig. 1. A Venn diagram representation of the four sub-cksdeergodic fading one- and two-sided IFCs.
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Fig. 2. The two-user Gaussian two-sided IFC and C-MAC andntleeuser Gaussian one-sided IFC.

{1,2,... ,2Bk} and is independent of the message from the other source, ittéinded receiver);, at
a rate Ry, = By/n bits per channel use. In each use of the chan$igliransmits the signak; while
the destinationD;, receivesYy, k = 1,2. For X = [X; XZ]T, the channel output vectdf = [V YQ]T
is given by

Y=HX+2Z 1)

whereZ = [Z, Z,)" is a noise vector with entries that are zero-mean, unit magiacircularly symmetric

complex Gaussian noise variables dfdis a random matrix of fading gains with entri¢s,, ;, for all
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m, k = 1,2, such thatH,, ;, denotes the fading gain between receiveand transmittek. We useh to
denote a realization dl. We assume the fading proc€dd} is stationary and ergodic but not necessarily
Gaussian. Note that the channel galfs ;,, for all m andk, are not assumed to be independent; however,
H is known instantaneously at all the transmitters and recgiv
Overn uses of the channel, the transmit sequer{cég;} are constrained in power according to
n
> 1 Xkil* <nPy, forall k=1,2. 2)

i=1
Since the transmitters know the fading states of the linksvhith they transmit, they can allocate their
transmitted signal power according to the channel statarmdition. A power policyP(h) is a mapping
from the fading state space consisting of the set of all faditates (instantiationd) to the set of non-
negative real values iR%. The entries ofP(h) are P, (h), the power policy at usek, k£ = 1,2. While
P(h) denotes the map for a particular fading state, we wk{&I) to explicitly describe the policy for
the entire set of random fading states. Thus, we use theiowtB{H) when averaging over all fading
states or describing a collection of policies, one for ederyrhe entries ofP(H) are P, (H), for all k.

For an ergodic fading channel]] (2) then simplifies to
E[P,(H)] < Py forall k= 1,2, (3)

where the expectation i](3) is over the distributionf We denote the set of all feasible policies
P (h), i.e., the power policies whose entries satigfly (3),7ayFinally, we write P to denote the vector
of average power constraints with entriBg, k = 1, 2.

For the special case where both receivers decode the message both transmitters, we obtain a
compound MAC (see Fid.]2(a)). A one-sided fading Gaussidd I€sults when eithef; » = 0 or
Hy; = 0 (see Fig[R(b)). Without loss of generality, we develop stapacity results for a one-sided
IFC (Z-IFC) with Hy; = 0. The results extend naturally to the complementary onedsidodel with
Hy> = 0. A two-sided IFC can be viewed as a collection of two completa one-sided IFCs, one
with H; 2 = 0 and the other withi, ; = 0.

We write Ciec (P41, P2) andCc.vac (P1, P2) to denote the capacity region of an ergodic fading IFC
and C-MAC, respectively. Our definition of average errorbaoilities, capacity regions, and achievable
rate pairs(R;, R2) for both the IFC and C-MAC mirror the standard informatitvedretic definitions
[29, Chap. 14].

Non-fading IFCs can be classified by the relative strengfhthe interfering to intended signals at

each of the receivers. A (two-sided non-fadistfong IFC is one in which the cross-link channel gains
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are larger than the direct link channel gains to the inteméedivers [1], i.e.,
|Hj,k| > |Hk,k| for all Jk=12 7 7£ k. (4)

A strong IFC isvery strongif the cross-link channel gains dominate the transmit peveerch that (see
for e.g., [1], [2])

S <|Hk7k|2Pk (H)) <C (22) \H, 4 Py (H)> forall j =1,2, (5)
k=1 k=1

where for the non-fading IFCD;, (H) = Py, in (). One can verify that{5) implie§l(4), i.e., a very stgon
IFC is also strong.

A non-fading IFC isweakwhen [4) is not satisfied for all, &, i.e., neither of the two complementary
one-sided IFCs that a two-sided IFC can be decomposed ietstawng. A non-fading IFC isnixed

when one of complementary one-sided IFCs is weak while theras strong, i.e.,
|Hy2| > |Ha2| and [Haz1| < |Hygl (6)

or

|Hip| > |Hzp| and |Hyi| < |Hyigl. (7)

An ergodic fading IFC is a collection of parallel sub-chalsn@ading states), and thus, each sub-
channel can be either very strong, strong, or weak. SincdiagdFC can contain a mixture of different
types of sub-channels, we introduce the following defingido classify the set of all ergodic fading
two-user Gaussian IFCs (see also Fig. 1). Unless othentdseds we henceforth simply write IFC to
denote a two-user ergodic fading Gaussian IFC.

Definition 1: A uniformly stronglFC is a collection of strong sub-channels, i.e., both ctirdgs in
each sub-channel satisfyl (4).

Definition 2: An ergodic very strondfC is a collection of weak and strong (including very strpsgb-
channels for which[{{5) is satisfied when averaged over alhtadtates and fof, (H) = P,wa) (Hgk),
whereP,gwf) (Hyy) is the optimal waterfilling policy that achieves the poiotgoint capacity for usek
in the absence of interference.

Definition 3: A uniformly weakIFC is a collection of weak sub-channels, i.e., in each sdnnoel
both cross-links do not satisf/1(4).

Definition 4: A uniformly mixedIFC is a pair of two complementary one-sided IFCs in which ohe

them is uniformly weak and the other is uniformly strong.
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Definition 5: A hybrid IFC is a collection of weak and strong sub-channels with asti@ne weak
and one strong sub-channel that do not satisfy the condifioif8) when averaged over all fading states
and for P, (H) = P,f,wf) (Hpp).

Since an ergodic fading channel is a collection of paralldd-shannels (fading states) with different
weights, throughout the sequel, we use the terms fadingsst@td sub-channels interchangeably. In
contrast to the one-sided IFC, we simply write IFC to denbte tivo-sided model. Before proceeding,
we summarize the notation used in the sequel.

« Random variables (e.g;, ;) are denoted with uppercase letters and their realizaffers hy, ;)

with the corresponding lowercase letters.

« Bold font X denotes a random matrix while bold fortdenotes an instantiation &X.

« I denotes the identity matrix.

« |X| andX~! denotes the determinant and inverse of the maXtix

o CN (0,X) denotes a circularly symmetric complex Gaussian distobuwith zero mean and co-

varianceX..

« K ={1,2} denotes the set of transmitters.

« E(-) denotes expectatiorC'(z) denoteslog(1 + =) where the logarithm is to the base @;)"

denotesmax(z,0), I(-;-) denotes mutual informatiom (-) denotes differential entropy, anfls

denotes) ", s Ry, for any S C K.

I1l. M AIN RESULTS

The following theorems summarize the main contributionghig paper. The proof for the capacity
region of the C-MAC is presented in Section IV as are the Betdidetermining the capacity achieving
power policies. The proofs for the remaining theorems,teelao IFCs, are collected in Sectidd V.
Throughout the sequel we write waterfilling solution to denthe capacity achieving power policy for

ergodic fading point-to-point channels [19].

A. Ergodic fading C-MAC

An achievable rate region for ergodic fading IFCs resulsmfrallowing both receivers to decode
the messages from both transmitters, i.e., by convertingFénto a C-MAC. The following theorem

summarizes the sum-capaciy.yac of an ergodic fading C-MAC.
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Theorem 1:The capacity regionCc.mac (P1, P2), of an ergodic fading two-user Gaussian C-MAC

with average power constrainfy, at transmitterk, k = 1,2, is
Ccmac (P1, Pa) = U {C1(P(H))NC2 (P (H))} (8)
where forj = 1,2, we have

Cj (P (H)) = {(RlaRZ) :Rs <E

C (Z \H; 1.|* Py (H))] Jforall S C ;c} : (9)

kesS
The optimal coding scheme requires encoding and decodintlyj@cross all sub-channels.

Remark 1: The capacity regioifc.yac is convex. This follows from the convexity of the sBtand
the concavity of thdog function.

Remark 2:Cc.vac is a function of(Fl,Fg) due to the fact that union inl(8) is over all feasible power
policies, i.e., over allP (H) whose entries satisfy(3).

Remark 3:In contrast to the ergodic fading point-to-point and muétipccess channels, the ergodic
fading C-MAC is not merely a collection of independent plelathannels; in fact encoding and decoding
independently in each parallel channel is in general sulvrap as demonstrated later in the sequel.

Corollary 1: The capacity regiofrc of an ergodic fading IFC is bounded &s.mac C Circ.

