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Abstract

The sum-capacity of ergodic fading Gaussian two-user interference channels (IFCs) is developed

under the assumption of perfect channel state information at all transmitters and receivers. For the sub-

classes ofuniformly strong(every fading state is strong) andergodic very strongtwo-sided IFCs (a mix of

strong and weak fading states satisfying specific fading averaged conditions) the optimality of completely

decoding the interference, i.e., converting the IFC to a compound multiple access channel (C-MAC), is

proved. It is also shown that this capacity-achieving scheme requires encoding and decoding jointly

across all fading states. As an achievable scheme and also asa topic of independent interest, the capacity

region and the corresponding optimal power policies for an ergodic fading C-MAC are developed. For the

sub-class ofuniformly weakIFCs (every fading state is weak), genie-aided outer boundsare developed.

The bounds are shown to be achieved by ignoring interferenceand separable coding for one-sided fading

IFCs. Finally, for the sub-class of one-sidedhybrid IFCs (a mix of weak and strong states that do not

satisfy ergodic very strong conditions), an achievable scheme involving rate splitting and joint coding

across all fading states is developed and is shown to performat least as well as a separable coding

scheme.
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Index Terms

Interference channel, ergodic fading, strong and weak interference.

I. INTRODUCTION

The interference channel (IFC) models a wireless network where every transmitter (user) communicates

with its unique intended receiver while causing interference to the remaining receivers. For the two-user

IFC, the topic of study in this paper and henceforth simply referred to as an IFC, the capacity region

is not known in general even when the channel is time-invariant, i.e., non-fading. Capacity results are

known only for specific classes of non-fading two-user IFCs where the classes are identified by the

relative strength of the channel gains of the interfering cross-links and the intended direct links. Thus,

strong and weak IFCs refer to the cases where the channel gains of the cross-links are at least as large

as those of the direct links and vice-versa.

The capacity region for the class of strong Gaussian IFCs is developed independently in [1], [2], [3]

and can be achieved when both receivers decode both the intended and interfering messages. In contrast,

for the weak channels, the sum-capacity can be achieved by ignoring interference when the channel

gains of one of the cross-links is zero, i.e., for a one-sidedIFC [4]. More recently, the sum-capacity of a

class of noisy or very weak Gaussian IFCs has been determinedindependently in [5], [6], and [7]. Outer

bounds for the IFC are developed in [8] and [9] while several achievable rate regions for the Gaussian

IFC are studied in [10].

The best known inner bound is due to Han and Kobayashi (HK) [3]. Recently, in [9] a simple HK type

scheme is shown to achieve every rate pair within 1 bit/s/Hz of the capacity region. In [11], the authors

reformulate the HK region as a sum of two sets to characterizethe maximum sum-rate achieved by

Gaussian inputs and without time-sharing. More recently, the approximate capacity of two-user Gaussian

IFCs is characterized using a deterministic channel model in [12]. The sum-capacity of the class of

non-fading MIMO IFCs is studied in [13].

Relatively fewer results are known for parallel or fading IFCs. In [14], the authors develop an achievable

scheme of a class of two-user parallel Gaussian IFCs where each parallel channel is strong using

independent encoding and decoding in each parallel channel. In [15], Sunget al. present an achievable

scheme for a class of one-sided two-user parallel Gaussian IFCs. The achievable scheme involves encoding

and decoding signals over each parallel channel independently such that, depending on whether a parallel

channel is weak or strong (including very strong) one-sidedIFC, the interference in that channel is either
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viewed as noise or completely decoded, respectively. In this paper, we show that independent coding

across sub-channels is in general not sum-capacity optimal.

Recently, for parallel Gaussian IFCs, [16] determines the conditions on the channel coefficients and

power constraints for which independent transmission across sub-channels and treating interference as

noise is optimal. Techniques for MIMO IFCs [13] are applied to study separability in parallel Gaussian

IFCs (PGICs) in [17]. It is worth noting that PGICs are a special case of ergodic fading IFCs in which

each sub-channel is assigned the same weight, i.e., occurs with the same probability; furthermore, they

can also be viewed as a special case of MIMO IFCs and thus results from MIMO IFCs can be directly

applied.

For fading interference networks with three or more users, in [18], the authors develop aninterference

alignmentcoding scheme to show that the sum-capacity of aK-user IFC scales linearly withK in the

high signal-to-noise ratio (SNR) regime when all links in the network have similar channel statistics.

In this paper, we study ergodic fading two-user Gaussian IFCs and determine the sum-capacity and

the corresponding optimal power policies for specific sub-classes, where we define each sub-class by

the fading statistics. Noting that ergodic fading IFCs are aweighted collection of parallel IFCs (sub-

channels), we identify four sub-classes that jointly contain the set of all ergodic fading IFCs. We develop

the sum-capacity for two of them. For the third sub-class, wedevelop the sum-capacity when only one

of the two receivers is affected by interference, i.e., for aone-sided ergodic fading IFC. While the four

sub-classes are formally defined in the sequel, we refer the reader to Fig. 1 for a pictorial representation.

An overview of the capacity results is illustrated in the sequel in Fig. 7.

A natural question that arises in studying ergodic fading and parallel channels is the optimality of

separable coding, i.e., whether encoding and decoding independently on eachsub-channel is optimal in

achieving one or more points on the boundary of the capacity region. For each sub-class of IFCs we

consider, we address the optimality of separable coding, often referred to asseparability, and demonstrate

that in contrast to point-to-point, multiple-access, and broadcast channels without common messages [19],

[20], [21], separable coding is not necessarily sum-capacity optimal for ergodic fading IFCs.

The first of the four sub-classes is the set ofergodic very strong(EVS) IFCs in which each sub-channel

can be either weak or strong but averaged over all fading states (sub-channels) the interference at each

receiver is sufficiently strong that the two direct links from each transmitter to its intended receiver are the

bottle-necks limiting the sum-rate. For this sub-class, weshow that requiring both receivers to decode the

signals from both transmitters is optimal, i.e., the ergodic very strong IFC modifies to a two-user ergodic

fading compound multiple-access channel (C-MAC) in which the transmitted signal from each user is
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intended for both receivers [22]. To this end, as an achievable rate region for IFCs and as a problem of

independent interest, we develop the capacity region and the optimal power policies that achieve them

for ergodic fading C-MACs (see also [22]).

For EVS IFCs we also show that achieving the sum-capacity (and the capacity region) requires

transmitting information (encoding and decoding) jointlyacross all sub-channels, i.e., separable coding

in each sub-channel is strictly sub-optimal. Intuitively,the reason for joint coding across channels lies in

the fact that, analogous to parallel broadcast channels with common messages [23], both transmitters in

the EVS IFCs transmit only common messages intended for bothreceivers for which independent coding

across sub-channels becomes strictly sub-optimal. To the best of our knowledge this is the first capacity

result for fading two-user IFCs with a mix of weak and strong sub-channels. For such mixed ergodic

IFCs, recently, a strategy ofergodic interference alignmentis proposed in [24], and is shown to achieve

the sum-capacity in [25] for a class ofK-user fading IFCs with uniformly distributed phase and at least

K/2 disjoint equal strength interference links.

The second sub-class is the set ofuniformly strong(US) IFCs in which every sub-channel is strong,

i.e., the cross-links have larger fading gains than the direct links for each fading realization. For this

sub-class, we show that the capacity region is the same as that of an ergodic fading C-MAC with the

same fading statistics and that achieving this region requires joint coding across all sub-channels.

The third sub-class is the set ofuniformly weak(UW) IFCs for which every sub-channel is weak. As

a first step, we study the one-sided uniformly weak IFC and develop genie-aided outer bounds. We show

that the bounds are tight when the interfering receiver ignores the weak interference in every sub-channel.

Furthermore, we show that separable coding is optimal for this sub-class. The sum-capacity results for

the one-sided channel are used to develop outer bounds for the two-sided case; however, sum-capacity

results for the two-sided case will require techniques suchas those developed in [16] that also determine

the channel statistics and power policies for which ignoring interference and separable coding is optimal.

The final sub-class is the set ofhybrid IFCs for which the sub-channels are a mix of strong and weak

such that there is at least one weak and one strong sub-channel but are not EVS IFCs (and by definition

also not US and UW IFCs). The capacity-achieving strategy for EVS and US IFCs suggest that a joint

coding strategy across the sub-channels can potentially take advantage of the strong states to partially

eliminate interference. To this end, for ergodic fadingone-sided IFCs, we propose a general joint coding

strategy that uses rate-splitting and Gaussian codebooks without time-sharing for all sub-class of IFCs.

For two-sided IFCs, the coding strategy we present generalizes to a two-sided HK-based scheme with

Gaussian codebooks and no time-sharing that is presented and studied in [26].
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In the non-fading case, a one-sided non-fading IFC is eitherweak or strong and the sum-capacity is

known in both cases. In fact, for the weak case the sum-capacity is achieved by ignoring the interference

and for the strong case it is achieved by decoding the interference at the receiver subject to the interference.

However, for ergodic fading one-sided IFCs, in addition to the UW and US sub-classes, we also have

to contend with the hybrid and EVS sub-classes each of which has a unique mix of weak and strong

sub-channels. The HK-based achievable strategy we proposeapplies to all sub-classes of one-sided IFCs

and includes the capacity-achieving strategies for the EVS, US, and UW as special cases.

The sub-class ofuniformly mixed(UM) IFCs obtained by overlapping two complementary one-sided

IFCs, one of which is uniformly strong and the other uniformly weak, belongs to the sub-class of hybrid

(two-sided) IFCs. For UM IFCs, we show that to achieve sum-capacity the transmitter that interferes

strongly transmits a common message across all sub-channels while the weakly interfering transmitter

transmits a private message across all sub-channels. The two different interfering links however require

joint encoding and decoding across all sub-channels to ensure optimal coding at the receiver with strong

interference.

Finally, a note on separability. In [27], Cadambe and Jafar demonstrate the inseparability of parallel

interference channels using an example of a three-user frequency selective fading IFC. The authors use

interference alignment schemes to show that separability is not optimal for fading IFCs with three or

more users while leaving open the question for the two-user fading IFC. We addressed this question in

[28] for the ergodic fading one-sided IFC and developed the conditions for the optimality of separability

for EVS and US one-sided IFCs. In this paper, we readdress this question for all sub-classes of fading

IFCs. Our results suggest that in general both one-sided andtwo-sided IFCs benefit from transmitting

the same information across all sub-channels, i.e., not independently encoding and decoding in each

sub-channel, thereby exploiting the fading diversity to mitigate interference.

The paper is organized as follows. In Section II, we present the channel models studied. In Section

III, we summarize our main results. The capacity region of anergodic fading C-MAC is developed in

Section IV. The proofs are collected in Section V. We discussour results with numerical examples in

Section VI and conclude in Section VII.

