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Abstract | W e consider a 
at fading channel with
spatially separated multiple transmit antennas that
can comm unicate via �nite capacit y links. W e assume
that perfect channel state information is available at
the transmit antennas and at the receiv er. Because of
the �nite capacit y in ter-an tenna channel, only partial
coop eration among antennas is possible. W e analyze
several special cases and prop ose a general power al-
lo cation strategy . This strategy consists of com bining
the optimal power allo cation of the full coop eration
and no coop eration scenarios.

I. Intr oduction

In this paper, we consider spatial diversity in the form of
multiple antennas at the transmitter. Most of the work on
multiple antenna transmit diversity assumesthat the anten-
nas are present at the same location and the input to these
antennas are controlled by the sametransmitter [1, 2, 3]. This
assumption may not be valid in systems where the antennas
are separated, as in the caseof macro cell-micro cell diversity
where macro cells are overlayed with micro cellsand main base
station antennas are supported by smaller micro cell antennas
in order to provide coverage for crowded areassuch as down-
town locations. Another example is user-cooperation diver-
sity [4], where in-cell users cooperate to transmit each others
information towards the basestation and improve both outage
and throughput performance. Applications other than cellular
lik e the use of wireless ad-hoc networks in military scenarios,
will necessitatethe use of spatially separated antennas, some-
times in the form of di�eren t mobiles, to transmit information
reliably in fading scenarios.

In order to analyze the diversity gains achieved in such sce-
narios, we will consider a model where the multiple transmit
antennas are separated by communication links of �nite ca-
pacities. Hence they can only accessto part of each other's
information and full cooperation is not generally possible. We
assumea frequency 
at fading additiv e white Gaussian noise
channel model where each of the antennas has its own power
constraint. The fading statistics for the channelsbetweeneach
of the antennas and the receiver are independent, but not
necessarily identically distributed. We assume that all the
transmit antennas and the receiver have perfect channel state
information (CSI) for all the component channels, that is both
encoding and decoding can be done basedon the current value
of the fading parameters. This will translate as power control
at the transmit antennas. The receiver can obtain this CSI
through the use of preambles and then inform the transmit-
ter antennas via dedicated feedback links. Another possibility
for perfect transmitter CSI is to have a time division duplex

Figure 1: Channel model

(TDD) system, but in this case the �nite capacity links be-
tween the antennas preclude a joint optimization of power. In
this scenario even a simple phase o�set will enable transmit
signals to add coherently at the receiver, akin to beamforming.

In Section I I we provide the channel model and consider im-
portant special casesinvestigated in the literature. Section I I I
contains the optimal power allocation for perfect receiver CSI
and no transmitter CSI. We also consider the casewhere only
channel phase information is available at the transmitter. In
SectionIV a power control strategy for perfect transmit CSI is
proposed.

I I. Channel model

In order to illustrate the main ideas, we will consider two
transmit antennas and one receive antenna. The antennas are
assumedto be separatedby communication links of capacities
C12 and C21 . The signal at the receiver can be written as

Y = A1X 1 + A2X 2 + Z; (1)

where A i denotes the complex fading amplitude between an-
tenna i and the receiver, X i denotes the signal transmitted
over antenna i and Z is a sample of the additiv e white com-
plex Gaussian noise with variance N . The fading amplitudes
A i are independent but not necessarilyidentically distributed.
Each antenna is assumedto have a power constraint Pi and
the total power on the two antennas is upper bounded by P . A
block diagram of the system analyzed can be found in Figure
1.

Our goal will be to maximize the total information rate
from the two antennas to the receiver when the perfect CSI
is available to the receiver and the transmitter antennas.
It is clear that when both C12 and C21 are in�nite and
P = P1 = P2 , we have a special case of the usual model
for multiple antenna systems [1]. The general model involves



multiple transmit and multiple receive antennas. The litera-
ture contains various assumptions about CSI: Perfect CSI at
the transmitter and receiver, no CSI at the transmitter but
perfect CSI at the receiver and no CSI at either the trans-
mitter and receiver. Under di�eren t CSI assumptions, it is
possible to consider various measures of "information rate"
such as Shannon capacity, delay limited capacity and proba-
bilit y of outage. For some of the recent results, the readers
are referred to [1, 3, 5].

In the other extreme when C12 = C21 = 0 and P1 + P2 =
P, we obtain the well-known multiple accesschannel model.
Optimal power allocation and throughput capacity in the case
of perfect transmitter and receiver CSI was examined in [6].
It was shown that in order to maximize the rate sum, at any
given time, only the user with smallest attenuation (or largest
fading amplitude) is allowed to transmit. The optimal power
allocation is given by

P ?
i (A1 ; A2) =

( �
1

� i
� N

j A i j 2

� +

if jA i j2 > � i
� j

jA j j2 for j 6= i

0 else
(2)

where the constants � i satisfy

EA 1 ;A 2 P ?
i (A1 ; A2) = Pi ;

for i = 1; 2.

