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A Higher-Density Discrete Wavelet Transform
Ivan W. Selesnick, Member, IEEE

Abstract— This paper describes a new set of dyadic wavelet
frames with two generators. The construction is simple, yet
the wavelets cover the time-frequency plane in an arrangement
that provides a higher sampling in both time and frequency.
Specifically, the spectrum of the first wavelet is concentrated
halfway between the spectrum of the second wavelet and the
spectrum of its dilated version. In addition, the second wavelet
is translated by half-integers rather than whole-integers in the
frame construction. This arrangement leads to an expansive
wavelet transform that is approximately shift-invariant and has
intermediate scales. The wavelet frames presented in this paper
are compactly supported and have vanishing moments.

Index Terms— wavelet transform, frame, filter bank, shift-
invariant.

I. INTRODUCTION

VARIOUS types of wavelet transform are available for
discrete data [6], [11]. Perhaps the most widely used

discrete wavelet transform (DWT) is the critically-sampled
DWT (implemented using FIR perfect reconstruction filter
banks). Improved performance for some applications can be
obtained by using an expansive (overcomplete, or redundant)
transform. An expansive transform is one that expands an N -
point signal to M transform coefficients with M > N . For
example, the undecimated discrete wavelet transform (UDWT)
[31] has been used for improved results for noise attenua-
tion (denoising) [10], [20], deblocking of JPEG compressed
images [37], and enhancement of chromosome images [35].
Other applications, for example edge detection, call for an
approximation of the continuous wavelet transform [4].

Expansive wavelet transforms can be understood in part by
examining how they sample the time-frequency plane. The
critically-sampled DWT and undecimated DWT sample the
time-frequency plane as illustrated in Fig. 1. The UDWT is
shift-invariant, which has advantages as described in [32]. For
the UDWT the temporal sampling is the same at each scale,
which is inefficient for coarse scales (low frequency). When J
scales are implemented, the UDWT is expansive by the factor
J + 1. The double-density discrete wavelet transform [27],
[28], which provides a compromise between the UDWT and
the critically-sampled DWT, samples the time-frequency plane
as shown in Fig. 1. The double-density DWT is two-times
expansive, regardless of the number of scales implemented —
potentially much less than the undecimated DWT. Even so,
the double-density DWT is approximately shift-invariant. An
alternative to the UDWT and double-density wavelet transform
is the partially decimated wavelet transform (PWT) recently
described in [33]. The redundancy of the PWT can be any
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Fig. 1. Different discrete wavelet transforms sample the time-frequency plane
in different ways. These diagrams are idealized — the actual sampling points
may be offset from those shown here.

integer from 1 to J +1 and the degree to which the transform
is shift-invariant varies accordingly. None of these expansive
transforms increase the sampling with respect to frequency
(or scale). The scale-redundant DWT introduced in [21] has
intermediate scales and can provide improved performance
for denoising; however, that transform is undecimated (the
temporal sampling is the same at each scale) and therefore
highly redundant.

The Laplacian pyramid [7], in its one-dimensional form,
corresponds to a sampling of the time-frequency plane like
that of the double-density DWT. Recently, the Laplacian
pyramid (LP) has been analyzed from a frame perspective
[13]. The new reconstruction scheme proposed in [13] makes
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the LP a tight frame when orthonormal filters are used, or
an approximately tight frame when nearly orthonormal filters
(like the 9/7 pair) are used. The modification in [13] of the
synthesis side of the LP is simple and provides significant
improvement in applications.