II. CHANNEL MODEL AND PRELIMINARIES

A two-sender two-receiver (also referred to as the two-user) ergodic fading Gaussian IFC consists of

two source nodesS1 and S2, and two destination nodesD1 and D2 as shown in Fig. 2. SourceSk,

k = 1, 2, uses the channeln times to transmit its messageWk, which is distributed uniformly in the set

June 3, 2009 DRAFT
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Two-user Erg. Fading Two-sided IFCs

US IFC:

every 

sub-ch.

is strong 

Two-user Erg. Fading One-sided IFCs

EVS IFC: 

mix of weak and 

strong sub-channels

Hybrid IFC: non-EVS 

mix of weak and strong

Mixed

IFCs: 

every

sub-ch

mixed

EVS IFC: 

mix of weak and 

strong sub-channels

Hybrid IFC: 

non-EVS mix of

weak and strong

UW:  

weak sub-channels

US IFC:

every 

sub-ch.

is strong UW:  

weak sub-channels

Fig. 1. A Venn diagram representation of the four sub-classes of ergodic fading one- and two-sided IFCs.
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1,1h

1,2h

2,2h

1S

2S

1D
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(a) Two-sided IFC (b) One-sided IFC

Fig. 2. The two-user Gaussian two-sided IFC and C-MAC and thetwo-user Gaussian one-sided IFC.

{1, 2, . . . , 2Bk} and is independent of the message from the other source, to its intended receiver,Dk, at

a rateRk = Bk/n bits per channel use. In each use of the channel,Sk transmits the signalXk while

the destinationDk receivesYk, k = 1, 2. For X = [X1 X2]
T , the channel output vectorY = [Y1 Y2]

T

is given by

Y = HX + Z (1)

whereZ = [Z1 Z2]
T is a noise vector with entries that are zero-mean, unit variance, circularly symmetric

complex Gaussian noise variables andH is a random matrix of fading gains with entriesHm,k, for all
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m,k = 1, 2, such thatHm,k denotes the fading gain between receiverm and transmitterk. We useh to

denote a realization ofH. We assume the fading process{H} is stationary and ergodic but not necessarily

Gaussian. Note that the channel gainsHm,k, for all m andk, are not assumed to be independent; however,

H is known instantaneously at all the transmitters and receivers.

Over n uses of the channel, the transmit sequences{Xk,i} are constrained in power according to
n
∑

i=1

|Xk,i|2 ≤ nP k , for all k = 1, 2. (2)

Since the transmitters know the fading states of the links onwhich they transmit, they can allocate their

transmitted signal power according to the channel state information. A power policyP (h) is a mapping

from the fading state space consisting of the set of all fading states (instantiations)h to the set of non-

negative real values inR2
+. The entries ofP (h) arePk(h), the power policy at userk, k = 1, 2. While

P (h) denotes the map for a particular fading state, we writeP (H) to explicitly describe the policy for

the entire set of random fading states. Thus, we use the notation P (H) when averaging over all fading

states or describing a collection of policies, one for everyh. The entries ofP (H) arePk(H), for all k.

For an ergodic fading channel, (2) then simplifies to

E [Pk(H)] ≤ P k for all k = 1, 2, (3)

where the expectation in (3) is over the distribution ofH. We denote the set of all feasible policies

P (h), i.e., the power policies whose entries satisfy (3), byP. Finally, we writeP to denote the vector

of average power constraints with entriesP k, k = 1, 2.

For the special case where both receivers decode the messages from both transmitters, we obtain a

compound MAC (see Fig. 2(a)). A one-sided fading Gaussian IFC results when eitherH1,2 = 0 or

H2,1 = 0 (see Fig. 2(b)). Without loss of generality, we develop sum-capacity results for a one-sided

IFC (Z-IFC) with H2,1 = 0. The results extend naturally to the complementary one-sided model with

H1,2 = 0. A two-sided IFC can be viewed as a collection of two complementary one-sided IFCs, one

with H1,2 = 0 and the other withH2,1 = 0.

We write CIFC
(

P 1, P 2

)

andCC-MAC
(

P 1, P 2

)

to denote the capacity region of an ergodic fading IFC

and C-MAC, respectively. Our definition of average error probabilities, capacity regions, and achievable

rate pairs(R1, R2) for both the IFC and C-MAC mirror the standard information-theoretic definitions

[29, Chap. 14].

Non-fading IFCs can be classified by the relative strengths of the interfering to intended signals at

each of the receivers. A (two-sided non-fading)strong IFC is one in which the cross-link channel gains
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are larger than the direct link channel gains to the intendedreceivers [1], i.e.,

|Hj,k| > |Hk,k| for all j, k = 1, 2, j 6= k. (4)

A strong IFC isvery strongif the cross-link channel gains dominate the transmit powers such that (see

for e.g., [1], [2])

2
∑

k=1

C
(

|Hk,k|2 Pk (H)
)

< C

(

2
∑

k=1

|Hj,k|2 Pj (H)

)

for all j = 1, 2, (5)

where for the non-fading IFC,Pk (H) = P k in (2). One can verify that (5) implies (4), i.e., a very strong

IFC is also strong.

A non-fading IFC isweakwhen (4) is not satisfied for allj, k, i.e., neither of the two complementary

one-sided IFCs that a two-sided IFC can be decomposed into are strong. A non-fading IFC ismixed

when one of complementary one-sided IFCs is weak while the other is strong, i.e.,

|H1,2| > |H2,2| and |H2,1| < |H1,1| (6)

or

|H1,2| > |H2,2| and |H2,1| < |H1,1| . (7)

An ergodic fading IFC is a collection of parallel sub-channels (fading states), and thus, each sub-

channel can be either very strong, strong, or weak. Since a fading IFC can contain a mixture of different

types of sub-channels, we introduce the following definitions to classify the set of all ergodic fading

two-user Gaussian IFCs (see also Fig. 1). Unless otherwise stated, we henceforth simply write IFC to

denote a two-user ergodic fading Gaussian IFC.

Definition 1: A uniformly strongIFC is a collection of strong sub-channels, i.e., both cross-links in

each sub-channel satisfy (4).

Definition 2: An ergodic very strongIFC is a collection of weak and strong (including very strong) sub-

channels for which (5) is satisfied when averaged over all fading states and forPk (H) = P
(wf)
k (Hkk),

whereP
(wf)
k (Hkk) is the optimal waterfilling policy that achieves the point-to-point capacity for userk

in the absence of interference.

Definition 3: A uniformly weakIFC is a collection of weak sub-channels, i.e., in each sub-channel

both cross-links do not satisfy (4).

Definition 4: A uniformly mixedIFC is a pair of two complementary one-sided IFCs in which oneof

them is uniformly weak and the other is uniformly strong.

June 3, 2009 DRAFT
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Definition 5: A hybrid IFC is a collection of weak and strong sub-channels with at least one weak

and one strong sub-channel that do not satisfy the conditions in (5) when averaged over all fading states

and forPk (H) = P
(wf)
k (Hkk).

Since an ergodic fading channel is a collection of parallel sub-channels (fading states) with different

weights, throughout the sequel, we use the terms fading states and sub-channels interchangeably. In

contrast to the one-sided IFC, we simply write IFC to denote the two-sided model. Before proceeding,

we summarize the notation used in the sequel.

• Random variables (e.g.Hk,j) are denoted with uppercase letters and their realizations(e.g. hk,j)

with the corresponding lowercase letters.

• Bold font X denotes a random matrix while bold fontx denotes an instantiation ofX.

• I denotes the identity matrix.

• |X| andX
−1 denotes the determinant and inverse of the matrixX.

• CN (0,Σ) denotes a circularly symmetric complex Gaussian distribution with zero mean and co-

varianceΣ.

• K = {1, 2} denotes the set of transmitters.

• E (·) denotes expectation;C(x) denoteslog(1 + x) where the logarithm is to the base 2,(x)+

denotesmax(x, 0), I(·; ·) denotes mutual information,h (·) denotes differential entropy, andRS

denotes
∑

k∈SRk for anyS ⊆ K.

III. M AIN RESULTS

The following theorems summarize the main contributions ofthis paper. The proof for the capacity

region of the C-MAC is presented in Section IV as are the details of determining the capacity achieving

power policies. The proofs for the remaining theorems, related to IFCs, are collected in Section V.

Throughout the sequel we write waterfilling solution to denote the capacity achieving power policy for

ergodic fading point-to-point channels [19].

A. Ergodic fading C-MAC

An achievable rate region for ergodic fading IFCs results from allowing both receivers to decode

the messages from both transmitters, i.e., by converting anIFC to a C-MAC. The following theorem

summarizes the sum-capacityCC-MAC of an ergodic fading C-MAC.
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Theorem 1:The capacity region,CC-MAC
(

P 1, P 2

)

, of an ergodic fading two-user Gaussian C-MAC

with average power constraintsPk at transmitterk, k = 1, 2, is

CC-MAC
(

P 1, P 2

)

=
⋃

P∈P

{C1 (P (H)) ∩ C2 (P (H))} (8)

where forj = 1, 2, we have

Cj (P (H)) =

{

(R1, R2) : RS ≤ E

[

C

(

∑

k∈S

|Hj,k|2 Pk (H)

)]

, for all S ⊆ K
}

. (9)

The optimal coding scheme requires encoding and decoding jointly across all sub-channels.

Remark 1:The capacity regionCC-MAC is convex. This follows from the convexity of the setP and

the concavity of thelog function.

Remark 2:CC-MAC is a function of
(

P 1, P 2

)

due to the fact that union in (8) is over all feasible power

policies, i.e., over allP (H) whose entries satisfy (3).

Remark 3: In contrast to the ergodic fading point-to-point and multiple access channels, the ergodic

fading C-MAC is not merely a collection of independent parallel channels; in fact encoding and decoding

independently in each parallel channel is in general sub-optimal as demonstrated later in the sequel.

Corollary 1: The capacity regionCIFC of an ergodic fading IFC is bounded asCC-MAC ⊆ CIFC.