We will observe that in the caseof partial cooperation, it
is possibleto view the power allocation consisting of two com-
ponents: the multiple antenna (full cooperation) optim um al-
location and the multiple access(no cooperation) optim um
power assignment. The amount of total power used on a par-
ticular regime will depend on the amount of cooperation, mea-
sured by (C12 ; C21 ).

I I I. Capacity f or no CSI and phase CSI at the
transmitter

In order to gain insight into the general problem of Fig-
ure 1 with perfect receiver and transmitter CSI, we will �rst
consider the casewhere the receiver has perfect CSI, but the
transmit antennas are only aware of the statistical model, not
the current realization. An upper bound to the total capac-
it y can be obtained when we consider both C12 and C21 to
be in�nite. Telatar's result on multiple antenna Gaussian
channels [1] states that for independent and identical Rayleigh
fading among all transmit-receiv e antenna pairs the optimal
transmit strategy is to have independent Gaussian codebooks
with equal power on all the antennas. When the transmit-
receive antenna pairs have Rayleigh fading with di�eren t pa-
rameters or we have individual power constraints as well as
total power constraint on the transmit antennas, we still have
the optimalit y of independent Gaussian codebooks, only now
we have to do the power allocation di�eren tly .

A similar lower bound to the total capacity is obtained
when C12 = C21 = 0, which leads us to fading multiple access
channel of [7]. Since multiple accesschannel transmitters are
physically separated and cannot cooperate, the optim um sig-
naling strategy is to have independent codebooks for all users.
It also possibleto show the optimalit y of Gaussiancodebooks.
Thus in both extremes, the codebooks and the total capacity
are the same, implying that cooperation among antennas is
not bene�ciary from the capacity point of view. Of course,
this result is expected as the lack of CSI at the transmitter

prohibits any kind of beamforming and coherent combining
even in the full cooperation case.

Moving on to the case when perfect CSI is available at
all terminals, we �rst consider the scenariowhere the power is
not changed basedon the fading amplitudes, only phaseis ad-
justed to enable coherent combining at the receiver. We make
use of a result by Willems [8], who considered the discrete
memorylessand time-in variant version of the model in Figure
1. His result can be summarized in the following theorem.

Theorem: For the discrete memorylessmultiple accesschan-
nel with encoders connected by communication links of capaci-
ties C12 and C21 , the capacity region is given by (R1 ; R2) such
that

R1 � I (X 1 ; Y jX 2 ; U) + C12

R2 � I (X 2 ; Y jX 1 ; U) + C21

R1 + R2 � minf I (X 1 ; X 2 ; Y );

I (X 1 ; X 2 ; Y jU) + C12 + C21 g (3)

for p(u; x1 ; x2 ; y) = p(u)p(x1 ju)p(x2 ju)p(yjx1; x2) and

jU � minfjX 1 jjX 2 j + 2; jY j + 3g:

In the above result, the random variable U is used for co-
operation and the amount of information it can carry, or the
level of dependency it can create among the two transmitter
signals X 1 and X 2 is determined by the capacities C12 and
C21 .

Willems' result can easily be extended to the time-in variant
Gaussian channel. In that case,the optimal input signals are
obtained by choosing

X 1 = � 1 ~X 1 + � 1U

X 2 = � 2 ~X 2 + � 2U;

where ~X 1 , ~X 2 and U are all N (0; 1) random variables. The
signal U represents the cooperative signal that is coherently
combined at the receiver. The signals ~X 1 and ~X 2 are used to
convey extra information, the part that could not be handled
by the inter-transmitter communication links, to the receiver.
The parameters � i , � i for i = 1; 2 denote the respective powers
for the cooperative and non-cooperative signalsand they have
to satisfy

� 2
1 + � 2

1 � P1 (4)

� 2
2 + � 2

2 � P2 (5)

� 2
1 + � 2

1 + � 2
2 + � 2

2 � P (6)

where Pi , i = 1; 2 is the power constraint on transmit element
i and P is the total power constraint.

In the model of equation (1), when phase information of
A1 and A2 are available at the transmit antennas, they can
correct for this phase and enable coherent combining at the
receiver. Note that antenna i only needsthe phaseinformation
about the fading level A i . Thus this strategy can be useful
in a TDD system where each antenna can only track its own
fading parameter and due to �nite link channels connecting
antennas this information cannot be perfectly transmitted to
the other antennas.