This paper develops an expansive dyadic wavelet transform
that oversamples both time and frequency by a factor of
two. Like the double-density DWT, at each scale of the new
transform there are twice as many coefficients as the critically-
sampled DWT. However, the new transform also has interme-
diate scales; it has one scale between each pair of scales of
the critically-sampled DWT. The way in which this transform
samples the time-frequency plane is illustrated in the last
panel of Fig. 1. The wavelet frame (or ‘overcomplete’ basis)
associated with this expansive transform has two generators,
ψi(t), i = 1, 2. The spectrum of the the first wavelet is
concentrated between the spectrum of the second wavelet and
the spectrum of its dilated version [Ψ1(ω) is concentrated
between Ψ2(ω) and Ψ2(2ω)]. In addition, the second wavelet
is translated by integer multiples of one half, rather than whole
integers. As this wavelet transform samples the time-frequency
plane with a density that is three times the density of the
non-expansive wavelet transform, this transform is expansive
by a factor of three. This paper presents the construction of
short compactly supported wavelets with vanishing moments
for utilization with this transform. The transform can be
implemented with digital filter banks like the conventional
discrete wavelet transform.

Previously developed examples of dyadic wavelet frames
generated by compactly supported wavelets (or ‘affine frames’)
are given in [2], [8], [9], [12], [15], [17], [22], [23], [25]–
[27], [30]. The theory, especially for tight frames from a
multiresolution analysis, was established in [25] which also
constructs the first set of spline tight frames. In [8] it was
shown that given a compactly supported scaling function
φ(t) not associated with any dyadic wavelet basis, it is
often possible to obtain two compactly supported wavelets
whose dyadic dilations and translations generate a tight frame.
Issues addressed in these papers include the problem of the
design of tight frames generated by (anti-) symmetric wavelets
and the maximization of the number of vanishing moments.
Briefly, imposing the symmetry constraint when there are three
wavelets is substantially simpler than when there are only
two [8], [17], [23], [30]. And when an IIR prefilter and/or
postfilter is allowed, the number of vanishing moments of
the wavelets can be increased by a number dependent on the
scaling function (in a manner that is not possible for wavelet
bases) [9], [12].

The family of wavelet frames proposed here is similar to
those introduced in [1]. The type of wavelet frame developed
in [1] also consists of two wavelets where one wavelet is half-
integer translated, however, the associated filter is bandpass
rather than highpass. Therefore, the associated sampling of
the time-frequency plane is somewhat different than the one
developed here. On the other hand, the wavelet frames in
[1] have the advantage of being simultaneously tight and
symmetric, unlike the frames proposed here.
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Fig. 2. The oversampled analysis and synthesis filter bank used for the
implementation of the 3-times expansive wavelet transform.

II. PERFECT RECONSTRUCTION CONDITIONS

As in [25], following the multiresolution framework, the
scaling function and two wavelets are defined through the
dilation and wavelet equations:

φ(t) =
√

2
∑

n

h0(n)φ(2 t− n) (1)

ψi(t) =
√

2
∑

n

hi(n)φ(2 t− n), i = 1, 2 (2)

where hi(n), n ∈ Z, are the filters of a digital filter bank.
In this paper, we consider only real-valued hi(n) of compact
support (FIR). The Z-transform of h(n) is given by H(z) =∑

n h(n) z−n. The discrete-time Fourier transform of h(n) is
given by H(ej ω). If hi(n) satisfy the perfect reconstruction
conditions given below and if φ(t) is sufficiently regular, then
the dyadic dilations and translations of ψi(t) form a tight frame
for L2(R). Specifically, let φk(t) := φ(t − k), ψ1,j,k(t) :=
ψ1(2jt− k) and ψ2,j,k(t) := ψ2(2jt− k/2). Then any square
integrable signal f(t) is given by

f(t) =
∞∑

k=−∞

c(k)φk(t) +
2∑

i=1

∞∑
j=0

∞∑
k=−∞

di(j, k)ψi,j,k(t)

where the expansion coefficients are given by

c(k) =
∫
f(t)φk(t) dt (3)

di(j, k) =
∫
f(t)ψi,j,k(t) dt, i = 1, 2. (4)

That is, the set of functions

{φk(t), ψi,j,k(t) : j, k ∈ Z, j ≥ 0, i = 1, 2}

form a tight frame for L2(R).
In order to achieve the sampling of the time-frequency plane

illustrated in last panel of Fig. 1, we use the three-channel
filter bank illustrated in Fig. 2 for the implementation of the
transform. The first two channels are down-sampled by two
while the third channel is undecimated.