B. Ergodic Very Strong IFCs

Theorem 2:The capacity region of an ergodic very strong IFC is

CEV S
IFC =

{

(R1, R2) : Rk ≤ E

[

C
(

|Hk,k|2 Pwf
k (Hk,k)

)]

, k = 1, 2
}

. (10)

The sum-capacity is
2
∑

k=1

E

[

C
(

|Hk,k|2 Pwf
k (Hk,k)

)]

(11)

where, for allk, Pwf
k (Hj,k) is the optimal waterfilling solution for an (interference-free) ergodic fading

link between transmitterk and receiverk such that,Pwf (Hk,k) satisfies

2
∑

k=1

E

[

C
(

|Hk,k|2 Pwf
k (Hk,k)

)]

< min
j=1,2

E

[

C

(

2
∑

k=1

|Hj,k|2 Pwf
k (Hk,k)

)]

. (12)

The capacity achieving scheme requires encoding and decoding jointly across all sub-channels at the

transmitters and receivers respectively. The optimal strategy also requires both receivers to decode

messages from both transmitters.
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Remark 4: In the sequel we show that the condition in (12) is a result of the achievable strategy,

and therefore is a sufficient condition. For the special caseof fixed (non-fading) channel gainsH, and

P ∗
k = P 1, (12) reduces to the general conditions for a very strong IFC(see for e.g., [1]) given by

|H1,2|2 > |H2,2|2
(

1 + |H1,1|2 P 1

)

(13a)

|H2,1|2 > |H1,1|2
(

1 + |H2,2|2 P 2

)

. (13b)

In contrast, the fading averaged conditions in (12) imply that not every sub-channel needs to satisfy (13)

and in fact, the ergodic very strong channel can be a mix of weak and strong channels providedP (wf)

satisfies (12). This in turn implies that not every parallel sub-channel needs to be a strong (non-fading)

Gaussian IFC.

Remark 5:The set of strong fading IFCs for which every sub-channel is strong and the optimal

waterfilling policies for the two interference-free links satisfy (12) is strictly a subset of the set of

ergodic very strong IFCs.

Remark 6:As stated in Theorem 2, the capacity achieving scheme for EVSIFCs requires coding

jointly across all sub-channels. Coding independent messages (separable coding) across the sub-channels

is optimal only when every sub-channel is very strong at the optimal policy P (wf).

C. Uniformly Strong IFC

In the following theorem, we present the capacity region andthe sum-capacity of a uniformly strong

IFC.

Theorem 3:The capacity region of a uniformly strong fading IFC for which the entries of every fading

stateh satisfy

|h1,1| ≤ |h2,1| and |h2,2| ≤ |h1,2| (14)

is given by

CUS
IFC

(

P 1, P 2

)

= CC-MAC
(

P 1, P 2

)

(15)

whereCC-MAC
(

P 1, P 2

)

is the capacity of an ergodic fading C-MAC with the same channel statistics as

the IFC. The sum-capacity is

max
P (H)∈P

min

{

min
j=1,2

{

E

[

C
(

∑2
k=1 |Hj,k|2 Pk (H)

)]}

,

2
∑

k=1

E

[

C
(

|Hk,k|2 Pk (H)
)]

}

. (16)

The capacity achieving scheme requires encoding and decoding jointly across all sub-channels at the

transmitters and receivers, respectively, and also requires both receivers to decode messages from both

transmitters.
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Remark 7: In contrast to the very strong case, every sub-channel in a uniformly strong fading IFC is

strong.

Remark 8:The uniformly strong condition may suggest that separability is optimal. However, the

capacity achieving C-MAC approach requires joint encodingand decoding across all sub-channels. A

strategy where each sub-channel is viewed as an independentIFC, as in [14], will in general be strictly sub-

optimal. This is seen directly from comparing (16) with the sum-rate achieved by coding independently

over the sub-channels which is given by

max
P (H)∈P

E

{

min

{

min
j=1,2

{

C
(

∑2
k=1 |Hj,k|2 Pk (H)

)}

,

2
∑

k=1

C
(

|Hk,k|2 Pk (H)
)

}}

. (17)

The sub-optimality of independent encoding follows directly from the fact that for two random variables

A (H) and 6 B (H) , E[min (A (H) , B (H))] ≤ min (E[A (H)], E[B (H)])] with equality if and only if

for every fading instantiationh, A (H) (resp.B (H)) dominatesB (H) (resp.A (H)). Thus, independent

(separable) encoding across sub-channels is optimal only when, atP ∗ (H), the sum-rate in every sub-

channel in (17) is maximized by the same sum-rate function.

D. Uniformly Weak One-Sided IFC

The following theorem summarizes the sum-capacity of a one-sided uniformly weak IFC in which

every sub-channel is weak.

Theorem 4:The sum-capacity of a uniformly weak ergodic fading Gaussian one-sided IFC for which

the entries of every fading stateh satisfy

|h2,2| > |h1,2| (18)

is given by

max
P (H)∈P

{

S(w,1) (P (H))
}

(19)

where

S(w,1) (P (H)) = E

[

C

(

|H1,1|2 P1 (H)

1 + |H1,2|2 P2 (H)

)

+ C
(

|H2,2|2 P2 (H)
)

]

. (20)

Remark 9:One could alternately consider the fading one-sided IFC in which |h1,1| > |h2,1| and

h1,2 = 0 for the sum-capacity is given by (19) with the superscript1 replaced by 2. The expression

S(w,2) (P (H)) is given by (20) after swapping the indexes1 and2.
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E. Uniformly Mixed IFC

The following theorem summarizes the sum-capacity of a class of uniformly mixed two-sided IFC.

Theorem 5:For a class of uniformly mixed ergodic fading two-sided Gaussian IFCs for which the

entries of every fading stateh satisfy

|h1,1| > |h2,1| and |h2,2| ≤ |h1,2| (21)

the sum-capacity is

max
P (H)∈P

{

min
(

E

[

C
(

∑2
k=1 |H1,k|2 Pk (H)

)]

, S(w,2) (P (H))
)}

(22)

whereS(w,2) (P (H)) is given by (20) by swapping indexes1 and2.

Remark 10:One could alternately consider the fading IFC in which|h1,1| ≤ |h2,1| and|h2,2| > |h1,2|.
The sum-capacity is given by (22) after swapping the indexes1 and2.

Remark 11:For the special case ofHk,k =
√

SNRejφkk andHj,k =
√

INRejφjk , j 6= k, whereφj,k

for all j andk is independent and distributed uniformly in[−π, π], the sum-capacity in Theorems 3 and

5 can also be achieved by ergodic interference alignment as shown in [25].

F. Uniformly Weak IFC

The sum-capacity of a one-sided uniformly weak IFC in Theorem 4 is an upper bound for that of

a two-sided IFC for which at least one of two one-sided IFCs that result from eliminating a cross-link

is uniformly weak. Similarly, a bound can be obtained from the sum-capacity of the complementary

one-sided IFC. The following theorem summarizes this result.

Theorem 6:For a class of uniformly weak ergodic fading two-sided Gaussian IFCs for which the

entries of every fading stateh satisfy

|h1,1| > |h2,1| and |h2,2| > |h1,2| (23)

the sum-capacity is upper bounded as

R1 + R2 ≤ max
P (H)∈P

min
(

S(w,1) (P (H)) , S(w,2) (P (H))
)

. (24)

Remark 12:For the non-fading case, the sum-rate bounds in (24) simplify to those obtained in [9,

Theorem 3].
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G. One-sided IFC: General Achievable Scheme

For EVS and US IFCs, Theorems 2 and 3 suggest that joint codingacross all sub-channels is optimal.

Particularly for EVS, such joint coding allows one to exploit the strong states in decoding messages.

Relying on this observation, we present an achievable strategy based on joint coding all sub-classes of

one-sided IFCs withH2,1 = 0. The encoding scheme involves rate-splitting at user2, i.e., user2 transmits

w2 = (w2p, w2c) wherew2p andw2c are private and common messages, respectively and can be viewed

as a Han-Kobayashi scheme with Gaussian codebooks and without time-sharing.

Theorem 7:The sum-capacity of a one-sided IFC is lower bounded by

max
P (H)∈P,αH∈[0,1]

min (S1 (αH, P (H)) , S2 (αH, P (H))) (25)

where

S1 (αH, P (H)) = E

[

C

(

|H1,1|2 P1 (H)

1 + |H1,2|2 αHP2 (H)

)]

+ E

[

C
(

|H2,2|2 P2 (H)
)]

, (26)

S2 (αH, P (H)) = E

[

C
(

|H2,2|2 αHP2 (H)
)]

+ E

[

C

(

|H1,1|2 P1 (H) + |H1,2|2 αHP2 (H)

1 + |H1,2|2 αHP2 (H)

)]

, (27)

such thatαH is the power allocated by user2 in fading stateH to transmittingw2p andαH = 1 − αH,

αH ∈ [0, 1]. For EVS one-sided IFCs, the sum-capacity is achieved by choosing αH = 0 for all H

providedS1

(

0, P (wf) (H)
)

< S2

(

0, P (wf) (H)
)

. For US one-sided IFCs, the sum-capacity is given by

(25) for αH = 0 for all H. For UW one-sided IFCs, the sum-capacity is achieved by choosing αH = 1

and maximizingS2 (1, P (H)) = S1 (1, P (H)) over all feasibleP (H) . For a hybrid one-sided IFC, the

achievable sum-rate is maximized by

α∗
H

=







α (H) ∈ (0, 1] sub-channelH is weak

0 sub-channelH is strong.
(28)

and is given by (25) for this choice ofα∗
H

.

Remark 13:The optimal α∗
H

in (28) implies that in general for the hybrid one-sided IFCsjoint

coding the transmitted message across all sub-channels is optimal. Specifically, the common message

is transmitted jointly in all sub-channels while the private message is transmitted only in the weak

sub-channels.

Remark 14:The separation-based coding scheme of [30] is a special caseof the above HK-based

coding scheme and is obtained by choosingαH = 1 and αH = 0 for the weak and strong states,

respectively. The resulting sum-rate is at most as large as the bound in (25) obtained forα∗
H

∈ (0, 1] and

α∗
H

= 0 for the weak and strong states, respectively.
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Remark 15:In [26], a Han-Kobayashi based scheme using Gaussian codebooks and no time-sharing

is used to develop an inner bound on the capacity region of a two-sided IFC.

IV. COMPOUND MAC: CAPACITY REGION AND OPTIMAL POLICIES

As stated in Corollary 1, an inner bound on the sum-capacity of an IFC can be obtained by allowing

both receivers to decode both messages, i.e., by determining the sum-capacity of a C-MAC with the same

inter-node links. In this Section, we prove Theorem 1 which establishes the capacity region of ergodic

fading C-MACs and discuss the optimal power policies that achieve every point on the boundary of the

capacity region.

A. Capacity Region

The capacity region of a discrete memoryless compound MAC isdeveloped in [31]. For each choice

of input distribution at the two independent sources, this capacity region is an intersection of the MAC

capacity regions achieved at the two receivers. The techniques in [31] can be easily extended to develop the

capacity region for a Gaussian C-MAC with fixed channel gains. For the Gaussian C-MAC, one can show

that Gaussian signaling achieves the capacity region usingthe fact that Gaussian signaling maximizes

the MAC region at each receiver. Thus, the Gaussian C-MAC capacity region is an intersection of the

Gaussian MAC capacity regions achieved atD1 andD2. For a stationary and ergodic process{H}, the

channel in (1) can be modeled as a parallel Gaussian C-MACs consisting of a collection of independent

Gaussian C-MACs, one for each fading stateh, with an average transmit power constraint over all parallel

channels.