B. Ergodic Very Strong IFCs

Theorem 2:The capacity region of an ergodic very strong IFC is
Ciet® = {(Rl,Rz) ‘R <E [C <’Hk,k\2P/§Uf (Hk,k))] k= 1,2} : (10)

The sum-capacity is

2
S E[C (1Hik P (Hi) )| (12)
k=1

where, for allk, P,;“f (H, 1) is the optimal waterfilling solution for an (interferenaed) ergodic fading

link between transmittek and receiver: such that,P®/ (Hy,) satisfies

iE[C(\Hk,k\ZP;“f(HM))] < min [(Z!HMP HW)] (12)
k=1

The capacity achieving scheme requires encoding and deggaintly across all sub-channels at the
transmitters and receivers respectively. The optimaltesjsa also requires both receivers to decode

messages from both transmitters.
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Remark 4:In the sequel we show that the condition [n1(12) is a resulthef achievable strategy,
and therefore is a sufficient condition. For the special adsfixed (non-fading) channel gairld, and

Py = Py, ([I2) reduces to the general conditions for a very strong (§&2 for e.g., [1]) given by
|Hyof” > [Hyol (1 + !H1,1!2F1) (13a)
[Ho [ > [Hyq (1 + |H2,2|2F2) : (13b)

In contrast, the fading averaged conditions[inl (12) impht thot every sub-channel needs to satisfy (13)
and in fact, the ergodic very strong channel can be a mix okvesal strong channels provideef* /)
satisfies[(1R). This in turn implies that not every parallgb-€hannel needs to be a strong (non-fading)
Gaussian IFC.

Remark 5:The set of strong fading IFCs for which every sub-channeltieng and the optimal
waterfilling policies for the two interference-free linkatsfy (12) is strictly a subset of the set of
ergodic very strong IFCs.

Remark 6:As stated in Theorern] 2, the capacity achieving scheme for FRGS requires coding
jointly across all sub-channels. Coding independent nyesséseparable coding) across the sub-channels

is optimal only when every sub-channel is very strong at thnmal policy P(“7),

C. Uniformly Strong IFC

In the following theorem, we present the capacity region #nedsum-capacity of a uniformly strong
IFC.
Theorem 3:The capacity region of a uniformly strong fading IFC for whibhe entries of every fading
stateh satisfy
|hi1| < hoa| and |hgo| < |hi gl (14)

is given by
CEe (P1,P2) = Cemac (P1, Pa) (15)

whereCc.mac (?hﬁg) is the capacity of an ergodic fading C-MAC with the same clehustatistics as
the IFC. The sum-capacity is

s min { min {E |C (S, [Hyul” P ()| | f}E € (1HP P ()| } . @8
= ’ k=1

J
The capacity achieving scheme requires encoding and deggdintly across all sub-channels at the
transmitters and receivers, respectively, and also reguioth receivers to decode messages from both

transmitters.
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Remark 7:In contrast to the very strong case, every sub-channel inifaroiy strong fading IFC is
strong.

Remark 8:The uniformly strong condition may suggest that sepatgbifi optimal. However, the
capacity achieving C-MAC approach requires joint encodingl decoding across all sub-channels. A
strategy where each sub-channel is viewed as an indepdhrdzras in [14], will in general be strictly sub-
optimal. This is seen directly from comparirig (16) with thersrate achieved by coding independently
over the sub-channels which is given by

2
B@gPE{mm{ggjc(ziﬂuﬁﬂ2amH0},220(uaﬂ2amﬂw}}. (17)

The sub-optimality of independent encoding follows diefiom the fact that for two random variables
A(H) and /B (H), Emin (A (H), B (H))] < min (E[A (H)],E[B (H)])] with equalityif and only if
for every fading instantiatioh, A (H) (resp.B (H)) dominatesB (H) (resp.A (H)). Thus, independent
(separable) encoding across sub-channels is optimal ohgnwatP* (H), the sum-rate in every sub-

channel in[(1l7) is maximized by the same sum-rate function.

D. Uniformly Weak One-Sided IFC

The following theorem summarizes the sum-capacity of a sided uniformly weak IFC in which
every sub-channel is weak.
Theorem 4:The sum-capacity of a uniformly weak ergodic fading Gaussiae-sided IFC for which

the entries of every fading statesatisfy

|h2,2| > |h1 2] (18)
is given by
w1 (p(H 19
s {800 (P ()} (19)
where )
Hi,|° Py (H)
st (pH) ~E |0 [ 1 1+ C (| Hosl? Py (H)) | . 20
(P () rarn ) O (Hal P (D) (20)

Remark 9:One could alternately consider the fading one-sided IFC iniciw |h; 1| > |ho 1| and
hy2 = 0 for the sum-capacity is given by ([19) with the supersciipteplaced by 2. The expression
Sw:2) (P (H)) is given by [20) after swapping the indexesnd 2.
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E. Uniformly Mixed IFC

The following theorem summarizes the sum-capacity of asctdauniformly mixed two-sided IFC.
Theorem 5:For a class of uniformly mixed ergodic fading two-sided Gaas IFCs for which the

entries of every fading statle satisfy

|h1,1| > |hoa| and |hgo| < |higf (21)

the sum-capacity is

g {min (B [€ (S5, 110,07 Py ()] 502 (P (1) ) } (22)

where S(-2) (P (H)) is given by [20) by swapping indexdsand 2.

Remark 10:One could alternately consider the fading IFC in whijgh1| < |ho1| and|haa| > |h12].
The sum-capacity is given bl (22) after swapping the inddxasd 2.

Remark 11:For the special case df;, = V' SNRe/ and H,, = VINRe/%*, j + k, whereg; ;
for all j andk is independent and distributed uniformly [irr, 7], the sum-capacity in Theorerns 3 and

can also be achieved by ergodic interference alignmenh@srsin [25].

F. Uniformly Weak IFC

The sum-capacity of a one-sided uniformly weak IFC in Theoi is an upper bound for that of
a two-sided IFC for which at least one of two one-sided IFC# tesult from eliminating a cross-link
is uniformly weak. Similarly, a bound can be obtained frone Sum-capacity of the complementary
one-sided IFC. The following theorem summarizes this tesul

Theorem 6:For a class of uniformly weak ergodic fading two-sided Garss$FCs for which the

entries of every fading statle satisfy
|h1,1] > |h21| and |hoa| > |h 2| (23)
the sum-capacity is upper bounded as

< : (w,1) (w,2) )
Rit Ry < mas min (S0 (P(H)), 5 (P () (24)
Remark 12:For the non-fading case, the sum-rate boundd_in (24) siynpifthose obtained in [9,

Theorem 3].
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G. One-sided IFC: General Achievable Scheme

For EVS and US IFCs, Theorerk 2 drdd 3 suggest that joint cadirgss all sub-channels is optimal.
Particularly for EVS, such joint coding allows one to expltiie strong states in decoding messages.
Relying on this observation, we present an achievableegfyalbased on joint coding all sub-classes of
one-sided IFCs witlfl, ; = 0. The encoding scheme involves rate-splitting at @see., user2 transmits
wy = (wap, wo.) Wherewsy, andwsy,. are private and common messages, respectively and canwedvie
as a Han-Kobayashi scheme with Gaussian codebooks anduivithte-sharing.

Theorem 7:The sum-capacity of a one-sided IFC is lower bounded by

)R B oy i (St (am, P (H)), 52 (am, P (H))) (25)

o |Hy 1" P (H)
1+ |Hy o o Py (H)

Sy (am, P (H)) = E [0 (|Hg,2|2 am P (H))] +E

where

S1 (am, P (H)) = E +E [C (1Haa P (1) )] (26)

1+ |Hys|* an P (H)

C(mmﬁa&n+mmﬁm&anﬂygn

such thatogg is the power allocated by userin fading stateH to transmittingws, anday = 1 — o,

ag € [0,1]. For EVS one-sided IFCs, the sum-capacity is achieved bypsihgag = 0 for all H
providedsS; (O,wa) (H)> < Sy (O,B(wf) (H)). For US one-sided IFCs, the sum-capacity is given by
(25) for agg = 0 for all H. For UW one-sided IFCs, the sum-capacity is achieved by sihgavyy = 1
and maximizingS: (1, P (H)) = 51 (1, P (H)) over all feasibleP (H) . For a hybrid one-sided IFC, the

achievable sum-rate is maximized by

a(H) € (0,1] sub-channeH is weak
o = (28)

0 sub-channeH is strong.
and is given by[(25) for this choice aff;.