To develop a set of filters that generate a tight wavelet frame,
we will find conditions on the filters so the three-channel filter
bank illustrated in Fig. 2 has the perfect reconstruction prop-
erty. We will begin with a lowpass filter h0 and a factorization
of the transfer function H0(z) as a product P (z)Q(z). From
this factorization, we will determine the filters h1 and h2.
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If the input and output signals in Fig. 2 are x(n) and y(n),
then using standard multirate identities, the Z-transform of
y(n) is given by

Y (z) = 0.5 [H0(z)X(z) +H0(−z)X(−z)] H0(1/z)
+ 0.5 [H1(z)X(z) +H1(−z)X(−z)] H1(1/z)
+H2(z)H2(1/z)X(z).

Rearranging gives Y (z) = T (z)X(z) + V (z)X(−z) where
T (z) is given by

0.5 [H0(z)H0(1/z) +H1(z)H1(1/z)] +H2(z)H2(1/z)

and V (z) is given by

0.5 [H0(−z)H0(1/z) +H1(−z)H1(1/z)].

Therefore, for perfect reconstruction (PR), we need

H0(z)H0(1/z)+H1(z)H1(1/z)+2H2(z)H2(1/z) = 2 (5)

and
H0(−z)H0(1/z) +H1(−z)H1(1/z) = 0. (6)

To derive filters h0, h1, h2 satisfying the PR conditions, let
us factor H0(z) as

H0(z) = P (z)Q(z). (7)

The degree of Q(z) will be denoted by L. Define

H1(z) := z−α P (z)Q(−1/z) (−z)−L (8)

where
α =

{
0, if L is odd
1, if L is even. (9)

Then α + L will be odd. Using (7) and (8) it follows that
H1(−z)H1(1/z) = −H0(−z)H0(1/z) (the derivation of this
identity uses the fact that α+L is odd). That means, the second
of the two PR conditions (6) is satisfied. Now we have only
to find H2(z) so as to satisfy (5), the first of the two PR
conditions. To find H2(z), we use (5) to write

H2(z)H2(1/z)

=
1
2

[2−H0(z)H0(1/z)−H1(z)H1(1/z)] . (10)

Provided that the right hand side of (10) is nonnegative on
the unit circle z = ejω, the filter H2(z) can be obtained via
spectral factorization.

The set of filters therefore follows from the lowpass filter
h0 and a particular factorization of its transfer function. The
choice of lowpass filter and its factorization is addressed in
the next section.

III. FRAMELETS WITH VANISHING MOMENTS

In this paper, we are interested in constructing wavelets with
vanishing moments. The vanishing moments of the wavelets
and the approximation order of the scaling function depend
directly on the multiplicity of the zero at z = −1 of the
transfer function H0(z), and on the multiplicity of the zero
at z = 1 of the transfer functions H1(z) and H2(z). In
the following we examine the multiplicity of these zeros and
propose a specific factorization of H0(z).

Suppose the lowpass filter H0(z) possesses K0 zeros at
z = −1,

H0(z) =
(

1 + z−1

2

)K0

A(z) (11)

and satisfies H(1) =
√

2. (This normalization is required
in order that the wavelets be well defined and is the same
normalization used in the construction of orthonormal wavelet
bases.) The degree of A(z) is denoted by M .