We now prove Theorem 1 stated in Section III-A which gives thecapacity region of ergodic fading

C-MACs.

Proof of Theorem1

We first present an achievable scheme. Consider a policyP (H) ∈ P. The achievable scheme involves

requiring each transmitter to encode the same message across all sub-channels and each receiver to jointly

decode over all sub-channels. Independent codebooks are used for every sub-channel. An error occurs at

receiverj if one or both messages decoded jointly across all sub-channels is different from the transmitted

message. Given this encoding and decoding, the analysis at each receiver mirrors that for a MAC receiver

[29, 14.3] and one can easily verify that for reliable reception of the transmitted message at receiverj,

the rate pair(R1, R2) needs to satisfy the rate constraints in (9) where in decoding wS = {wk : k ∈ S}
the information collected in each sub-channel is given byC

(

∑

k∈S |Hj,k|2 Pk (H)
)

, for all S ⊆ K.
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Fig. 3. Rate regionsC1(P (H)) andC2(P (H)) and sum-rate for case 1 and case 2.

Thus, for any feasibleP (H), the achievable rate region is given byC1 (P (H)) ∩ C2 (P (H)). From the

concavity of thelog function, the achievable region over allP (H) is given by (8).

For the converse, the proof technique mirrors the proof for the capacity of an ergodic fading MAC

developed in [20, Appendix A]. For anyP (H) ∈ P, one can using similar limiting arguments to show

that for asymptotically error-free performance at receiver j, for all j, the achievable region has to be

bounded as

RS ≤ E

[

C
(

∑

k∈S |Hj,k|2 Pk (H)
)]

, j = 1, 2. (29)

The proof is completed by noting that due to the concavity of the log it suffices to take the union of the

region over allP (H) ∈ P.

Remark 16:An achievable scheme in which independent messages are encoded in each sub-channel,

i.e., separable coding, will in general not achieve the capacity region. This is due to the fact that for

this separable coding scheme the achievable rate in each sub-channel is a minimum of the rates at each

receiver. The average of such minima can at most be the minimum of the average rates at each receiver,

where the latter is achieved by encoding the same message jointly across all sub-channels.

Corollary 1 follows from the argument that a rate pair inCC-MAC is achievable for the IFC sinceCC-MAC

is the capacity region when both messages are decoded at bothreceivers.

B. Sum-Capacity Optimal Policies

The capacity regionCC-MAC is a union of the intersection of the pentagonsC1 (P (H)) andC2 (P (H))

achieved atD1 and D2, respectively, where the union is over allP (H) ∈ P. The regionCC-MAC is

convex, and thus, each point on the boundary ofCC-MAC is obtained by maximizing the weighted sum
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Fig. 4. Rate regionsRr(P (H)) andRd(P (H)) and sum-rate for cases3a, 3b, and3c.

µ1R1 + µ2R2 over all P (H) ∈ P, and for all µ1 > 0, µ2 > 0, subject to (29). In this section, we

determine the optimal policyP ∗ (H) that maximizes the sum-rateR1 +R2 whenµ1 = µ2 = 1. Using the

fact that the rate regionsC1 (P (H)) andC2 (P (H)), for any feasibleP (H), are pentagons, in Figs. 3

and 4 we illustrate the five possible choices for the sum-rateresulting from an intersection ofC1 (P (H))

andC2 (P (H)) (see also [32]).

Cases1 and 2, as shown in Fig. 3 and henceforth referred to asinactive cases, are such that the

constraints on the two sum-rates are not active inC1 (P (H)) ∩ C2 (P (H)), i.e., no rate tuple on the

sum-rate plane achieved at one of the receivers lies within or on the boundary of the rate region achieved

at the other receiver. In contrast, when there exists at least one such rate tuple such that the two sum-

rates constraints are active inC1 (P (H)) ∩ C2 (P (H)) are theactive cases. This includes Cases3a,

3b, and3c shown in Fig. 4 where the sum-rate atD1 is smaller, larger, or equal, respectively, to that

achieved atD2. By definition, the active set also include theboundary casesin which there is exactly

one rate pair that lies within or on the boundary of the rate region achieved at the other receiver. There

are six possible boundary cases that lie at the intersectionof an inactive casel, l = 1, 2, and an active

casen, n = 3a, 3b, 3c. There are six such boundary cases that we denote as cases(l, n), l = 1, 2, and

n = 3a, 3b, 3c.

In general, it is not possible to knowa priori the type of intersection that will maximize the sum-

capacity. Thus, the sum-rate for each case has to be maximized over all P (H) ∈ P. To simplify

optimization and obtain a unique solution, we explicitly consider the six boundary cases as distinct from

the active cases thereby ensuring that the subsets of power policies resulting in the different cases are

disjoint, i.e., no power policy results in more than one case. This in turn implies that the power policies
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Fig. 5. Rate regionsRr(P (H)) andRd(P (H)) for cases (1,3a), (1,3b), and (1,3c).
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Fig. 6. Rate regionsRr(P (H)) andRd(P (H)) for cases (2,3a), (2,3b), and (2,3c).

resulting in each case satisfy specific conditions that distinguish that case from all others. For example,

from Fig. 3, Case 1 results only when
∑2

k=1 C
(

HkkP
(wf)
k (H)

)

< C
(

∑2
k=1 Hj,kP

(wf)
k (H)

)

, for all

j = 1, 2. Using these disjoint cases and the fact that the rate expressions in (29) are concave functions of

P (H) allows us to develop closed form sum-capacity results and optimal policies for all cases. Observe

that cases1 and2 do not share a boundary since such a transition (see Fig. 3) requires passing through

case3a or 3b or 3c. Finally, note that Fig. 4 illustrates two specificC1 andC2 regions for3a, 3b, and

3c. The conditions for each case are shown in Figs. 3-6.

Let P (i)(H) andP (l,n)(H) denote the optimal policies for casesi and(l, n), respectively. LetS(i)(P (H))

andS(l,n)(P (H)) denote the sum-rate achieved for casesi and(l, n), respectively, for someP (H) ∈ P.
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The optimization problem for casei or case(l, n) is given by

max
P (H)∈P

S(i) (P (H)) or max
P (H)∈P

S(l,n) (P (H))

s.t. E [Pk(H)] ≤ P k, k = 1, 2,

Pk(H) ≥ 0, k = 1, 2, for all H

(30)

where

S(1) (P (H)) =
∑2

k=1 E

[

C
(

|Hk,k|2 Pk (H)
)]

S(2) (P (H)) =
∑2

k=1 E

[

C
(

|Hj,k|2 Pk (H)
)]

, j, k = 1, 2, j 6= k

S(i) (P (H)) = E

[

C
(

∑2
k=1 |Hj,k|2 Pk (H)

)]

, for (i, j) = (3a, 2) , (3b, 1)

S(3c) (P (H)) = S(3a) (P (H)) , s.t. S(3a) (P (H)) = S(3b) (P (H))

S(l,n) (P (H)) = S(l) (P (H)) , s.t. S(l) (P (H)) = S(n) (P (H)) . for all (l, n) .

(31)

The conditions for each case are (see Figs 3-6) given below where for each case the condition holds

true when evaluated at the optimal policiesP (i)(H) andP (l,n)(H) for casesi and (l, n), respectively.

For ease of notation, we do not explicitly denote the dependence of S(i) andS(l,n) on the appropriate

P (i)(H) andP (l,n)(H), respectively.

Case1 : S(1) < min
(

S(3a), S(3b)
)

(32)

Case2 : S(2) < min
(

S(3a), S(3b)
)

(33)

Case3a : S(3a) < min
(

S(3b), S(1), S(2)
)

(34)

Case3b : S(3b) < min
(

S(3a), S(1), S(2)
)

(35)

Case3c : S(3a) = S(3b) < min
(

S(1), S(2)
)

(36)

Case (1, 3a) : S(3a) < S(3b) and S(1) < S(3b) (37)

Case (2, 3a) : S(3a) < S(3b) and S(2) < S(3b) (38)

Case (1, 3b) : S(3b) < S(3a) and S(1) < S(3a) (39)

Case (2, 3b) : S(3b) < S(3a) and S(2) < S(3a) (40)

Case (1, 3c) : S(3a) = S(3b) = S(1) < S(2) (41)

Case (2, 3c) : S(3a) = S(3b) = S(2) < S(1). (42)
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The optimal policy for each case is determined using Lagrange multipliers and theKarush-Kuhn-Tucker

(KKT) conditions. The sum-capacity optimalP ∗ (H) is given by thatP (i) (H) or P (l,n) (H) that satisfies

the conditions of its case in (32)-(42).

Remark 17:For cases1 and2, one can expand the capacity expressions to verify that the conditions

S(l) < min
(

S(3a), S(3b)
)

, l = 1, 2, imply that S(1) < S(2) and vice-versa. Therefore, if the optimal

policy is determined in the order of the cases in (32)-(42), the conditions for cases(1, 3c) and(2, 3c) are

tested only after all other cases have been excluded. Furthermore, the two cases are mutually exclusive,

and thus, (41) and (42) simply redundant conditions writtenfor completeness.

Remark 18:For the two-user case the conditions can be written directlyfrom the geometry of in-

tersecting rate regions for each case. However, for a more general K-user C-MAC, the conditions can

be written using the fact that the rate regions for anyP (H) are polymatroids and that the sum-rate of

two intersecting polymatroids is given by the polymatroid intersection lemma. A detailed analysis of the

rate-region and the optimal policies using the polymatroidintersection lemma for aK-user two-receiver

network is developed in [33].

The following theorem summarizes the form ofP ∗ (H) and presents an algorithm to compute it.

The optimal policy maximizing each case can be obtained in a straightforward manner using standard

constrained convex maximization techniques. The algorithm exploits the fact that each the occurence of

one case excludes all other cases and the case that occurs is the one for which the optimal policy satisfies

the case conditions. We refer the reader to [33, Appendix] for a detailed analysis.

Theorem 8:The optimal policyP ∗ (H) achieving the sum-capacity of a two-user ergodic fading C-

MAC is obtained by computingP (i) (H) andP (l,n) (H) starting with cases1 and2, followed by cases

3a, 3b, and 3c, in that order, and finally the boundary cases(l, n), in the order that cases(l, 3c) are

the last to be optimized, until for some case the corresponding P (i) (H) or P (l,n) (H) satisfies the case

conditions. The optimalP ∗ (H) is given by the optimalP (i) (H) or P (l,n) (H) that satisfies its case

conditions and falls into one of the following three categories:

Cases1 and 2: The optimal policies for the two users are such that each user water-fills over its

bottle-neck link, i.e., over the direct link to that receiver with the smaller (interference-free) ergodic

fading capacity. Thus for cases1 and 2, each transmitter water-fills on the (interference-free) point-to-

point links to its intended and unintended receivers, respectively. Thus, for case1, P
(∗)
k (H) = P

(1)
k (H) =

Pwf
k (Hk,k), and for case 2, P

(∗)
k (H) = P

(2)
k (H) = Pwf

k

(

H{1,2}\k,k

)

, k = 1, 2. wherePwf
k (Hj,k) for
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j, k = 1, 2, is defined in Theorem 2.