Remark 13:The optimal oj; in (28) implies that in general for the hybrid one-sided IFjGBt
coding the transmitted message across all sub-channelstimad. Specifically, the common message
is transmitted jointly in all sub-channels while the privahessage is transmitted only in the weak
sub-channels.

Remark 14:The separation-based coding scheme of [30] is a special afade above HK-based
coding scheme and is obtained by choosing = 1 and oy = 0 for the weak and strong states,
respectively. The resulting sum-rate is at most as larga@daound in[(2b) obtained farj; € (0,1] and

ag; = 0 for the weak and strong states, respectively.
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Remark 15:In [26], a Han-Kobayashi based scheme using Gaussian collelamd no time-sharing

is used to develop an inner bound on the capacity region ofoastded IFC.

IV. CoMPOUND MAC: CAPACITY REGION AND OPTIMAL POLICIES

As stated in Corollary]1, an inner bound on the sum-capadignolFC can be obtained by allowing
both receivers to decode both messages, i.e., by detegrimnsum-capacity of a C-MAC with the same
inter-node links. In this Section, we prove Theorem 1 whistablishes the capacity region of ergodic
fading C-MACs and discuss the optimal power policies thdtie® every point on the boundary of the

capacity region.

A. Capacity Region

The capacity region of a discrete memoryless compound MA@rigeloped in [31]. For each choice
of input distribution at the two independent sources, tlpacity region is an intersection of the MAC
capacity regions achieved at the two receivers. The teaksio [31] can be easily extended to develop the
capacity region for a Gaussian C-MAC with fixed channel gafims the Gaussian C-MAC, one can show
that Gaussian signaling achieves the capacity region ubkiedact that Gaussian signaling maximizes
the MAC region at each receiver. Thus, the Gaussian C-MAGaapregion is an intersection of the
Gaussian MAC capacity regions achievedat and D,. For a stationary and ergodic procgdd }, the
channel in[(1) can be modeled as a parallel Gaussian C-MA@sisting of a collection of independent
Gaussian C-MACs, one for each fading statavith an average transmit power constraint over all pdralle
channels.

We now prove Theorerml 1 stated in Section TlI-A which gives thapacity region of ergodic fading
C-MACs.

Proof of Theorend]

We first present an achievable scheme. Consider a p8lidf) € P. The achievable scheme involves
requiring each transmitter to encode the same messageatresb-channels and each receiver to jointly
decode over all sub-channels. Independent codebooks edefarsevery sub-channel. An error occurs at
receiver; if one or both messages decoded jointly across all sub-&tamndifferent from the transmitted
message. Given this encoding and decoding, the analysiehtreceiver mirrors that for a MAC receiver
[29, 14.3] and one can easily verify that for reliable re@apbf the transmitted message at receiyger
the rate painR;, R,) needs to satisfy the rate constraints[ih (9) where in degpdin= {wy, : k € S}

the information collected in each sub-channel is giveannge‘S \H; 1.|* Py (H)), forall S C K.
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Fig. 3. Rate regiong:(P(H)) andC2(P(H)) and sum-rate for case 1 and case 2.

Thus, for any feasiblé® (H), the achievable rate region is given 8y (P (H)) NCs (P (H)). From the
concavity of thelog function, the achievable region over @l (H) is given by [8).

For the converse, the proof technique mirrors the proof far tapacity of an ergodic fading MAC
developed in [20, Appendix A]. For an® (H) € P, one can using similar limiting arguments to show
that for asymptotically error-free performance at receiyefor all j, the achievable region has to be

bounded as
Rs<E [C (zke& \H? Py (H))] L j=1,2. (29)

The proof is completed by noting that due to the concavityheflbg it suffices to take the union of the
region over allP (H) € P.

Remark 16:An achievable scheme in which independent messages areezhooeach sub-channel,
i.e., separable coding, will in general not achieve the ciypaegion. This is due to the fact that for
this separable coding scheme the achievable rate in eaethsunel is a minimum of the rates at each
receiver. The average of such minima can at most be the mmiofuhe average rates at each receiver,
where the latter is achieved by encoding the same messauky jacross all sub-channels.

Corollary[] follows from the argument that a rate paiCiyac is achievable for the IFC sind&_vac

is the capacity region when both messages are decoded ateunativers.

B. Sum-Capacity Optimal Policies

The capacity regio€c.uac is a union of the intersection of the pentagehs P (H)) andCs (P (H))
achieved atD, and D,, respectively, where the union is over d&l(H) € P. The regionCc.mac is

convex, and thus, each point on the boundarf@fiac is obtained by maximizing the weighted sum
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Case 3a Case 3b Case 3¢

Ryl __

\

\
N\
SB) < g WI

|
|

Se) < %) g = g)

[P ——

A 4

v
v

R, R Ry

Fig. 4. Rate region®k,.(P(H)) and Rs(P(H)) and sum-rate for casel, 3b, and 3c.

u1Ry + uaRy over all P(H) € P, and for alluy > 0, uz > 0, subject to[(ZB). In this section, we
determine the optimal policy* (H) that maximizes the sum-raf¢; + Ry whenyu; = pus = 1. Using the
fact that the rate regions, (P (H)) andCs (P (H)), for any feasibleP (H), are pentagons, in Figsl 3
and[4 we illustrate the five possible choices for the sum+#esalting from an intersection @f; (P (H))
andC, (P (H)) (see also [32]).

Casesl and 2, as shown in Fig[13 and henceforth referred toirective casesare such that the
constraints on the two sum-rates are not activeifP (H)) N Ce (P (H)), i.e., no rate tuple on the
sum-rate plane achieved at one of the receivers lies withondhe boundary of the rate region achieved
at the other receiver. In contrast, when there exists at @@ such rate tuple such that the two sum-
rates constraints are active (h (P (H)) N Cy (P (H)) are theactive casesThis includes Case8a,
3b, and 3c shown in Fig[ % where the sum-rate B is smaller, larger, or equal, respectively, to that
achieved atD,. By definition, the active set also include theundary cases which there is exactly
one rate pair that lies within or on the boundary of the ratgome achieved at the other receiver. There
are six possible boundary cases that lie at the interseofi@m inactive casé, [ = 1,2, and an active
casen, n = 3a, 3b,3c. There are six such boundary cases that we denote as @as¢s! = 1,2, and
n = 3a, 3b, 3c.

In general, it is not possible to know priori the type of intersection that will maximize the sum-
capacity. Thus, the sum-rate for each case has to be maxinaver all P (H) € P. To simplify
optimization and obtain a unique solution, we explicitiynswer the six boundary cases as distinct from
the active cases thereby ensuring that the subsets of padieiep resulting in the different cases are

disjoint, i.e., no power policy results in more than one cdses in turn implies that the power policies
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Fig. 6. Rate regionsz,.(P(H)) and Rq(P(H)) for cases (2,3a), (2,3b), and (2,3c).

resulting in each case satisfy specific conditions thatrdjaish that case from all others. For example,
from Fig.[3, Case 1 results only whén:_, C (HkkP,gwf) (H)> <C (Zizl H, P (H)), for all
j = 1,2. Using these disjoint cases and the fact that the rate expnasis [29) are concave functions of
P (H) allows us to develop closed form sum-capacity results anidnap policies for all cases. Observe
that cased and2 do not share a boundary since such a transition (sed Figg8)jres passing through
case3a or 3b or 3c. Finally, note that Figl]4 illustrates two specitlg andC, regions for3a, 3b, and
3c. The conditions for each case are shown in Higs. 3-6.

Let PO)(H) andP"™ (H) denote the optimal policies for casesnd(l, n), respectively. LeS® (P(H))

andS(-")(P(H)) denote the sum-rate achieved for casasd (I, n), respectively, for som@(H) € P.
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The optimization problem for caseor case(l,n) is given by

where

st (p(H)) = SO (P (H)),

pmax SO(P(H)) or max SO (P (H))
st. E[P,(H) <P, k=12, (30)
P.(H)>0, k=12 foralH
((H) = Y3, E [C (| Hil? P (5) )|
(P (H)) = zkl (1 Pem)], k=125 £k
(P(H)) = E [C (Sh_, |Hjsl* P (H )} for (i, ) = (3a,2), (3, 1) (31)
)(B(H))ZS(?’“) (PH)), st SEY(PH)) =5 (P (H))

s.t. SO (P (H))=SM™ (P (H)). forall (I,n).

The conditions for each case are (see [Filjs 3-6) given beloarevfor each case the condition holds

true when evaluated at the optimal polici&§) (H) and P“™(H) for casesi and (I,n), respectively.