Then 2 − H0(z)H0(1/z) will be a highpass filter. Let us
factor out the roots at z = 1. If 2−H0(z)H0(1/z) has 2K2

roots at z = 1, we can write

2−H0(z)H0(1/z)

=
(
−z + 2− z−1

4

)K2

B(z)B(1/z) (12)

for some B(z). Assuming K0 > K2, let us factor H0(z) as
P (z)Q(z) where

P (z) =
(

1 + z−1

2

)K1

(13)

Q(z) =
(

1 + z−1

2

)K2

A(z) (14)

where K0 = K1 +K2. The degree of Q(z), denoted by L, is
L = K2 +M . Then from (8), (13), and (14), we have

H1(z) = z−α

(
1 + z−1

2

)K1(1− z−1

2

)K2

×A(−1/z) (−z)−M . (15)

The filter H2(z) is then found using (10). Specifically, using
(12) and (15), H2(z)H2(1/z) is given by

H2(z)H2(1/z) =
1
2

(
−z + 2− z−1

4

)K2

Cr(z) (16)

where Cr(z) is defined as

Cr(z) := B(z)B(1/z)−
(
z + 2 + z−1

4

)K1

A(−z)A(−1/z).

Then we can write

H2(z) =
1√
2

(
1− z−1

2

)K2

C(z) (17)

where C(z) is a spectral factor of Cr(z),

C(z)C(1/z) := Cr(z). (18)

This does not uniquely determine C(z) because several dis-
tinct spectral factorizations are possible in general. In summary
we have

H0(z) =
(

1 + z−1

2

)K0

A(z) (19)

H1(z) = z−α

(
1 + z−1

2

)K1(1− z−1

2

)K2

×A(−1/z) (−z)−M (20)

H2(z) =
1√
2

(
1− z−1

2

)K2

C(z). (21)
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Fig. 3. Example 1 — Tight frame with 1 vanishing moment. K0 = 2, K1 = 1, K2 = 1.

Note in particular that H1(z) and H2(z) each have the factor
(1−z−1)K2 . Therefore, each of these two channels of the filter
bank annihilate discrete-time polynomial signals up to degree
K2 − 1. Correspondingly, the wavelets ψ1(t) and ψ2(t) each
have K2 vanishing moments.

A. Minimal-length Solutions

To construct short wavelets with vanishing moments we
seek solutions of minimal length, subject to the number of
vanishing moments K2 and parameter K0. The parameter K0,
see equation (11), affects the regularity of the scaling function
φ(t). The parameter K2 is the number of vanishing moments
shared by the wavelets ψ1(t) and ψ2(t). (One of the wavelets
may have more vanishing moments than the other, but each is
guaranteed to have at least K2 vanishing moments).

Let F (z) := H0(z)H0(1/z). Then f(n) is a symmetric
odd-length filter (a Type-I linear-phase FIR filter). From
equations (11) and (12), it is required that F (z) has a zero
at z = −1 of multiplicity 2K0 and that 2− F (z) has a zero
at z = 1 of multiplicity 2K2. To obtain wavelets with minimal
support, we seek the shortest such filter f(n). The solution to
this problem is the maximally-flat linear-phase FIR filter, a
family of filters described by Herrmann [16]. The filter H0(z)
is obtained from F (z) by spectral factorization. The formula
for F (z) = H0(z)H0(1/z) provided by Herrmann is

F (z) = 2
(
z + 2 + z−1

4

)K0

×
K2−1∑
k=0

(
K0 − 1 + k

k

) (
−z + 2− z−1

4

)k

. (22)

When K0 = K2, this formula specializes to the filter used for
the construction of Daubechies orthonormal wavelets [11].

B. Example 1

The simplest example is obtained by setting K1 = 1 and
K2 = 1. Then K0 = K1 + K2 = 2 and the filters are given
by,

h0 =
√

2
4

[1, 2, 1]

h1 =
√

2
4

[1, 0, −1]

h2 =
1
2

[1, −1, 0]

for 0 ≤ n ≤ 2. In this example, the scaling function and
wavelets are piecewise linear, continuous and (anti-) sym-
metric, as illustrated in Fig. 3. Both wavelets have only one
vanishing moment. In the following examples, where K2 > 1,
the wavelets do not have a closed form solution and are not
(anti-) symmetric.

C. Example 2

In this example we set K1 = 1 and K2 = 3. Then K0 =
K1 +K2 = 4. With these parameters we have from (22)

F (z) =
(
z + 2 + z−1

4

)4

×
(
13.5− 7 (z + z−1) + 1.25 (z2 + z−2)

)
.