Cases(3a, 3b, 3c): For cases3a and3b, the optimal user policiesP ∗
k (H), for all k, are opportunistic

multiuser waterfilling solutions over the multiaccess links to receivers 1 and 2, respectively. For case3c,

P ∗
k (H), for all k, takes an opportunistic non-waterfilling form and depends on the channel gains for each

user at both receivers.

Boundary Cases: The optimal user policiesP ∗
k (H), for all k, are opportunistic non-waterfilling solu-

tions.

Remark 19:The sum-rate optimal policies for a two-transmitter two-receiver ergodic fading channel

where one of the receiver also acts as a relay is developed in [33]. The analysis here is very similar to

that in [33], and thus, we briefly outline the intuition behind the results in the proof below.

Proof: The optimal policy for each case can be determined in a straightforward manner using

Lagrange multipliers and theKarush-Kuhn-Tucker(KKT) conditions. Furthermore, not including all or

some of the constraints for each case in the maximization problem simplifies the determination of the

solution.

For cases1 and 2, S(1) and S(2), respectively, are sum of two bottle-neck point-to-point links, and

thus, are maximized by the single-user waterfilling power policies, one for each bottle-neck link. For

cases3a and3b, the optimization is equivalent to maximizing the sum-capacity at one of the receivers.

Thus, applying the results in [20, Lemma 3.10] (see also [34]), for these two cases, one can show that

sum-capacity achieving policies are opportunistic waterfilling solutions that exploit the multiuser diversity.

For case3c, the sum-rateS(3a) is maximized subject to the constraintS(3a) = S(3b). Thus, for this

case, the KKT conditions can be used to show that while opportunistic scheduling of the users based on a

function of their fading states to both receivers is optimal, the optimal policies are no longer waterfilling

solutions. The same argument also holds for the boundary cases(l, n) whereS(l) is maximized subject to

S(l) = S(n). In all cases, the optimal policies can be determined using an iterative procedure in a manner

akin to the iterative waterfilling approach for fading MACs [35]. See [33, Appendix] for a detailed proof.

C. Capacity Region: Optimal Policies

As mentioned earlier, each point on the boundary ofCC-MAC
(

P 1, P 2

)

is obtained by maximizing the

weighted sumµ1R1 + µ2R2 over all P (H) ∈ P, and for allµ1 > 0, µ2 > 0, subject to (29). Without

loss of generality, we assume thatµ1 < µ2. Let µ denote the pair(µ1, µ2). The optimal policyP ∗
(

H,µ
)
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is given by

P ∗
(

H,µ
)

= arg max
P∈P

(µ1R1 + µ2R2) s.t. (R1, R2) ∈ CC-MAC
(

P 1, P 2

)

(43)

whereµ1R1+µ2R2, denoted byS(x)
(

µ,P (H)
)

for casex = i, (l, n), for all i and(l, n), for the different

cases are given by

S(1)
(

µ,P (H)
)

=
∑2

k=1 µkE

[

C
(

|Hk,k|2 Pk (H)
)]

S(2)
(

µ,P (H)
)

=
∑2

k=1 µkE

[

C
(

|Hj,k|2 Pk (H)
)]

, j, k = 1, 2, j 6= k

S(i)
(

µ,P (H)
)

= µ1S
(i) (P (H)) + (µ2 − µ1) min

j=1,2

(

E

[

C
(

|Hj,2|2 P2 (H)
)])

i = 3a, 3b

S(3c)
(

µ,P (H)
)

= S(3a) (P (H)) , s.t. S(3a)
(

µ,P (H)
)

= S(3b)
(

µ,P (H)
)

S(l,n)
(

µ,P (H)
)

= S(l) (P (H)) , s.t. S(l)
(

µ,P (H)
)

= S(n)
(

µ,P (H)
)

. for all (l, n) .

(44)

The expressions forµ2 < µ1 can be obtained from (44) by interchanging the indexes1 and 2 in the

second term in the expression forS(i)
(

µ,P (H)
)

, i = 3a, 3b. From the convexity ofCC-MAC, every point

on the boundary is obtained from the intersection of two MAC rate regions. From Figs. 3-6, we see

that for cases1, 2, and the boundary cases, the region of intersection has a unique vertex at which both

user rates are non-zero and thus,µ1R1 + µ2R2 will be tangential to that vertex. On the other hand, for

cases3a, 3b, and3c, the intersecting region is also a pentagon and thus,µ1R1 + µ2R2, for µ1 < µ2, is

maximized by that vertex at which user2 is decoded after user1. The conditions for the different cases

are given by (32)-(42). Note that for case1, since the sum-capacity achieving policies also achieve the

point-to-point link capacities for each user to its intended destination, the capacity region is simply given

by the single-user capacity bounds onR1 andR2.

The following theorem summarizes the capacity region of an ergodic fading C-MAC and the optimal

policies that achieve it forµ1 < µ2. The policies forµ1 > µ2 can be obtained in a straightforward

manner.

Theorem 9:The optimal policyP ∗ (H) achieving the sum-capacity of a two-user ergodic fading C-

MAC is obtained by computingP (i) (H) andP (l,n) (H) starting with the inactive cases1 and2, followed

by the active cases3a, 3b, and3c, in that order, and finally the boundary cases(l, n), in the order that

cases(l, 3c) are the last to be optimized, until for some case the corresponding P (i) (H) or P (l,n) (H)

satisfies the case conditions. The optimalP ∗ (H) is given by the optimalP (i) (H) or P (l,n) (H) that

satisfies its case conditions and falls into one of the following three categories:

Inactive Cases: The optimal policies for the two users are such that each user water-fills over its bottle-

neck link. Thus for cases1 and 2, each transmitter water-fills on the (interference-free) point-to-point

links to its intended and unintended receivers, respectively. Thus, for case1, P
(∗)
k (H) = Pwf

k (Hk,k),
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and for case 2, P
(∗)
k (H) = P

(2)
k (H) = µkP

wf
k

(

H{1,2}\k,k

)

, k = 1, 2, wherePwf
k (Hj,k) for j, k = 1, 2,

is defined in Theorem 2.

Cases(3a, 3b, 3c): For cases3a and3b, the optimal policies are opportunistic multiuser solutions given

in for the special case where the minimum sum-rate and single-user rate for user2 are achieved at the

same receiver. Otherwise, the solutions for all three casesare opportunistic non-waterfilling solutions.

Boundary Cases: The optimal policies maximizing the constrained optimization of S
(l,n)
µ1,µ2

(P (H)) are

also opportunistic non-waterfilling solutions.

V. PROOFS

A. Ergodic VS IFCs: Proof of Theorem 2

We now prove Theorem 2 on the sum-capacity of a sub-class of ergodic fading IFCs with a mix of

weak and strong sub-channels. The capacity achieving scheme requires both receivers to decode both

messages.

1) Converse:An outer bound on the sum-capacity of an interference channel is given by the sum-

capacity of a IFC in which interference has been eliminated at one or both receivers. One can view it

alternately as providing each receiver with the codeword ofthe interfering transmitter. Thus, from Fano’s

and the data processing inequalities we have that the achievable rate must satisfy

n (R1 + R2) − nǫ ≤ I(Xn
1 ;Y n

1 |Xn
2 ,Hn) + I(Xn

2 ;Y n
2 |Xn

1 ,Hn) (45a)

= I(Xn
1 ; Ỹ n

1 |Hn) + I(Xn
2 ; Ỹ n

2 |Hn) (45b)

where

Ỹk = Hk,kXk + Zk, k = 1, 2. (46)

The converse proof techniques developed in [19, Appendix] for a point-to-point ergodic fading link in

which the transmit and received signals are related by (46) can be apply directly following (45b), and

thus, we have that any achievable rate pair must satisfy

R1 + R2 ≤
2
∑

k=1

E

[

C
(

|Hk,k|2 Pwf
k (Hk,k)

)]

. (47)

2) Achievable Scheme:Corollary 1 states that the capacity region of an equivalentC-MAC is an inner

bound on the capacity region of an IFC. Thus, from Theorem 8 a sum-rate of

2
∑

k=1

E

[

C
(

|Hk,k|2 Pwf
k (Hk,k)

)]

(48)
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is achievable whenP ∗ (H) = Pwf (Hk,k) satisfies the condition for case 1 in (32), which is equivalent

to the requirement thatPwf (Hk,k) satisfies (12).

The conditions in (12) imply that waterfilling over the two point-to-point links from each user to its

receiver is optimal when the fading averaged rate achieved by each transmitter at its intended receiver is

strictly smaller than the rate it achieves in the presence ofinterference at the unintended receiver, i.e.,

the channel is very strong on average.

Finally, since the achievable bound on the sum-rate in (48) also achieves the single-user capacities,

the capacity region of an EVS IFC is given by (10).

3) Separability: Achieving the sum-capacity and the capacity region of the C-MAC requires joint

encoding and decoding across all sub-channels. This observation also carries over to the sub-class of

ergodic very strong IFCs that are in general a mix of weak and strong sub-channels. In fact, any strategy

where each sub-channel is viewed as an independent IFC will be strictly sub-optimal except for those

cases where every sub-channel is very strong at the optimal policy.

B. Uniformly Strong IFC: Proof of Theorem 3

We now show that the strategy of allowing both receivers to decode both messages achieves the sum-

capacity for the sub-class of fading IFCs in which every fading state (sub-channel) is strong, i.e., the

entries ofh satisfy |h1,1| < |h2,1| and |h2,2| < |h1,2|.
1) Converse:In the Proof of Theorem 2, we developed a genie-aided outer bound on the sum-capacity

of ergodic fading IFCs. One can use similar arguments to write the bounds on the ratesR1 andR2, for

every choice of feasible power policyP (H), as

Rk ≤ E

[

log
(

1 + |Hk,k|2 Pk (H)
)]

, k = 1, 2. (49)

≤ E

[

log
(

1 + |Hj,k|2 Pk (H)
)]

, j = 1, 2, j 6= k, (50)

where (50) follows from the uniformly strong condition in (14). We now present two additional bounds

where the genie reveals the interfering signal to only one ofthe receivers. Consider first the case where

the genie reveals the interfering signal at receiver2. One can then reduce the two-sided IFC to a one-sided

IFC, i.e., setH2,1 = 0.