When phasesare corrected at the transmitters, we can as-
sume that the fading amplitudes are real. Thus equation (3)



in the static Gaussian channel analysis can be used to obtain
the total information rate in the fading scenario as well. This
maximum total rate is given by

Rph
tot � minf E log

�
1 + j A 1 j 2 � 2

1 + j A 2 j 2 � 2
2 +( j A 1 j � 1 + j A 2 j � 2 ) 2

N

�
;

E log
�

1 + j A 1 j 2 � 2
1 + j A 2 j 2 � 2

2
N

�
+ C12 + C21 g; (7)

where the power allocations � i and � i , for i = 1; 2 are chosen
to satisfy equations (4)-(6) and expectation is with respect to
(A1 ; A2).

In the next section we focus on complete transmit CSI
where amplitude as well as phase information is available to
all the transmit antennas.

IV. Power alloca tion f or complete CSI at the
transmitter

We have observed in the previous section that phaseinfor-
mation at the transmit antennas enable partial cooperation
and coherent combining at the receiver. When channel am-
plitude information is also available at the transmitter, it is
possible to have the powers � i and � i in (7)depend on the
current realization of A 1 and A2 and get further gains. In this
caseour goal is to maximize (7) where now we have � i (A1 ; A2),
� i (A1 ; A2), i = 1; 2, subject to

E (� 2
1 + � 2

1 ) � P1 (8)

E (� 2
2 + � 2

2 ) � P2 (9)

E (� 2
1 + � 2

1 + � 2
2 + � 2

2 ) � P (10)

In the rest of this paper, we will omit the dependency of � i

and � i on (A1 ; A2) for simplicit y of notation.

We can rephrase this optimization problem as: Maximize

E log

�
1 +

jA1 j2 � 2
1 + jA2 j2 � 2

2 + (jA1 j� 1 + jA2 j� 2)2

N

�
(11)

subject to

E log

�
1 +

(jA1 j� 1 + jA2 j� 2)2

N + jA1 j2 � 2
1 + jA2 j2 � 2

2

�
� C12 + C21 (12)

and (8)-(10).

Unfortunately , this is not a convex optimization problem,
asthe constraint doesnot de�ne a convex region. Hencerather
than aiming for the optimal solution, we will focus on �nding a
good suboptimal power allocation strategy. Our strategy will
depend on power assignments in two extreme casesC12 + C21

in�nit y and C12 + C21 zero.

In the casewhere C12 + C21 is in�nit y (or large enough, the
exact bound to be speci�ed later), there is no constraint on
the amount of cooperation. We will assumethat the antennas
have individual active power constraints P1 , P2 aswell as total
power constraint P . This optimization problem is very similar
to the multiple antenna case, although the individual power
constraints impose a slightly di�eren t structure. We would
still lik e to elaborate on it a little further as it provides some
useful insight.

To maximize (11) subject only to (8)-(10) we form the Ja-
cobian as

J = E log

�
1 +

jA1 j2 � 2
1 + jA2 j2 � 2

2 + (jA1 j� 1 + jA2 j� 2)2

N

�

� � 1E (� 2
1 + � 2

1 ) � � 2E (� 2
2 + � 2

2 )

� � 3E (� 2
1 + � 2

1 + � 2
2 + � 2

2 ):

The solution to the convex optimization problem is given
by

jA2 j
� 1

� 1 + � 3
= jA1 j

� 2

� 2 + � 3
; (13)

and
� 1 = � 2 = 0: (14)

The �rst equality ensures that both users proportionally
contribute to the common cooperation signal U. Note that in
this casewe have

jA1 j� 1 + jA2 j� 2 = � 1

�
jA1 j +

jA2 j2

jA1 j
� 1 + � 3

� 2 + � 3

�
(15)

which suggests that the utilit y of putting power into � i is
higher than � i . Thus we have � i = 0.

Solving for � 1 we get

� 1 =
jA1 j2

jA1 j2 + � 1 + � 3
� 2 + � 3

jA2 j2
 

1
� 1 + � 3

�
N

jA1 j2 + � 1 + � 3
� 2 + � 3

jA2 j2

! +

: (16)

The constants � j , j = 1; 2; 3 are found from the con-
straints (8)-(10). When we invoke (13), (14) and(16) in (11),
we obtain the total capacity R tot (P1 ; P2 ; P ) as a function of
the power constraints P1 ; P2 ; P .

Therefore, the optimal power allocation on the coopera-
tion signal U is given by a water�lling type of solution, where
the water�lling is done on the combined fading jA 1 j2 + (� 1 +
� 3)=(� 2 + � 3)jA2 j2 . In the caseof no individual power con-
straints P1 , P2 , this solution is exactly equal to the one given
in [1, 3]. Also notice that as long as C12 + C21 is greater than
the total capacity R tot (P1 ; P2 ; P ), water�lling solution in (16)
is optimal.