For ease of notation, we do not explicitly denote the depeoel®f S(V and S(-") on the appropriate

PO (H) and P (H), respectively.
Casel :
Case2:
Casesa :
Casesb :

Case3c :

Case(1,3a) :

Case (2, :

3a)

Case(1,3b) :
Case (2,3b) :
Case (1,3c) :

Case (2,3c) :

June 3, 2009

SM < min (SG), S6GY) (32)
S2) < min (5(3a), 5(3b)) (33)
SBa) ~ min (S(3b)7 OB 5(2)) (34)
SGBY) < min (5(311), S, 5(2)) (35)
S6a) = §6Y < min (SM), §2) (36)
5Ba) < 5B and SM < S (37)
S§Ba) < B3 and ) < 50 (38)
S < §Ba) and SM) < §3a) (39)
SB) < §B3a) and S < §Ba) (40)
§Ba) — gBb) — g(1) ~ g(2) (42)
S§Ba) — gBb) — §(2) ~ (1), (42)
DRAFT
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The optimal policy for each case is determined using Lagrangltipliers and th&arushKuhnTucker
(KKT) conditions. The sum-capacity optim&* (H) is given by thatP¥) (H) or P("") (H) that satisfies
the conditions of its case i (34)-(42).

Remark 17:For cased and2, one can expand the capacity expressions to verify thatdhditons
SO < min (SGD, 56 1 = 1,2, imply that S < S@ and vice-versa. Therefore, if the optimal
policy is determined in the order of the casedin (82)-(4®), ¢onditions for cased, 3¢) and(2, 3c) are
tested only after all other cases have been excluded. Fortine, the two cases are mutually exclusive,
and thus,[(41) and_(42) simply redundant conditions wrif@ncompleteness.

Remark 18:For the two-user case the conditions can be written direfetign the geometry of in-
tersecting rate regions for each case. However, for a manergeK-user C-MAC, the conditions can
be written using the fact that the rate regions for dhgH) are polymatroids and that the sum-rate of
two intersecting polymatroids is given by the polymatraitersection lemma. A detailed analysis of the
rate-region and the optimal policies using the polymatintdrsection lemma for & -user two-receiver
network is developed in [33].

The following theorem summarizes the form 6f (H) and presents an algorithm to compute it.
The optimal policy maximizing each case can be obtained itraghtforward manner using standard
constrained convex maximization techniques. The algorigxploits the fact that each the occurence of
one case excludes all other cases and the case that ocduesoise for which the optimal policy satisfies
the case conditions. We refer the reader to [33, Appendixhpfdetailed analysis.

Theorem 8:The optimal policyP* (H) achieving the sum-capacity of a two-user ergodic fading C-
MAC is obtained by computind®® (H) and P(“™ (H) starting with case$ and 2, followed by cases
3a, 3b, and 3¢, in that order, and finally the boundary cagés:), in the order that cased, 3c) are
the last to be optimized, until for some case the corresponai®”) (H) or P(:") (H) satisfies the case
conditions. The optimalP* (H) is given by the optimalP” (H) or P(:") (H) that satisfies its case
conditions and falls into one of the following three categsr

Casesl and 2: The optimal policies for the two users are such that each wsger-fills over its
bottle-neck link, i.e., over the direct link to that receiwgith the smaller (interference-free) ergodic
fading capacity. Thus for casdsand 2, each transmitter water-fills on the (interference-freenpto-
point links to its intended and unintended receivers, retgsy. Thus, for case, P,E*) (H) = P,El) (H) =
PP (Hyy), and for case 2P (H) = P (H) = P* (Hpapix), k = 1,2. where P/ (H; ) for
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4,k = 1,2, is defined in Theoreml 2.

Cases(3a, 3b, 3c): For casessa and3b, the optimal user policie® (H), for all k, are opportunistic
multiuser waterfilling solutions over the multiaccess §irtk receivers 1 and 2, respectively. For case
P} (H), for all k, takes an opportunistic non-waterfilling form and depenushe channel gains for each
user at both receivers.

Boundary CasesThe optimal user policie$’’ (H), for all k£, are opportunistic non-waterfilling solu-
tions.

Remark 19:The sum-rate optimal policies for a two-transmitter twoeaiger ergodic fading channel
where one of the receiver also acts as a relay is develope®Bin The analysis here is very similar to
that in [33], and thus, we briefly outline the intuition bethithe results in the proof below.

Proof: The optimal policy for each case can be determined in a $itfaigvard manner using
Lagrange multipliers and thKarushKuhnTucker(KKT) conditions. Furthermore, not including all or
some of the constraints for each case in the maximizatioblgnmo simplifies the determination of the
solution.

For casesl and2, S() and S, respectively, are sum of two bottle-neck point-to-poinks$, and
thus, are maximized by the single-user waterfilling powelicgs, one for each bottle-neck link. For
cases3a and3b, the optimization is equivalent to maximizing the sum-cagyaat one of the receivers.
Thus, applying the results in [20, Lemma 3.10] (see also)[34} these two cases, one can show that
sum-capacity achieving policies are opportunistic wdtiedi solutions that exploit the multiuser diversity.

For case3c, the sum-rateS® is maximized subject to the constraifit*® = SG¥ . Thus, for this
case, the KKT conditions can be used to show that while oppttic scheduling of the users based on a
function of their fading states to both receivers is optinia¢ optimal policies are no longer waterfilling
solutions. The same argument also holds for the boundags¢as.) whereS(") is maximized subject to
S = s In all cases, the optimal policies can be determined usinigeaative procedure in a manner
akin to the iterative waterfilling approach for fading MAG35]. See [33, Appendix] for a detailed proof.

[ |

C. Capacity Region: Optimal Policies
As mentioned earlier, each point on the boundarg@fiac (ﬁl,ﬁg) is obtained by maximizing the

weighted sumu; Ry + peRo over all P (H) € P, and for alli; > 0, p2 > 0, subject to[(2B). Without
loss of generality, we assume that < u». Let i denote the paifus, 12). The optimal policyP* (H,E)
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is given by

P*(Hu) = arg max (11 Ry + poRs) s.t. (R, Rs) € Comac (P1, P2) (43)

wherep; Ry +po R, denoted byS@ (u, P (H)) for caser = i, (I,n), for all i and(l, n), for the different

cases are given by

SO (p, P (H)) = Y4 miE [C (!Hk,k\z P (H))]
S (u 2.(H)) = Y3y ek |C (|Hyul* P (B) )| Gk =12, # k
SO (y, P

(H)) = mS% (P (H)) + (12 — p1) min (E [C(\Hmsz (H))]) i=3a,3b  (44)

(1, min

SC) (u, P (H)) = S®) (P (H)), st SO (u, P (H)) = SO (u, P (H))

SEn) (u, P (H)) =S5O (P (H)), st SO (p,P(H))=5" (un,P(H)). forall (I,n).
The expressions fors < w1 can be obtained froni(#4) by interchanging the indekeand 2 in the
second term in the expression f§f) (H>£ (H)), i = 3a, 3b. From the convexity o€c.uac, every point
on the boundary is obtained from the intersection of two MAGerregions. From Fig§l[3-6, we see
that for cased, 2, and the boundary cases, the region of intersection hasgaewertex at which both
user rates are non-zero and thusR; + psRe will be tangential to that vertex. On the other hand, for
cases3a, 3b, and3c, the intersecting region is also a pentagon and thw®; + usRs, for uy < s, is
maximized by that vertex at which usgiis decoded after usdr. The conditions for the different cases
are given by[(3R)E(42). Note that for casesince the sum-capacity achieving policies also achiege th
point-to-point link capacities for each user to its intedidiestination, the capacity region is simply given
by the single-user capacity bounds & and Rs.

The following theorem summarizes the capacity region of igodic fading C-MAC and the optimal
policies that achieve it fop; < wo. The policies foru; > pe can be obtained in a straightforward
manner.

Theorem 9:The optimal policyP* (H) achieving the sum-capacity of a two-user ergodic fading C-
MAC is obtained by computing®® (H) and P (H) starting with the inactive casésand?2, followed
by the active case3a, 3b, and 3¢, in that order, and finally the boundary cagés:), in the order that
cases(l, 3¢) are the last to be optimized, until for some case the corretipg P) (H) or P™ (H)
satisfies the case conditions. The optinfai (H) is given by the optimalP™ (H) or P (H) that
satisfies its case conditions and falls into one of the fdhgwthree categories:

Inactive CasesThe optimal policies for the two users are such that eachwater-fills over its bottle-
neck link. Thus for case$ and 2, each transmitter water-fills on the (interference-free)npto-point

links to its intended and unintended receivers, respdgtiVéus, for casel, P,g*) (H) = P,i“f (Hi k),
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and for case ,2P,§*) (H) = P,Ez) (H) = P’ (Hgopen) k=12, where P” (H; ) for j,k = 1,2,
is defined in Theorerl 2.