For this genie-aided one-sided channel, from Fano’s inequality, we have that the achievable rate must

satisfy

n (R1 + R2) − nǫ ≤ I(Xn
1 ;Y n

1 |Hn) + I(Xn
2 ;Y n

2 |Hn). (51a)
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We first consider the expression on the right-side of (51a) for some instantiationhn. We thus have

I(Xn
1 ;Y n

1 |Hn = h
n) + I(Xn

2 ;Y n
2 |Hn = h

n) = I(Xn
1 ;hn

1,1X
n
1 + h

n
1,2X

n
2 + Zn

1 ) + I(Xn
2 ;hn

2,2X
n
2 + Zn

2 )

(52)

whereh
n
j,k is a diagonal matrix with diagonal entrieshj,k,i, for all i = 1, 2, . . . , n. Consider the mutual

information terms on the right-side of the equality in (52).We can expand these terms as

h
(

h
n
1,1X

n
1 + h

n
1,2X

n
2 + Zn

1

)

− h
(

h
n
1,2X

n
2 + Zn

1

)

(53a)

+ h
(

h
n
2,2X

n
2 + Zn

2

)

− h (Zn
2 )

(a)

≤ n
n
∑

i=1

(h (h1,1,iX1,i + h1,2,iX2,i + Z1,i) − h (Z2,i)) (53b)

− h
(

hn
1,2X

n
2 + Zn

1

)

+ h
(

hn
2,2X

n
2 + Zn

2

)

, (53c)

where(a) is from the fact that conditioning does not increase entropy. For the uniformly strong ergodic

IFC satisfying (14), i.e.,|h2,2,i| ≤ |h1,2,i| , for all i = 1, 2, . . . , n, the third and fourth terms in (53b) can

be simplified as

− h
(

Xn
2 +

(

h
n
1,2

)−1
Zn

1

)

+ h
(

Xn
2 +

(

h
n
2,2

)−1
Zn

2

)

(54a)

− log
(∣

∣h
n
1,2

∣

∣

)

+ log
(∣

∣h
n
2,2

∣

∣

)

= −h
(

Xn
2 +

(

h
n
1,2

)−1
Zn

1

)

+ h
(

Xn
2 +

(

h
n
1,2

)−1
Zn

1 + Z̃n
)

(54b)

− log
(∣

∣h
n
1,2

∣

∣

)

+ log
(∣

∣h
n
2,2

∣

∣

)

= I(Z̃n;Xn
2 +

(

h
n
1,2

)−1
Zn

1 + Z̃n) − log
(∣

∣h
n
1,2

∣

∣

)

+ log
(∣

∣h
n
2,2

∣

∣

)

(54c)

≤ I(Z̃n;
(

h
n
1,2

)−1
Zn

1 + Z̃n) − log
(∣

∣h
n
1,2

∣

∣

)

+ log
(∣

∣h
n
2,2

∣

∣

)

(54d)

= h(Zn
2 ) − h(Zn

1 ) (54e)

=

n
∑

i=1

(h(Z2,i) − h(Z1,i)) (54f)

whereZ̃i ∼ CN
(

0,
∣

∣

∣
h−1

2,2,i

∣

∣

∣

2
−
∣

∣

∣
h−1

1,2,i

∣

∣

∣

2
)

, for all i, and the inequality in (54) results from the fact that

mixing increases entropy.

Substituting (54e) in (53b), we thus have that for every instantiation, then-letter expressions reduce

to a sum of single-letter expressions. Over all fading instantiations, one can thus write

(R1 + R2) − ǫ ≤ I(X1 (Q (n)) X2 (Q (n)) ;Y1 (Q (n)) |H (Q (n))Q (n)) (55)

whereQ (n) is a random variable distributed uniformly on{1, 2, . . . , n}.
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Our analysis from here on is exactly similar to that for a fading MAC in [20, Appendix A], and thus,

we omit it in the interest of space. Effectively, the analysis involves considering an increasing sequence

of partitions (quantized ranges)Ik, k = I+, of the alphabet ofH, while ensuring that for eachk, the

transmitted signals are constrained in power. Taking limits appropriately overn andk, as in [20, Appendix

A], we obtain

R1 + R2 − ǫ ≤ E

[

C
(

∑2
k=1 |H1,k|2 Pk (H)

)]

(56)

whereP (H) satisfies (3).

One can similarly letH1,2 = 0 and show that

R1 + R2 − ǫ ≤ E

[

C
(

∑2
k=1 |H2,k|2 Pk (H)

)]

(57)

Combining (49), (50), (56), and (57), we see that, for every choice of P (H), the capacity region of a

uniformly strong ergodic fading IFC lies within the capacity region of a C-MAC for which the fading

states satisfy (14). Thus, over all power policies, we have

CIFC
(

P 1, P 2

)

⊆ CC-MAC
(

P 1, P 2

)

. (58)

2) Achievable Strategy:Allowing both receivers to decode both messages as stated inCorollary 1

achieves the outer bound. For the resulting C-MAC, the uniformly strong condition in (14) limits the

intersection of the rate regionsC1 (P (H)) andC2 (P (H)), for any choice ofP (H), to one of cases1,

3a, 3b, 3c, or the boundary cases(1, n) for n = 3a, 3b, 3c, such that (49) defines the single-user rate

bounds.

The sum-capacity optimal policy for each of the above cases is given by Theorem 8. Thus, the optimal

user policies are single-user waterfilling solutions when the uniformly strong fading IFC also satisfies

(12), i.e., the optimal policies satisfy the conditions forcase1. For all other cases, the optimal policies are

opportunistic multiuser allocations. Specifically, cases3a and3b the solutions are the classical multiuser

waterfilling solutions [20].

One can similarly develop the optimal policies that achievethe capacity region. Here too, for every

point µ1R1 + µ2R2, µ1, µ2, on the boundary of the capacity region, the optimal policyP ∗ (H) is either

P (1) (H) or P (n) (H) or P (1,n) (H) for n = 3a, 3b, 3c.

3) Separability: See Remark 8.
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C. Uniformly Weak One-Sided IFC: Proof of Theorem 4

We now prove Theorem 4 on the sum-capacity of a sub-class of one-sided ergodic fading IFCs where

every sub-channel is weak, i.e., the channel is uniformly weak. We show that it is optimal to ignore the

interference at the unintended receiver.

1) Converse:From Fano’s inequality, any achievable rate pair(R1, R2) must satisfy

n (R1 + R2) − nǫ ≤ I(Xn
1 ;Y n

1 |Hn) + I(Xn
2 ;Y n

2 |Hn). (59a)

We first consider the expression on the right-side of (59a) for some instantiationhn, i.e., consider

I(Xn
1 ;Y n

1 |Hn = h
n) + I(Xn

2 ;Y n
2 |Hn = h

n) = I(Xn
1 ;hn

1,1X
n
1 + h

n
1,2X

n
2 + Zn

1 ) + I(Xn
2 ;hn

2,2X
n
2 + Zn

2 )

(60)

whereh
n
j,k is a diagonal matrix with diagonal entrieshj,k,i, for all i = 1, 2, . . . , n. Let Nn be a sequence

of independent Gaussian random variables, such that




Z1,i

Ni



 ∼ CN



0,





1 ρiσi

ρiσi σ2
i







 , (61)

and

ρ2
i = 1 −

(

|h1,2,i|2
/

|h2,2,i|2
)

(62)

ρiσi = 1 + |h2,2,i|2 P2,i. (63)
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We bound (60) as follows:

I(Xn
1 ;Y n

1 |hn) + I(Xn
2 ;Y n

2 |hn)

≤ I(Xn
1 ;Y n

1 , hn
1,1X

n
1 + Nn|hn) + I(Xn

2 ;Y n
2 |hn) (64a)

= h
(

hn
2,2X

n
2 + Zn

2

)

− h (Zn
2 ) + h

(

hn
1,1X

n
1 + Nn

)

− h (Nn) (64b)

+ h
(

hn
1,1X

n
1 + hn

1,2X
n
2 + Zn

1 |hn
1,1X

n
1 + Nn

)

− h
(

hn
1,2X

n
2 + Zn

1 |Nn
)

≤
n
∑

i=1

h
(

h1,1,iX
∗
1,i + Ni

)

−
n
∑

i=1

h (Z2,i) −
n
∑

i=1

h (Ni) + h
(

hn
2,2X

n
2 + Zn

2

)

(64c)

− h
(

hn
1,2X

n
2 + Zn

1 |Nn
)

+
n
∑

i=1

h
(

h1,1,iX
∗
1,i + h1,2,iX

∗
2,i + Z1,i|h1,1,iX

∗
1,i + Ni

)

=
n
∑

i=1

{

h
(

h1,1,iX
∗
1,i + Ni

)

− h (Z2,i) − h (Ni) + h
(

h2,2,iX
∗
2,i + Z2,i

)

(64d)

− h
(

h1,2,iX
∗
2,i + Z1,i|Ni

)

+h
(

h1,1,iX
∗
1,i + h1,2,iX

∗
2,i + Z1,i|h1,1,iX

∗
1,i + Ni

)}

=

n
∑

i=1

{

log
(

|h1,1,i|2 P1,i + σ2
i

)

− h (σi) + log
(

|h2,2,i|2 P2,i + 1
)

(64e)

− log
(

|h1,2,i|2 P2,i +
(

1 − ρ2
i

)

)

+ log
(

|h1,1,i|2 P1,i + |h1,2,i|2 P2,i + 1

−
(

|h1,1,i|2 P1,i + σi

)−1 (

|h1,1,i|2 P1,i + ρiσi

)2
)}

=

n
∑

i=1

{

log
(

|h2,2,i|2 P2,i + 1
)

+ log

(

1 +
|h1,1,i|2 P1,i

1 + |h1,2,i|2 P2,i

)}

(64f)

where (64c) follows from the fact that conditioning does notincrease entropy and that the conditional

entropy is maximized by Gaussian signaling, i.e.,X∗
k,i ∼ CN (0, Pk,i), (64d) follows from (61) and (62)

which imply

var
(

h−1
1,2,iZ1,i|Ni

)

=
1 − ρ2

i

|h1,2,i|2
= |h2,2,i|−2 (65)

and therefore,

h
(

hn
2,2X

n
2 + Zn

2

)

− h
(

hn
1,2X

n
2 + Zn

1 |Nn
)

(66a)

= log
(∣

∣hn
2,2

∣

∣

)

− log
(∣

∣hn
1,2

∣

∣

)

(66b)

=
n
∑

i=1

h
(

h2,2,iX
∗
2,i + Z2,i

)

− h
(

h1,2,iX
∗
2,i + Z1,i|Ni

)

; (66c)

and (64f) follows from substituting (63) in (64e) and simplifying the resulting expressions.

Our analysis from here on is similar to that for the US IFC (seealso [20, Appendix A]). Effectively,

the analysis involves considering an increasing sequence of partitions (quantized ranges)Ik, k = I+,
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of the alphabet ofH, while ensuring that for eachk, the transmitted signals are constrained in power.