Performing spectral factorization to get H0(z) from F (z) =
H0(z)H0(1/z) gives

H0(z) =
(

1 + z−1

2

)4 (
3.0337− 2.0315 z−1 + 0.4120 z−2

)
.

From (15),

H1(z) =
(

1 + z−1

2

) (
1− z−1

2

)3

×
(
0.4120 + 2.0315 z−1 + 3.0337 z−2

)
.

The filter H2(z) can be found from spectral factorization.
From (16)

H2(z)H2(1/z) =
1
2

(
−z + 2− z−1

4

)4

×
(
5.5 + 2 (z + z−1) + 0.25 (z2 + z−2)

)
so

H2(z) =
1√
2

(
1− z−1

2

)4

×
(
0.1150 + 0.8740 z−1 + 2.1732 z−2

)
.

The filter coefficients are listed in Table I. Fig. 4 illustrates the
filters, the scaling function φ(t), and wavelets ψ1(t) and ψ2(t).
The filter h1 is the bandpass filter, while h2 is the highpass
filter; the frequency responses of the filters are illustrated in
Fig. 5. The wavelets have three vanishing moments each. The
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Fig. 4. Example 2 — Tight frame with 3 vanishing moments. K0 = 4, K1 = 1, K2 = 3.

TABLE I
COEFFICIENTS FOR EXAMPLE 2.

n h0(n) h1(n) h2(n)

0 0.189604909379 0.025752563665 0.010167956157
1 0.631450512121 0.075463998066 0.046750380120
2 0.655505518357 -0.064333341412 -0.009172584871
3 0.099615139800 -0.327704691428 -0.354664087684
4 -0.163756210215 0.228185687127 0.499004628714
5 -0.023958870736 0.252240693362 -0.192086292435
6 0.025752563665 -0.189604909379 0

wavelet ψ1(t) has support 6, while the wavelet ψ2(t) has
support 5.5.

Fig. 6 compares the frequency responses of the 3-stage
critically-sampled wavelet transform and the 3-stage proposed
expansive wavelet transform. As the figure illustrates, the pro-
posed expansive DWT has more subbands than the critically-
sampled DWT, but it maintains the same octave-type frequency
decomposition that is characteristic of that transform. Note
that the frequency response of each subband (excepting the
lowpass subband) of the proposed transform has a reduced
gain compared to those of the critically-sampled DWT. That
normalization is due to the higher sampling rate of each
subband of the proposed transform.

0 0.25 π 0.5 π 0.75 π π
0

0.5

1

1.5

2

2.5

|H
m

(ej ω)|2

ω

Fig. 5. The frequency responses of h0, h1, h2 in Example 2.

Because H0(z) has (1+z−1)4 as a factor, while H1(z) and
H2(z) each have only (1 − z−1)3 as a factor, the wavelets
are more regular than the Daubechies orthonormal wavelets
with three vanishing moments. To be precise, the Sobolev
regularity parameter for the wavelets shown in Fig. 4 is 2.17,
while the Daubechies wavelets with three vanishing moments
have a Sobolev exponent of 1.42. Note that the filters in
Example 2 are of length 7, while the Daubechies filters are
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Fig. 6. The frequency responses of the three-stage discrete wavelet transform.
Top: critically-sampled DWT using Daubechies 6-tap filters (3 vanishing
moments). Bottom: over-sampled DWT using filters of Example 2 (3 vanishing
moments).

of length 6, so the additional smoothness may come from
the increased filter length. However, the Daubechies filter
of length 8 (generating wavelets with 4 vanishing moments)
has a Sobolev exponent of 1.78, still less than the proposed
wavelets. Table II tabulates the Sobolev exponents for the
Daubechies orthonormal wavelets and the proposed wavelets
for different numbers of vanishing moments. Although the
proposed wavelet frame is designed so as to provide a denser
sampling of the time-frequency plane, a positive side effect is
an increase in the smoothness of the wavelets.