Caseq3aq, 3b, 3¢): For casesa and3b, the optimal policies are opportunistic multiuser solng@iven
in for the special case where the minimum sum-rate and singge rate for use? are achieved at the
same receiver. Otherwise, the solutions for all three case®pportunistic hon-waterfilling solutions.

Boundary CasesThe optimal policies maximizing the constrained optintiza of Sﬁﬂz (P(H)) are

also opportunistic non-waterfilling solutions.

V. PROOFS
A. Ergodic VS IFCs: Proof of Theorelm 2

We now prove Theoreml 2 on the sum-capacity of a sub-classgofdar fading IFCs with a mix of
weak and strong sub-channels. The capacity achieving schequires both receivers to decode both
messages.

1) Converse:An outer bound on the sum-capacity of an interference cHaergiven by the sum-
capacity of a IFC in which interference has been eliminatedn or both receivers. One can view it
alternately as providing each receiver with the codeworthefinterfering transmitter. Thus, from Fano’s

and the data processing inequalities we have that the atileevate must satisfy

n(Ry+ Ry) —ne < I(XT5 Y| X5, H”) + I(X53 Y5 [ X7, H”) (45a)
= I(X{; Y [H") + I(Xg; Y5 [H") (45b)

where
?lc = Hk7ka + Z, k=1,2. (46)

The converse proof techniques developed in [19, Appendixhfpoint-to-point ergodic fading link in
which the transmit and received signals are related by (46)ke apply directly following[(45b), and

thus, we have that any achievable rate pair must satisfy
2
Ri+Ry <) E [C <|Hk,lc|2 Py (chJc))] : (47)
k=1

2) Achievable SchemeCorollary[1 states that the capacity region of an equivaleMAC is an inner

bound on the capacity region of an IFC. Thus, from Thedrém Bra-iate of

Sk (€ (1Hal? P (i) (48)
k=1
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is achievable wheP* (H) = P*/ (H,, ;) satisfies the condition for case 1 [n32), which is equivalen
to the requirement thaP®/ (Hg,1) satisfies[(IR).

The conditions in[{12) imply that waterfilling over the twoiptto-point links from each user to its
receiver is optimal when the fading averaged rate achieyeebloh transmitter at its intended receiver is
strictly smaller than the rate it achieves in the presencmtefference at the unintended receiver, i.e.,
the channel is very strong on average.

Finally, since the achievable bound on the sum-ratd_in (48) achieves the single-user capacities,
the capacity region of an EVS IFC is given khy (10).

3) Separability: Achieving the sum-capacity and the capacity region of th®IA&Z requires joint
encoding and decoding across all sub-channels. This dismmvalso carries over to the sub-class of
ergodic very strong IFCs that are in general a mix of weak arwhg sub-channels. In fact, any strategy
where each sub-channel is viewed as an independent IFC evifittictly sub-optimal except for those

cases where every sub-channel is very strong at the optiatialyp

B. Uniformly Strong IFC: Proof of Theoref 3

We now show that the strategy of allowing both receivers ttode both messages achieves the sum-
capacity for the sub-class of fading IFCs in which every rigdstate (sub-channel) is strong, i.e., the
entries ofh satisfy |hy 1| < |ho,1| @and|ha 2| < |h1 2.

1) Converse:ln the Proof of Theorerml 2, we developed a genie-aided outendon the sum-capacity
of ergodic fading IFCs. One can use similar arguments toewihie bounds on the ratég and R, for

every choice of feasible power polidy (H), as
Ry <E [1og (1 + | Hysl? Py (H))} L k=1,2. (49)
<E [log (1+ |Hyxl* P (B) ) |, 5= 1,25 # k. (50)

where [50) follows from the uniformly strong condition indjl We now present two additional bounds
where the genie reveals the interfering signal to only onthefreceivers. Consider first the case where
the genie reveals the interfering signal at receizégdne can then reduce the two-sided IFC to a one-sided
IFC, i.e., setHy; = 0.
For this genie-aided one-sided channel, from Fano’s indgguae have that the achievable rate must
satisfy
n(Ry + Ry) —ne < I(X1; Y H™) + I(X3; Y5 | H™). (51a)
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We first consider the expression on the right-sidel of (51a)kéone instantiatioth”™. We thus have

XT3V H = 0") + I(X55 Y5 [H" = h") = I(X7; b X7+ hy o X5 + Z7) + 1(X3; hy o X5 + Z3)

(52)
whereh?, is a diagonal matrix with diagonal entriés ;. ;, for all i = 1,2, ..., n. Consider the mutual
information terms on the right-side of the equality [n](5@)e can expand these terms as

h (b} X7 +h7, X3 + Z7) — h (b, X3 + 27) (53a)
+h (hyo X7 + Z3) — h(Z3)

<n Z(h (h11: X1, +h12,i X2+ Z1;) — h(Z2,)) (53b)
—h (R X5 + Z1') + h (hyo X3 + Z3) (53c)

where(a) is from the fact that conditioning does not increase entrépy the uniformly strong ergodic
IFC satisfying [(14), i.e.|h2 2| < |h1 24|, forall i =1,2,... n, the third and fourth terms in_(58b) can
be simplified as

—n (X3 + (i) 27) + (X5 + (ng) " 23) (54)
—log (hi,[) + log (|h32|)
— —h (X5 + (b7o) 7" 27) + (X5 + (b1o) " 27+ 27) (54b)

— log (|h',|) + log (|h3,)

= (7" X5 + (hy) " Z§ + Z") — log (|h?,]) + log (|ng,)) (54c)

< I(Z"% (0%5) " 2 + Z™) — log (|hY,]) + log (|hys|) (54d)
= h(Z3) — h(Z]) (54e)
=N (h(Za) - W(Z1)) (540

i=1

where Z; ~ C/\/( ‘hnz

mixing increases entropy.

.

‘hl 2. > for all 7, and the inequality in[(84) results from the fact that

Substituting [(E4le) in[(53b), we thus have that for everyansation, then-letter expressions reduce

to a sum of single-letter expressions. Over all fading im$d&ions, one can thus write

(R1+ Rp) — e < I(X1(Q(n)) X2 (Q (n)) ;Y1 (Q (n)) [H(Q (n)) Q (n)) (55)

where( (n) is a random variable distributed uniformly dn,2,... ,n}.
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Our analysis from here on is exactly similar to that for a f@dMAC in [20, Appendix A], and thus,
we omit it in the interest of space. Effectively, the anadyisivolves considering an increasing sequence
of partitions (quantized rangeg), k = Z*, of the alphabet oH, while ensuring that for each, the
transmitted signals are constrained in power. Taking $irafipropriately oven andk, as in [20, Appendix

A], we obtain

Ri+Ry—e<E [C (Zizl | Hy ol Py (H))} (56)

where P(H) satisfies[(B).

One can similarly let; » = 0 and show that
Ri+ Ry~ e <E|[C (S0 [Haul* P (H) )| (57)

Combining [(49), [(BD),[(86), and (57), we see that, for evéigice of P (H), the capacity region of a
uniformly strong ergodic fading IFC lies within the capacitgion of a C-MAC for which the fading

states satisfy{ (14). Thus, over all power policies, we have
Circ (P1, P2) € Comac (P1, Pa) . (58)

2) Achievable StrategyAllowing both receivers to decode both messages as stat&@biiallary[1
achieves the outer bound. For the resulting C-MAC, the umifp strong condition in[{14) limits the
intersection of the rate regiords (P (H)) andCs (P (H)), for any choice ofP (H), to one of cases,
3a, 3b, 3¢, or the boundary cas€d,n) for n = 3a,3b, 3¢, such that[(40) defines the single-user rate
bounds.

The sum-capacity optimal policy for each of the above casgs/en by Theoreml8. Thus, the optimal
user policies are single-user waterfilling solutions whiea tiniformly strong fading IFC also satisfies
@2), i.e., the optimal policies satisfy the conditions ¢asel. For all other cases, the optimal policies are
opportunistic multiuser allocations. Specifically, ca8esind 3b the solutions are the classical multiuser
waterfilling solutions [20].

One can similarly develop the optimal policies that achithe capacity region. Here too, for every
point u1 Ry + pe Ra, 11, p2, ON the boundary of the capacity region, the optimal polity(H) is either
PY (H) or P™ (H) or P (H) for n = 3a, 3b, 3c.