Taking limits appropriately overn andk, and using the fact that thelog expressions in (64f) are concave

functions ofPk,i, for all k, and that every feasible power policy satisfies (3), we obtain

R1 + R2 − ǫ ≤ E

[

C
(

|H2,2|2 P2 (h)
)

+ C

(

|H1,1|2 P1 (h)

1 + |H1,2|2 P2 (h)

)]

. (67a)

An outer bound on the sum-rate is obtained by maximizing overall feasible policies and is given by (19)

and (20).

2) Achievable Strategy:The outer bounds can be achieved by letting receiver 1 ignore(not decode) the

interference it sees from transmitter2. Averaged over all sub-channels, the sum of the rates achieved at

the two receivers for every choice ofP (H) is given by (67a). The sum-capacity in (19) is then obtained

by maximizing (67a) over all feasibleP (H).

3) Separability: The optimality of separate encoding and decoding across thesub-channels follows

directly from the fact that the sub-channels are all of the same type, and thus, independent messages

can be multiplexed across the sub-channels. This is in contrast to the uniformly strong and the ergodic

very strong IFCs where mixtures of different channel types in both cases is exploited to achieve the

sum-capacity by encoding and decoding jointly across all sub-channels.

Remark 20:A natural question is whether one can extend the techniques developed here to the two-

sided UW IFC. In this case, one would have four parameters perchannel state, namelyρk (H) and

σ2
k (H), k = 1, 2. Thus, for example, one can generalize the techniques in [5,Proof of Th. 2] for a fading

IFC with non-negative realHj,k for all j, k, such thatH1,1 > H2,1 andH2,2 > H1,2, to outer bound the

sum-rate by

E

[

C

(

|H1,1|2 P1 (H)

1 + |H1,2|2 P2 (H)

)

+ C

(

|H2,2|2 P1 (H)

1 + |H2,1|2 P2 (H)

)]

, (68)

we require thatρk (H) andσ2
k (H), for all H, satisfy

H1,1H1,2

(

1 + H2
2,1P1 (H)

)

+ H2,2H2,1

(

1 + H2
1,2P2 (H)

)

≤ H1,1H2,2. (69)

This implies that for a given fading statistics, every choice of feasible power policiesP (H) must satisfy

the condition in (69). With the exception of a few trivial channel models, the condition in (69) cannot in

general be satisfied by all power policies. One approach is toextend the results on sum-capacity and the

related noisy interference condition for PGICs in [16, Proof of Th. 3] to ergodic fading IFCs. Despite the

fact that ergodic fading channels are simply a weighted combination of parallel sub-channels, extending

the results in [16, Proof of Th. 3] are not in general straightforward.
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D. Uniformly Mixed IFC: Proof of Theorem 5

The proof of Theorem 6 follows directly from bounding the sum-capacity a UM IFC by the sum-

capacities of a UW one-sided IFC and a US one-sided IFC that result from eliminating links one of the

two interfering links. Achievability follows from using the US coding scheme for the strong user and the

UW coding scheme for the weak user.

E. Uniformly Weak IFC: Proof of Theorem 6

The proof of Theorem 6 follows directly from bounding the sum-capacity a UW IFC by that of a

UW one-sided IFC that results from eliminating one of the interfering links (eliminating an interfering

link can only improve the capacity of the network). Since twocomplementary one-sided IFCs can be

obtained thus, we have two outer bounds on the sum-capacity of a UW IFC denoted byS(w,1) (P (H)) and

S(w,2) (P (H)) in (24), whereS(w,1) (P (H)) andS(w,2) (P (H)) are the bounds for one-sided UW IFCs

with H2,1 = 0 andH1,2 = 0, respectively.

F. Hybrid One-Sided IFC: Proof of Theorem 7

The bound in (25) can be obtained from the following code construction: user1 encodes its message

w1 across all sub-channels by constructing independent Gaussian codebooks for each sub-channel to

transmit the same message. On the other hand, user 2 transmits two messages(w2p, w2c) jointly across

all sub-channels by constructing independent Gaussian codebooks for each sub-channel to transmit the

same message pair. The messagesw2p andw2c are transmitted at (fading averaged) ratesR2p andR2c,

respectively, such thatR2p + R2c = R2. Thus, across all sub-channels, one may view the encoding asa

Han Kobayashi coding scheme for a one-sided non-fading IFC in which the two transmitted signals in

each use of sub-channelH are

X1 (H) =
√

P1 (H)V1 (H) (70)

X2 (H) =
√

αHP2 (H)V2 (H) +
√

αHP2 (H)U2 (H) (71)

whereV1 (H), V2 (H), andU2 (H) are independent zero-mean unit variance Gaussian random variables,

for all H, αH ∈ [0, 1] andαH = 1−αH are the power fractions allocated forw2p andw2c, respectively.

Thus, overn uses of the channel,w2p andw2c are encoded viaV n
2 andUn

2 , respectively.

Receiver1 decodesw1 andw2c jointly and receiver2 decodesw2p andw2c jointly across all channel
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states provided

R2p ≤ E

[

C
(

|H2,2|2 αHP2 (H)
)]

(72a)

R2p + R2c ≤ E

[

C
(

|H2,2|2 P2 (H)
)]

(72b)

R1 ≤ E

[

C

(

|H1,1|2 P1 (H)

1 + |H1,2|2 αHP2 (H)

)]

(73a)

R2c ≤ E

[

C

(

|H1,2|2 αHP2 (H)

1 + |H1,2|2 αHP2 (H)

)]

(73b)

R1 + R2c ≤ E

[

C

(

|H1,1|2 P1 (H) + |H1,2|2 αHP2 (H)

1 + |H1,2|2 αHP2 (H)

)]

. (73c)

Using Fourier-Motzhkin elimination, we can simplify the bounds in (72) and (73) to obtain

R1 ≤ E

[

C

(

|H1,1|2 P1 (H)

1 + |H1,2|2 αHP2 (H)

)]

(74a)

R2 ≤ E

[

C
(

|H2,2|2 P2 (H)
)]

(74b)

R2 ≤ E

[

C
(

αH |H2,2|2 P2 (H)
)]

+ E

[

|H1,2|2 αHP2 (H)

1 + |H1,2|2 αHP2 (H)

]

(74c)

R1 + R2 ≤ E

[

C
(

|H2,2|2 αHP2 (H)
)]

+ E

[

C

(

|H1,1|2 P1 (H) + |H1,2|2 αHP2 (H)

1 + |H1,2|2 αHP2 (H)

)]

. (74d)

Combining the bounds in (74), for every choice of(αH, P (H)), the sum-rate is given by the minimum

of two functionsS1 (αH, P (H)) and S2 (αH, P (H)), whereS1 (P (H)) is the sum of the bounds on

R1 andR2 in (74a) and (74b), respectively, andS2 (αH, P (H)) is the bound onR1 + R2 in (74d). The

bound onR1 + R2 from combining (74a) and (74c) is at least as much as (74d), and hence, is ignored.

The maximization of the minimum ofS1 (P (H)) andS2 (αH, P (H)) can be shown to be equivalent

to aminimaxoptimization problem (see for e.g., [36, II.C]) for which the maximum sum-rateS∗ is given

by three cases. The three cases are defined below. Note that ineach case, the optimalP ∗ (H) andα∗
H

maximize the smaller of the two functions and therefore maximize both in case when the two functions

are equal. The three cases are

Case1 : S∗ = S1 (α∗
H

, P ∗ (H)) < S2 (α∗
H

, P ∗ (H)) (75a)

Case2 : S∗ = S2 (α∗
H

, P ∗ (H)) < S1 (α∗
H

, P ∗ (H)) (75b)

Case3 : S∗ = S1 (α∗
H

, P ∗ (H)) = S2 (α∗
H

, P ∗ (H)) (75c)
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Thus, for Cases 1 and 2, the minimax policy is the policy maximizingS1 (P (H)) andS2 (αH, P (H))

subject to the conditions in (75a) and (75b), respectively,while for Case3, it is the policy maximizing

S1 (P (H)) subject to the equality constraint in (75c). We now considerthis maximization problem for

each sub-class. Before proceeding, we observe that,S1 (·) is maximized forα∗
H

= 0 and P ∗
k (H) =

P
(wf)
k (Hkk), k = 1, 2. On the other hand, theα∗

H
maximizingS2 (·) depends on the sub-class.

Uniformly Strong: The boundS2 (αH, P (H)) in (74d) can be rewritten as

E

[

C
(

|H2,2|2 αHP2 (H)
)]

− E

[

C
(

|H1,2|2 αHP2 (H)
)]

+ E

[

C
(

|H1,1|2 P1 (H) + |H1,2|2 P2 (H)
)]

,

(76)

and thus, whenPr[|H1,2| > |H2,2|] = 1, for every choice ofP (H), S2 (αH, P (H)) is maximized by

αH = 0, i.e., w2 = w2c. The sum-capacity is given by (16) withH2,1 = ∞ (this is equivalent to a genie

aiding one of the receivers thereby simplifying the sum-capacity expression in (16) for a two-sided IFC

to that for a one-sided IFC). Furthermore,αH = 0 also maximizesS1 (αH, P (H)) . In conjunction with

the outer bounds for US IFCs developed earlier, the US sum-capacity and the optimal policy achieving

it are obtained via the minimax optimization problem withα∗
H

= 0 such that every sub-channel carries

the same common information.

Uniformly Weak: For this sub-class of channels, it is straightforward to verify that for α∗
H

= 0 (75a)

will not be satisfied. Thus, one is left with Cases 2 and3. From Theorem 4, we have thatα∗
H

= 1 achieves

the sum-capacity of one-sided UW IFCs, i.e.,w2 = w2p. Furthermore,S2 (1, P (H)) = S1 (1, P (H)),

and thus, the condition for Case2 is not satisfied, i.e., this sub-class corresponds to Case 3 in the minimax

optimization. The constrained optimization in (75c) for Case3 can be solved using Lagrange multipliers

though the solution is relatively easier to develop using techniques in Theorem 4.

Ergodic Very Strong: As mentioned before,S1 (·) is maximized forα∗
H

= 0 andP ∗
k (H) = P

(wf)
k (Hkk),

k = 1, 2, i.e. whenw2 = w2c and each user waterfills on its intended link. From (75), we see that the

sum-capacity of EVS IFCs is achieved provided the conditionfor Case 1 in (75) is satisfied. Note that

this maximization does not require the sub-channels to be UWor US.