We now turn to the original question of how to allocate
power for intermediate values of total cooperation capacity
C12 + C21 < Rtot (P1 ; P2 ; P ). Based on the above analysis
for large C12 + C21 , we will assumethat � 1 and � 2 are still
chosen to satisfy (15) in the caseof intermediate C12 + C21 .
The proper choice of � i will be speci�ed later. Note that this
solution may no longer be optimal for intermediate capacities.

We know that as long as we are below the total rate con-
straint of C12 + C21 the utilit y of allocating power to � 1 and � 2

is higher. Therefore, the �rst step is to assume� 1 = � 2 = 0
and apply the water�lling solution in (16) in order to ob-
tain a total rate of C12 + C21 . This will only use part of
the total available power becauseof the intermediate coop-
eration capacity assumption. Let P be de�ned as the set of
power constraints for which the water�lling capacity is equal
to C12 + C21 :

P = f ( ~P1 ; ~P2 ; ~P ) : Rtot ( ~P1 ; ~P2 ; ~P ) = C12 + C21 ;
~P1 � P1 ; ~P2 � P2 ; ~P � Pg:



Then for every ~P = ( ~P1 ; ~P2 ; ~P ) 2 P , we can calculate the
power allocation � 1( ~P ) and � 2( ~P ) for all (A 1 ; A2) using (13)
and (16). The constants � i are chosenbasedon ~P . We de�ne
R(A1; A2 ; ~P ) as

R(A1 ; A2 ; ~P ) = log

�
1 +

(jA1 j� 1 ( ~P ) + jA 2 j� 2( ~P )) 2

N

�
: (17)

The quantit y R(A 1 ; A2 ; ~P ) can be thought of as the coop-
eration rate assignment to the fading state (A 1 ; A2) for power
constraint ~P . Obviously, E R(A 1 ; A2 ; ~P ) = C12 + C21 .

Since the assignment � 1( ~P ) and � 2( ~P ) results in ~P which
smaller than the maximum allowed P , we now have to start
allocating power to the � i components. However, we can still
contin ue putting some power into � i as long as we meet the
cooperation constraint:

R(A1 ; A2 ; ~P ) = log

�
1 +

(jA1 j� 1 + jA2 j� 2)2

N + jA1 j2 � 2
1 + jA2 j2 � 2

2

�
: (18)

By keeping the R(A 1; A2) constraint we have made the
quantities appearing in the minim um of (7) equal for all
(A1 ; A2). Of course this is a stricter condition than taking
the minim um of expectations.

Combining (17) and (18) we get

minf log

�
1 +

jA1 j2 � 2
1 + jA2 j2 � 2

2 + (jA1 j� 1 + jA2 j� 2)2

N

�
;

log

�
1 +

jA1 j2 � 2
1 + jA2 j2 � 2

2

N

�
+ C12 + C21 g

= log

�
1 +

jA1 j2 � 2
1 + jA2 j2 � 2

2

N

�
+ C12 + C21

and

� 2
1;ext =

(jA1 j2 � 2
1 + jA2 j2 � 2

2)� 2
1 ( ~P )

N
;

where � 1;ext denotes the extra power allocated to � 1 in excess
of � 1( ~P ).

Thus the power di�erence of ~P and P will be spent to
maximize log(1 + (jA 1 j2 � 2

1 + jA2 j2 � 2
2)(N ). This is equivalent

to maximizing the total throughput in the Gaussian fading
multiple accesschannel and the optimal power allocation is
given in (2). Notice that at any given time, only the antenna
with largest � i is allowed to transmit.

The overall power constraint on antenna 1 becomes

E

�
� 2

1 +
A2

1 � 2
1 � 2

1 ( ~P )
N

+ ~P1

�
� P1 :

Similar equations can be written for P2 and the total power
P . The goal is to �nd the best operating point ~P within the
power region P together with the best constants for � i in (2)
which result in maximal power allocation to (� 1 ; � 2) and thus
maximal increase in the total throughput.

Hence we �st start by � i = 0 and the water�lling solution
of � 1 and � 2 to provide us with the speci�ed cooperation level
C12 + C21 . The remaining power in the antennas are allocated
to non-cooperative signals � i aswell asthe cooperative ones� i

to maintain a constant level of cooperation rate R(A 1 ; A2 ; ~P )
given in (17) while increasing the total throughput which now
only depends on � i .

V. Conclusions

In this paper we have considereda scenario in which multi-
ple transmit antennas are separatedby �nite capacity commu-
nication links. This only enables partial cooperation among
the transmit antennas. When CSI is available both at the
transmitter and receiver, the capacity optimization problem
becomesa non-convex one, so we provide a suboptimal power
allocation strategy. It consists of using the perfect coopera-
tion strategy until the cooperation constraint is met and the
switching to no cooperation power allocation regime.
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