3) Separability: See Remark]8.
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C. Uniformly Weak One-Sided IFC: Proof of Theorem 4

We now prove Theoref 4 on the sum-capacity of a sub-classesied ergodic fading IFCs where
every sub-channel is weak, i.e., the channel is uniformlpkvé&Ve show that it is optimal to ignore the
interference at the unintended receiver.

1) Converse:From Fano’s inequality, any achievable rate pdt, R2) must satisfy
n(Ry + R2) —ne < I( X5 Y'H™) + I(X5; Yy [H"). (59a)
We first consider the expression on the right-side[of (59akfome instantiatioh™, i.e., consider

(X5 Y H = 0") 4+ (X355 Y5 [H" = h") = I(X7; b X7+ hy s X5 + Z7) + 1(X3' 3 hy o X5 + Z3)

(60)
whereh’, is a diagonal matrix with diagonal entriés ;, for alli = 1,2,...,n. Let N" be a sequence
of independent Gaussian random variables, such that

AR 1 0
12 ~CN 0, Pi0; ’ (61)
N; pioi 02
and
pi=1- (|hl,2,z'|2 /|h2,2,z‘|2> (62)
pioi = 14 |ha2i|* Pay. (63)
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We bound[(6D) as follows:

I(XT; V1" [h") + I(X5; V5" |h")

< (XT3 Y, Ry XT 4+ N'h") + 1(X3; Y5 [h") (64a)

= h (k5o X5 + Z3) — h(Z3) + h (A} XT + N™) — h(N™) (64b)

+ N (R XT + WY X5 + ZT IR XT + N7) — h (hi, X3 + ZT|N")

< Zn: h(hy1: X7+ Ni) — zn: h(Za4) — Zn: h(N;) + h (k5 , X5 + Z3) (64c)
i=1 i=1 =1

n
—h (PY X5 + ZTIN") + Z ho (b1 X3+ P Xs, + Z1alhyn i X5+ Ny)
=1
n

=Y {h(hi X7+ Ni) = h(Zag) = h(Ni) + o (ho2i X5, + Z24) (64d)
=1

h(h12:X5; + Z13IN;) 4+h (h11i X7 + b2 X5, + Zrilhii X, + Ni) }
n

_ Z {1og (yh1717i12 P+ 03) — h(o;) +log (\hm,iy? Py + 1) (64e)

=1

— log (\hl,z,i\2 P+ (1- P?)) + log (!hl,l,z'\2 Pri+ 1o Poi+1

2 -1 2 2
- (|h1,1,i| P+ Ui) (|h1,1,i| Py + pio’i)

= \hlli\z Py,
= 1og (|ho,24* Poi+ 1) +log [ 1+ ——rt =2t (64f)
; { ( ) 1+ |h124|* Pay

where [64L) follows from the fact that conditioning does matrease entropy and that the conditional

entropy is maximized by Gaussian signaling, i.&};; ~ CN (0, P ;), (64d) follows from [(61) and (62)

which imply
var (A4, 2141N;) = |2;25 |?2 — |hg |2 (65)
and therefore,
h(P32 X3 + Z3) = h (R X5 + Z7|N") (662)
= log (‘h%!) — log (‘h’fz!) (66b)
= Zn: h(hopiX3,; + Zog) — h (2, X5, + Z13|Ni) ; (66c)

i=1

and [64¥) follows from substituting (63) in_(64e) and sinfiyilig the resulting expressions.
Our analysis from here on is similar to that for the US IFC (ab® [20, Appendix A]). Effectively,

the analysis involves considering an increasing sequehgartitions (quantized rangeq),, k = 7T,
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of the alphabet o, while ensuring that for each, the transmitted signals are constrained in power.
Taking limits appropriately overn andk, and using the fact that tHeg expressions i _(64f) are concave
functions of P, ;, for all k£, and that every feasible power policy satisfigs (3), we obtai
Hy1l? Pi (h)
C (1Hal P (0)) + € 2L : 67a
<‘ 22l P )) <1+’H1,2\2P2 (h) (672
An outer bound on the sum-rate is obtained by maximizing alleeasible policies and is given by (|19)

and [20).
2) Achievable StrategyThe outer bounds can be achieved by letting receiver 1 igimatedecode) the

Ri+Ry—€e<E

interference it sees from transmitter Averaged over all sub-channels, the sum of the rates amthiat/
the two receivers for every choice &f(H) is given by [67k). The sum-capacity [n[19) is then obtained
by maximizing [67h) over all feasiblg (H).

3) Separability: The optimality of separate encoding and decoding acrossubechannels follows
directly from the fact that the sub-channels are all of thmesaype, and thus, independent messages
can be multiplexed across the sub-channels. This is in @sinto the uniformly strong and the ergodic
very strong IFCs where mixtures of different channel typedoth cases is exploited to achieve the
sum-capacity by encoding and decoding jointly across ditchannels.

Remark 20:A natural question is whether one can extend the techniqgeresl@ped here to the two-
sided UW IFC. In this case, one would have four parameterschannel state, namely, (H) and
of (H), k = 1,2. Thus, for example, one can generalize the techniques Rrfff of Th. 2] for a fading

IFC with non-negative real; ;, for all j, k, such thatf, ; > Hy; and Hy» > H; 2, to outer bound the

Elc !H1,1!21:1 (H) Lo \H2,2!21231 (H) 7 (68)
1—|—|H172| Py (H) 1—|—|H2,1| Py (H)

we require thapy, (H) ando? (H), for all H, satisfy

sum-rate by

Hi1Hio (1+ H3 Py (H)) 4+ HyoHay (1+ H{ oPy (H)) < Hy 1 Hyp. (69)

This implies that for a given fading statistics, every cleoid feasible power policie® (H) must satisfy
the condition in[(6D). With the exception of a few trivial ctreel models, the condition i (69) cannot in
general be satisfied by all power policies. One approach éxtend the results on sum-capacity and the
related noisy interference condition for PGICs in [16, PrafoTh. 3] to ergodic fading IFCs. Despite the
fact that ergodic fading channels are simply a weighted é¢oation of parallel sub-channels, extending

the results in [16, Proof of Th. 3] are not in general strefigttard.
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D. Uniformly Mixed IFC: Proof of Theorem 5

The proof of Theoreni]6 follows directly from bounding the soapacity a UM IFC by the sum-
capacities of a UW one-sided IFC and a US one-sided IFC tisaltrfrom eliminating links one of the
two interfering links. Achievability follows from using hUS coding scheme for the strong user and the

UW coding scheme for the weak user.

E. Uniformly Weak IFC: Proof of Theorem 6

The proof of Theoreni]6 follows directly from bounding the suapacity a UW IFC by that of a
UW one-sided IFC that results from eliminating one of thesiiféring links (eliminating an interfering
link can only improve the capacity of the network). Since tammplementary one-sided IFCs can be
obtained thus, we have two outer bounds on the sum-capdcityw/ IFC denoted bys(:!) (P (H)) and
Sw.2) (P (H)) in @4), whereS™Y (P (H)) andS(-?) (P (H)) are the bounds for one-sided UW IFCs
with Hy; = 0 and H; » = 0, respectively.

F. Hybrid One-Sided IFC: Proof of Theorem 7

The bound in[(25) can be obtained from the following code tronsion: userl encodes its message
wy across all sub-channels by constructing independent @aussdebooks for each sub-channel to
transmit the same message. On the other hand, user 2 trartgmimessagegus,, wa.) jointly across
all sub-channels by constructing independent Gaussiaabomks for each sub-channel to transmit the
same message pair. The messaggsandw,. are transmitted at (fading averaged) rates and Ry,
respectively, such thak,, + Ry = R». Thus, across all sub-channels, one may view the encodiag as
Han Kobayashi coding scheme for a one-sided non-fading tF@Hhich the two transmitted signals in

each use of sub-channH are

X1 (H) = v P (H)V1 (H) (70)
X5 (H) = voauhP (H)VQ (H) + v ag P (H)U2 (H) (72)
whereV; (H), V2 (H), andU, (H) are independent zero-mean unit variance Gaussian randaaibles,
for all H, ag € [0, 1] andayx = 1 — ag are the power fractions allocated fap, andws., respectively.

Thus, overn uses of the channely,, andw,. are encoded vid&3' and U3, respectively.