Hybrid: When the condition for Case1 in (75) with α∗
H

= 0 is satisfied, we obtain an EVS IFC. On

the other hand, when this condition is not satisfied, the optimization simplifies to considering Cases2

and 3, i.e.,α∗
H

6= 0 for all H. Using the linearity of expectation, we can write the expressions forS1 (·)
and S2 (·) as sums of expectations of the appropriate bounds over the collection of weak and strong

sub-channels. LetS(w)
k (·) and S

(s)
k (·) denote the expectation over the weak and strong sub-channels,

respectively, fork = 1, 2, such thatSk (·) = S
(w)
k (·) + S

(s)
k (·), k = 1, 2.
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Consider Case2 first. For those sub-channels which are strong, one can use (76) to show that

α∗
H

= 0 maximizesS(s)
2 (·). Suppose we chooseα∗

H
= 1 to maximizeS

(w)
2 (·). From the UW analysis

earlier,S(w)
2 (1, P (H)) = S

(w)
1 (1, P (H)), and therefore, (75b) is satisfied only whenS

(s)
2 (0, P (H)) <

S
(s)
1 (0, P (H)). This requirement may not hold in general, and thus, to satisfy (75b), we require that

α∗
H

∈ (0, 1] for thoseH that represent weak sub-channels. Similar arguments hold for Case3 too thereby

justifying (28) in Theorem 7.

Remark 21:The bounds in (72) are written assuming superposition coding of the common and private

messages at transmitter2. The resulting bounds following Fourier-Motzkin elimination remain unchanged

even if we included an additional bound onR2c at receiver2 in (72).

VI. D ISCUSSION

As in the non-fading case (see [9] for a detailed developmentof outer bounds), the outer bounds and

capacity results we have obtained are in general tailored tospecific regimes of fading statistics. Our results

can be summarized by two Venn diagrams, one for the two-sidedand one for the one-sided, as shown

in Fig. 7. Taking a Han-Kobayashi view-point, the diagrams show that transmitting common messages is

optimal for the EVS and US IFCs, i.e.,wk = wkc, k = 1, 2. Similarly, choosing only a private message

at the interfering transmitter, i.e.,w2 = w2p for H2,1 = 0 and w1 = w1p for H1,2 = 0, is optimal for

the one-sided UW IFC. For the mixed IFCs, it is optimal for thestrongly and the weakly interfering

users to transmit only common and only private messages, respectively. For the remaining hybrid IFCs

and two-sided UW IFCs, the most general achievable strategyresults from generalizing the HK scheme

to the fading model, i.e., each transmitter in the two-sidedIFC transmits private and common messages

while only the interfering transmitter does so in the one-sided model. These results are summarizes in

Fig. 7. The sub-classes for which either the sum-capacity orthe entire capacity region is known are also

indicated in the Figure.

We now present examples of continuous and discrete fading process for which the channel states

satisfy the EVS condition. Without loss of generality in both examples we assume that the direct links

are non-fading. Thus, for the case where the fading statistics and average power constraintsP k satisfy

the EVS conditions in (12), it is optimal for transmitterk to transmit atP k. For the continuous model,

we assume that the cross-links are independent and identically distributed Rayleigh faded links, i.e.,

Hj,k ∼ CN
(

0, σ2/2
)

for all j 6= k, j, k = 1, 2. For the discrete model, we assume that the cross-link

fading states take values in a binary set{h1, h2}. Finally, we setP 1 = P 2 = P .

For every choice of the Rayleigh fading varianceσ2, we determine the maximumP for which the
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Fig. 7. Overview of capacity results for two-sided and one-sided ergodic fading IFCs.

EVS conditions in (12) hold. The resulting feasibleP vs.σ2 region is plotted in Fig. 8(a). Our numerical

results indicate that for very small values ofσ2, i.e., σ2 < 1.5, where the cumulative distribution of

fading states with|Hj,k| < 1 is close to1, the EVS condition cannot be satisfied by any finite value of

P , however small. Asσ2 increases thereby increasing the likelihood of|Hj,k| > 1, P increases too. Also

plotted in Fig. 8(b) is the EVS sum-capacity achieved atPmax, the maximumP for every choice ofσ2.

Furthermore, since the Rayleigh fading channel allows ergodic interference alignment [24], we compare

the EVS sum-capacity with the sum-rate achieved by ergodic interference alignment for every choice of

σ2 and the correspondingPmax. This achievable scheme, whose sum-rate is the same as that achieved

when the users are time-duplexed, is closer to the sum-capacity only for small values ofσ2. This is to

be expected as EVS IFCs achieve the largest possible degreesof freedom, which is2 for a two-user IFC

while the scheme of achieves at most one degree of freedom.

From (12), one can verify that for a non-fading very strong IFC, the very strong condition sets an

upper bound on the average transmit powerP k at userk as

P k < Hk,j/
(

|H1,1|2 |H2,2|2
)

− 1 j 6= k, j, k ∈ {1, 2} . (77)

One can view the upper bound onP for the EVS IFCs in Fig. 8 as an equivalent fading-averaged bound.

We next compare the effect of joint and separate coding for one-sided EVS and US IFCs. For

computational simplicity, we consider a discrete fading model where the non-zero cross-link fading

state take values in a binary set{h1, h2} while the direct links are non-fading unit gains. For a one-sided
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EVS IFC, we choose(h1, h2) = (0.5, 3.5) andP 1 = P 2 = Pmax wherePmax is the maximum power

for which the EVS conditions in (12) are satisfied (note that only one of the conditions are relevant

since it is a one-sided IFC). In Fig. 9, the EVS sum-capacity is plotted along with the sum-rate achieved

by independent coding in each sub-channel as a function of the probabilityp1 of the fading stateh1.

Here independent coding means that each sub-channel is viewed as a non-fading one-sided IFC and the

sum-capacity achieving strategy for each sub-channel is applied.

As expected, asp1 → 0 or p1 → 1, the sum-rate achieved by separable coding approaches the joint

coding scheme. Thus, the difference between the optimal joint coding and the sub-optimal independent

coding schemes is the largest when both fading states are equally likely. In contrast to this example

where the gains from joint coding are not negligible, we alsoplot in Fig. 9 the sum-capacity and sum-

rate achieved by independent coding for an EVS IFC with(h1, h2) = (0.5, 2.0) for which the rate

difference is very small. Thus, as expected, joint coding isadvantageous when the variance of the cross-

link fading is large and the transmit powers are small enoughto result in an EVS IFC. In the same

plot, we also compare the sum-capacity with the sum-rate achieved by a separable scheme for two US

IFCs, one given by(h1, h2) = (1.25, 1.75) and the other by(h1, h2) = (1.25, 3.75). As with the EVS

examples, here too, the rate difference between the optimaljoint strategy and the, in general, sub-optimal

independent strategy increases with increasing variance of the fading distribution.
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One can similarly compare the performance of independent and joint coding for two-sided EVS and

US IFCs. In this case, the more general HK scheme needs to be considered in each sub-channel for the

independent coding case. In general, the observations for the one-sided also extend to the two-sided IFC.

Finally, we demonstrate sum-rates achievable by Theorem 7 for a hybrid one-sided IFC. As before,

for computational simplicity, we consider a discrete fading model where the cross-link fading states take

values in a binary set{h1, h2} while the direct links are non-fading unit gains. Without loss of generality,

we choose(h1, h2) = (0.5, 2.0) and assumeP 1 = P 2 = P . The sum-rate achieved by the proposed

HK-like scheme, denotedR(HK)
sum , is determined as a function of the probabilityp1 of the weak stateh1.

For eachp1, using the fact that a hybrid IFC is by definition one for whichthe EVS condition is not

satisfied, we chooseP (p1) = P
EV S

max (p1)+ 1.5 whereP
EV S

max (p1) is the maximumP for which the EVS

conditions hold for the chosenp1 and(h1, h2).

In Fig. 10(a), we plotR(HK)
sum as a function ofp1. We also plot the largest sum-rate outer boundsR

(OB)
sum

obtained by assuming interference-free links from the users to the receivers. Finally, for comparison, we

plot the sum-rateR(Ind)
sum achieved by a separable coding scheme in each sub-channel. This separable

coding scheme is simply a special case of the HK-based joint coding scheme presented for hybrid one-
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sided IFCs in Theorem 7 obtained by choosingα∗
H = 0 andα∗

H = 1 in the strong and weak sub-channels,

respectively. Thus,R(Ind)
sum ≤ R

(HK)
sum as demonstrated in the plot. In Fig. 10(b), the fractionsα∗

h1

and

α∗
h2

in the h1 (weak) and theh2 (strong) states, respectively, are plotted. As expected,α∗
h2

= 0; on the

other hand,α∗
h1

varies between0 and1 such that forp1 → 1, α∗
h1

→ 1 and forp1 → 1, α∗
h1

→ 1. Thus,

when either the weak or the strong state is dominant, the performance of the HK-based coding scheme

approaches that of the separable scheme in [30].

VII. C ONCLUSIONS

We have developed the sum-capacity of specific sub-classes of ergodic fading IFCs. These sub-classes

include the ergodic very strong (mixture of weak and strong sub-channels satisfying the EVS condition),

the uniformly strong (collection of strong sub-channels),the uniformly weak one-sided (collection of

weak one-sided sub-channels) IFCs, and the uniformly mixed(mix of UW and US one-sided IFCs)

two-sided IFCs. Specifically, we have shown that requiring both receivers to decode both messages, i.e.,

simplifying the IFC to a compound MAC, achieves the sum-capacity and the capacity region of the EVS

and US (one- and two-sided) IFCs. For both sub-classes, achieving the sum-capacity requires encoding

and decoding jointly across all sub-channels.
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In contrast, for the UW one-sided IFCs, we have used genie-aided methods to show that the sum-

capacity is achieved by ignoring interference at the interfered receiver and with independent coding

across sub-channels. This approach also allowed us to develop outer bounds on the two-sided UW IFCs.

We combined the UW and US one-sided IFCs results to develop the sum-capacity for the uniformly

mixed two-sided IFCs and showed that joint coding is optimal.

For the final sub-class of hybrid one-sided IFCs with a mix of weak and strong sub-channels that do

not satisfy the EVS conditions, using the fact that the strong sub-channels can be exploited, we have

proposed a Han-Kobayashi based achievable scheme that allows partial interference cancellation using

a joint coding scheme. Assuming no time-sharing, we have shown that the sum-rate is maximized by

transmitting only a common message on the strong sub-channels and transmitting a private message in

addition to this common message in the weak sub-channels. Proving the optimality of this scheme for

the hybrid sub-class remains open. However, we have also shown that the proposed joint coding scheme

applies to all sub-classes of one-sided IFCs, and therefore, encompasses the sum-capacity achieving

schemes for the EVS, US, and UW sub-classes.

Analogously with the non-fading IFCs, the ergodic capacityof a two-sided IFC continues to remain

unknown in general. However, additional complexity arisesfrom the fact that the sub-channels can in

general be a mix of weak and strong IFCs. A direct result of this complexity is that, in contrast to the

non-fading case, the sum-capacity of a one-sided fading IFCremains open for the hybrid sub-class. The

problem similarly remains open for the two-sided fading IFC. An additional challenge for the two-sided

IFC is that of developing tighter bounds for the uniformly weak channel.
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