Receiverl decodesv; andws, jointly and receiver2 decodesw,, andws. jointly across all channel
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states provided

Ry <E [C (\Hmy? au P (H))} (72a)
Ryp + Roc <E [C (\Hmy? Py (H))] (72b)
B 2
B <k |c(—Hul 7 H) (73a)
1+ ‘HLQ‘ ag Py (H)
- L
Ry <E |C | 2l 0nl (H) (73b)
1+ ‘HLQ‘ ag Py (H)
i 2 2
Ryt Ry < |0 [ Hl P E ok ) ) ) (73c)
i 1+ |H172| OéHPQ (H)

Using Fourier-Motzhkin elimination, we can simplify the s in [72) and (43) to obtain

i 2
R <E|C |H1 | 2P1 (H) (74a)
i 1+ |H1,2| aHPQ (H)

Ry <E |C (|Haal* P2 (H))] (74b)
’H172’25HP2 (H)
1+ |Hyo|* ag Py (H)
o ([l P (H) +2|HL2|2aHP2 LT B

1+ ’Hl,z‘ agPs (H)
Combining the bounds in_(¥4), for every choice(ofiy, P (H)), the sum-rate is given by the minimum

(74c)

Ry <E :C (aH ‘H272’2P2 (H)>:| +E

R+ Ry <E :C’ (|Hg,2|2 anPs (H))] +E

of two functionsS; (am, P (H)) and Ss (am, P (H)), whereS; (P (H)) is the sum of the bounds on
R; and R, in (74a) and[(74b), respectively, atsd (am, P (H)) is the bound omR; + Ry in (74d). The
bound onR; + R, from combining [[74a) and (74c) is at least as muchlas|(74d),h@mce, is ignored.
The maximization of the minimum of; (P (H)) and .Sz (am, P (H)) can be shown to be equivalent
to aminimaxoptimization problem (see for e.qg., [36, II.C]) for whichetimaximum sum-rat&™* is given
by three cases. The three cases are defined below. Note thatincase, the optim#&”* (H) and oy
maximize the smaller of the two functions and therefore méze both in case when the two functions

are equal. The three cases are

Casel : S* =S (afy, P* (H)) < Sz (afy, P* (H)) (75a)
Case2: S* =Sy (afy, P*(H)) < S (afy, P* (H)) (75b)
Case3: S* =5 (af, P*(H)) = Sz (ajy, P* (H)) (75¢)
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Thus, for Cases 1 and the minimax policy is the policy maximizing, (P (H)) and Sz (oxr, P (H))

subject to the conditions in_(75a) arid (¥5b), respectivghije for Case3, it is the policy maximizing

S1 (P (H)) subject to the equality constraint in (T5c). We now consities maximization problem for

each sub-class. Before proceeding, we observe faft,) is maximized foraj; = 0 and P} (H) =

P,f,wf) (Hpk), k =1,2. On the other hand, thej; maximizing S; (-) depends on the sub-class.
Uniformly Strong The boundSs (am, P (H)) in (74d) can be rewritten as

E |C (|Hzal auPs ()| —E [C (1o anPe ()] +E | (|Hal* P (H) + [Hio Py (D)

(76)
and thus, wherPr[|H; 2| > |H22|] = 1, for every choice ofP (H), S; (opr, P (H)) is maximized by
ag =0, i.e., wy = wa.. The sum-capacity is given by (16) with, ; = oo (this is equivalent to a genie
aiding one of the receivers thereby simplifying the sumagity expression i (16) for a two-sided IFC
to that for a one-sided IFC). Furthermorey = 0 also maximizesS; (am, P (H)) . In conjunction with
the outer bounds for US IFCs developed earlier, the US symeity and the optimal policy achieving
it are obtained via the minimax optimization problem withy = 0 such that every sub-channel carries
the same common information.

Uniformly Weak For this sub-class of channels, it is straightforward tafyehat for of; = 0 (754)
will not be satisfied. Thus, one is left with Cases 2 @neirom Theorerl4, we have thaj; = 1 achieves
the sum-capacity of one-sided UW IFCs, i.ey = wsq,. Furthermore,S; (1, P (H)) = S; (1, P (H)),
and thus, the condition for Cagds not satisfied, i.e., this sub-class corresponds to Casé¢h&iminimax
optimization. The constrained optimization [n_(¥5c) fors€a can be solved using Lagrange multipliers
though the solution is relatively easier to develop usirghtéques in Theorer 4.

Ergodic Very StrongAs mentioned befores; (-) is maximized forog; = 0 and P (H) = P,wa) (Hgr),
k= 1,2, i.e. whenwy = wy. and each user waterfills on its intended link. Frdm] (78 see that the
sum-capacity of EVS IFCs is achieved provided the condifmnCase 1 in[(7b) is satisfied. Note that
this maximization does not require the sub-channels to bedJWsS.

Hybrid: When the condition for Casein (75) with aj; = 0 is satisfied, we obtain an EVS IFC. On
the other hand, when this condition is not satisfied, thenapttion simplifies to considering Cases
and 3, i.e.,of; # 0 for all H. Using the linearity of expectation, we can write the expi@ss for.S; (-)
and S, () as sums of expectations of the appropriate bounds over thection of weak and strong
sub-channels. LeS,Ef”) (-) and S,(f) (1) denote the expectation over the weak and strong sub-clsgnnel

respectively, fork = 1,2, such thatS (-) = S,iw) () + S,(f) (), k=1,2.
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Consider Case first. For those sub-channels which are strong, one can [Bet¢7 show that
ap =0 maximizesSés) (-). Suppose we choosgy; = 1 to maximizeSZw) (-). From the UW analysis
earlier, S (1, P (H)) = S (1, P (H)), and therefore [{75b) is satisfied only whe’ (0, P (H)) <
Sf) (0, P (H)). This requirement may not hold in general, and thus, to fyai&H), we require that
ajy € (0,1] for thoseH that represent weak sub-channels. Similar arguments bolddse3 too thereby
justifying (28) in Theorent]7.

Remark 21:The bounds in[(72) are written assuming superposition gpdfrthe common and private
messages at transmitterThe resulting bounds following Fourier-Motzkin elimif@t remain unchanged

even if we included an additional bound @t at receiver2 in (72).

VI. DISCUSSION

As in the non-fading case (see [9] for a detailed developroéouter bounds), the outer bounds and
capacity results we have obtained are in general tailoregdaific regimes of fading statistics. Our results
can be summarized by two Venn diagrams, one for the two-sigietlone for the one-sided, as shown
in Fig.[4. Taking a Han-Kobayashi view-point, the diagrameve that transmitting common messages is
optimal for the EVS and US IFCs, i.eu; = wg., k = 1,2. Similarly, choosing only a private message
at the interfering transmitter, i.ewy = wo, for Ho; = 0 andw; = wy, for Hy 5 = 0, is optimal for
the one-sided UW IFC. For the mixed IFCs, it is optimal for steongly and the weakly interfering
users to transmit only common and only private messagesecésgely. For the remaining hybrid IFCs
and two-sided UW IFCs, the most general achievable strategylts from generalizing the HK scheme
to the fading model, i.e., each transmitter in the two-sitfed transmits private and common messages
while only the interfering transmitter does so in the orgedi model. These results are summarizes in
Fig.[d. The sub-classes for which either the sum-capacith@entire capacity region is known are also
indicated in the Figure.

We now present examples of continuous and discrete fadingeps for which the channel states
satisfy the EVS condition. Without loss of generality in lha@xamples we assume that the direct links
are non-fading. Thus, for the case where the fading staisthd average power constraiits satisfy
the EVS conditions in[(12), it is optimal for transmitterto transmit atP,. For the continuous model,
we assume that the cross-links are independent and idintaiatributed Rayleigh faded links, i.e.,
Hjp ~CN (0,0—2/2) for all j # k,j,k = 1,2. For the discrete model, we assume that the cross-link
fading states take values in a binary $&t, ho}. Finally, we setP; = P, = P,

For every choice of the Rayleigh fading variangg we determine the maximur® for which the

June 3, 2009 DRAFT



34

Capacity
Region

EVS IFCs:
Sep. sub-optimé
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Two-user Erg. Fading One-sided IFGs$,( = Two-user Erg. Fading Two-sided IF

Fig. 7. Overview of capacity results for two-sided and oited ergodic fading IFCs.

EVS conditions in[(IR2) hold. The resulting feasilitevs. o2 region is plotted in Fig.18(a). Our numerical
results indicate that for very small values of, i.e., 02 < 1.5, where the cumulative distribution of
fading states withH; ;| < 1 is close tol, the EVS condition cannot be satisfied by any finite value of
P, however small. A2 increases thereby increasing the likelihood @f | > 1, P increases too. Also
plotted in Fig[8(b) is the EVS sum-capacity achievedPat,,, the maximumpP for every choice ob2.
Furthermore, since the Rayleigh fading channel allows digmterference alignment [24], we compare
the EVS sum-capacity with the sum-rate achieved by ergod@ference alignment for every choice of
o2 and the corresponding,,.,. This achievable scheme, whose sum-rate is the same asctriaved
when the users are time-duplexed, is closer to the sum-itpgady for small values ofr2. This is to
be expected as EVS IFCs achieve the largest possible degiréeedom, which i for a two-user IFC
while the scheme of achieves at most one degree of freedom.

From [12), one can verify that for a non-fading very stron@ |Ehe very strong condition sets an

upper bound on the average transmit powegrat userk as
Py < Hyj/ (|Ha? | Hosl?) =1 j #k,jk € {1,2}. (77)

One can view the upper bound éhfor the EVS IFCs in Fig[18 as an equivalent fading-averagathto
We next compare the effect of joint and separate coding far-gsided EVS and US IFCs. For
computational simplicity, we consider a discrete fadingdelowhere the non-zero cross-link fading

state take values in a binary sgt;, ho} while the direct links are non-fading unit gains. For a oited
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(a): Plot of P vs. a2 (b): EVS Sum-Cap. and Erg. Int. Align. Sum-Rate
12

[ 1EVS: Feasible Power-variance region | 4 || s Erg. Int. Alignment: Sum-Rate
Max. Avg. Tx. Power for EVS EVS: Sum-Capacity

10+ —

P, (p1) =P, (p1) :F(Pl) P (p1) =P, (Pl):F(Pl)

Average Transmit Power
Rl + R2

0 5 10 15 20 0 5 10 15 20
Rayleigh fading (cross-links) variance (02) Rayleigh fading (cross-links) variance (02)

Fig. 8. Feasible Power-variance region for EVS, EVS sunaciy and Ergodic Interference Alignment Sum-Rate.

EVS IFC, we chooséhy, ho) = (0.5,3.5) and Py = Py = Py, Where P, is the maximum power
for which the EVS conditions in({12) are satisfied (note thalycone of the conditions are relevant
since it is a one-sided IFC). In Figl 9, the EVS sum-capasitylotted along with the sum-rate achieved
by independent coding in each sub-channel as a functioneoptbbabilityp; of the fading statéh,.
Here independent coding means that each sub-channel isdiias/a non-fading one-sided IFC and the
sum-capacity achieving strategy for each sub-channelptieap

As expected, ag; — 0 or p; — 1, the sum-rate achieved by separable coding approachesittie j
coding scheme. Thus, the difference between the optimal gmding and the sub-optimal independent
coding schemes is the largest when both fading states arm@ledjiely. In contrast to this example
where the gains from joint coding are not negligible, we gt in Fig.[9 the sum-capacity and sum-
rate achieved by independent coding for an EVS IFC with, he) = (0.5,2.0) for which the rate
difference is very small. Thus, as expected, joint codingdgantageous when the variance of the cross-
link fading is large and the transmit powers are small enolaghesult in an EVS IFC. In the same
plot, we also compare the sum-capacity with the sum-ratéeaeti by a separable scheme for two US
IFCs, one given by(hi, he) = (1.25,1.75) and the other by(hi, ha) = (1.25,3.75). As with the EVS
examples, here too, the rate difference between the opjiimhlstrategy and the, in general, sub-optimal

independent strategy increases with increasing variahtieedfading distribution.
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lo T T T
_____ Ind. (hy,h,)=(1.25,1.75)

.......... Joint: (h;,h,)=(1.25,1.75) | |
gl —+—Ind.: (h,h,)=(05,2.0) ||
—— Joint.: (hl,h2)=(0.5,2.0)
—g— Ind.: (n;,h,)=(0.5,3.5)

—g— Joint: (hl,h2)=(0.5,3.5) B
eeepe Indl.2 (hy,h,)=(1.25,3.75)
ees@p--- Joint: (n;,h,)=(1.25,3.75)

R1+R2 (bits/channel use)

Fig. 9. Plot comparing the sum-capacities and the sum-eatefeved by separable coding for different valueg/of, h2) that
result in either an EVS or a US IFC.

One can similarly compare the performance of independeshtj@nt coding for two-sided EVS and
US IFCs. In this case, the more general HK scheme needs tortsédeoed in each sub-channel for the
independent coding case. In general, the observationbdoorte-sided also extend to the two-sided IFC.

Finally, we demonstrate sum-rates achievable by Theddeor & thybrid one-sided IFC. As before,
for computational simplicity, we consider a discrete fagmodel where the cross-link fading states take
values in a binary sefthy, ho} while the direct links are non-fading unit gains. Withoussoof generality,
we choose(hy, hy) = (0.5,2.0) and assum&’; = P, = P. The sum-rate achieved by the proposed
HK-like scheme, denoteﬂfﬁfff), is determined as a function of the probability of the weak staté;.

For eachp;, using the fact that a hybrid IFC is by definition one for whitle EVS condition is not

satisfied, we choosE (p;) = ?f];/xs (p1) + 1.5 where P~ % (p,) is the maximumP for which the EVS

conditions hold for the chosem and (h, ho).

In Fig.[10(a), we plothffn() as a function op;. We also plot the largest sum-rate outer bouﬁ'fﬁg)
obtained by assuming interference-free links from the sigethe receivers. Finally, for comparison, we
plot the sum—rateRgﬂ’}f) achieved by a separable coding scheme in each sub-charmels@parable

coding scheme is simply a special case of the HK-based joiding scheme presented for hybrid one-
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(a): Plot of R, + R, vs. p; (b): Plotof ay, » ap, vs. py
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Fig. 10. Sum-Rate v, for HK-based scheme and Separable coding scheme and plopsimial power fractions for HK-based
scheme.

sided IFCs in Theorei 7 obtained by choosirjg = 0 andaj; = 1 in the strong and weak sub-channels,
respectively. ThusRéﬂ?ﬁf) < Rgf,ff ) as demonstrated in the plot. In Fig.]110(b), the fractiorjs and
aj,. in the hy (weak) and theh, (strong) states, respectively, are plotted. As expeetgd~ 0; on the
other handpf;L1 varies betwee® and1 such that forp; — 1, a’;“ — 1 and forp; — 1, a;;l — 1. Thus,
when either the weak or the strong state is dominant, thepedance of the HK-based coding scheme

approaches that of the separable scheme in [30].

VIlI. CONCLUSIONS

We have developed the sum-capacity of specific sub-clagsrgadic fading IFCs. These sub-classes
include the ergodic very strong (mixture of weak and stromgrshannels satisfying the EVS condition),
the uniformly strong (collection of strong sub-channethg uniformly weak one-sided (collection of
weak one-sided sub-channels) IFCs, and the uniformly mixeit of UW and US one-sided IFCs)
two-sided IFCs. Specifically, we have shown that requirinthlreceivers to decode both messages, i.e.,
simplifying the IFC to a compound MAC, achieves the sum-cégand the capacity region of the EVS
and US (one- and two-sided) IFCs. For both sub-classesgewnbithe sum-capacity requires encoding

and decoding jointly across all sub-channels.
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In contrast, for the UW one-sided IFCs, we have used gediedamethods to show that the sum-
capacity is achieved by ignoring interference at the isted receiver and with independent coding
across sub-channels. This approach also allowed us toapeweter bounds on the two-sided UW IFCs.
We combined the UW and US one-sided IFCs results to develepstim-capacity for the uniformly
mixed two-sided IFCs and showed that joint coding is optimal

For the final sub-class of hybrid one-sided IFCs with a mix efakw and strong sub-channels that do
not satisfy the EVS conditions, using the fact that the gfrenb-channels can be exploited, we have
proposed a Han-Kobayashi based achievable scheme thas giartial interference cancellation using
a joint coding scheme. Assuming no time-sharing, we havevsitbat the sum-rate is maximized by
transmitting only a common message on the strong sub-clsaand transmitting a private message in
addition to this common message in the weak sub-channaisingrthe optimality of this scheme for
the hybrid sub-class remains open. However, we have alserstimt the proposed joint coding scheme
applies to all sub-classes of one-sided IFCs, and theretareompasses the sum-capacity achieving
schemes for the EVS, US, and UW sub-classes.

Analogously with the non-fading IFCs, the ergodic capaoitya two-sided IFC continues to remain
unknown in general. However, additional complexity arif@sn the fact that the sub-channels can in
general be a mix of weak and strong IFCs. A direct result of tmmplexity is that, in contrast to the
non-fading case, the sum-capacity of a one-sided fadingr&®@ins open for the hybrid sub-class. The
problem similarly remains open for the two-sided fading 1@ additional challenge for the two-sided

IFC is that of developing tighter bounds for the uniformlyakechannel.
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