D. Example 3
In this example we set K1 = 1 and K2 = 4. Then

K0 = K1 + K2 = 5. The filters, scaling function φ(t) and
wavelets ψ1(t) and ψ2(t) are illustrated in Fig. 7. The wavelet
ψ1(t) has support 8, while the wavelet ψ2(t) has support
7.5. The wavelets have four vanishing moments each and
the Sobolev regularity parameter is 2.48. In this example, a
mid-phase spectral factorization was used to obtain a more
symmetric solution than that obtained with a minimum-phase
solution. The filter coefficients are listed in Table III.

E. Example 4
In this example we set K1 = 3 and K2 = 2. The wavelets,

illustrated in Fig. 8, have two vanishing moments each. The

TABLE II
COMPARISON OF SOBOLEV REGULARITY EXPONENT AND SUPPORT. K IS

THE NUMBER OF VANISHING MOMENTS. THE PROPOSED WAVELETS HAVE

K1 = 1 AND K2 = K .

Ortho Daubechies Proposed tight frame

K Sobolev Supp. ψ(t) Sobolev Supp. ψ1(t), ψ2(t)

1 0.50 1 1.50 2, 1.5
2 1.00 3 1.84 4, 3.5
3 1.42 5 2.17 6, 5.5
4 1.78 7 2.48 8, 7.5
5 2.10 9 2.77 10, 9.5
6 2.39 11 3.03 12, 11.5
7 2.66 13 3.28 14, 13.5
8 2.91 15 3.52 16, 15.5
9 3.16 17 3.76 18, 17.5

10 3.40 19 3.99 20, 19.5

TABLE III
COEFFICIENTS FOR EXAMPLE 3.

n h0(n) h1(n) h2(n)

0 0.022033327573 0.048477254777 0.031294135831
1 0.015381522616 0.019991451948 0.013248398005
2 -0.088169084245 -0.304530024033 -0.311552292833
3 0.051120949834 0.165478923930 0.497594326648
4 0.574161374258 0.308884916012 -0.235117092484
5 0.717567366340 -0.214155508410 -0.020594576659
6 0.247558418377 -0.074865474330 0.015375249485
7 -0.076963057605 0.028685132531 0.009751852004
8 -0.048477254777 0.022033327573 0

Sobolev exponent of the wavelets is 3.60, substantially higher
than the previous examples even though the filters h0 and h1

are only of length 7 and h2 is of length 6. Increasing the value
of the parameter K1 increases the regularity of the wavelets;
however, it also reduces the norm of the filter h1. The filter h1

is small in norm compared to h2. This is especially noticeable
in the frequency response plot, Fig. 9. Precisely, the norm of
h1 is 0.30, while the norm of h2 is 0.78. For comparison, the
norms of the filters h1 and h2 in Example 3 are 0.52 and 0.63.
Although it is not necessary that the filter norms be equal for
the frame to be tight, the large difference in norms means that
the expansive transform is somewhat inefficient and the dense
sampling of the time-frequency grid is not fully utilized. In
the extreme case where the norm of h1 is (close to) zero, that
filter could be omitted altogether. One may as well use, in that
case, the double-density discrete wavelet transform, or another
transform that is overcomplete by a factor of two.

The reduced norm of h1 is explained using the second
perfect reconstruction condition (6) and setting ω = 0.5π.
From (6) it follows that

|H0(ej 0.5 π)| = |H1(ej 0.5 π)|. (23)

That the magnitude of the frequency response of h0 and h1

are equal at ω = 0.5π can be seen in Figs. 4 and 8. In
addition, increasing the value of K1 makes the passband of
H0(ej ω) narrower and reduces its value at ω = 0.5π. From
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Fig. 7. Example 3 — Tight frame with 4 vanishing moments. K0 = 5, K1 = 1, K2 = 4.
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Fig. 8. Example 4 — Tight frame with 3 vanishing moments. K0 = 5, K1 = 3, K2 = 2.

(23), the bandpass filter H1(ej ω) must also have a small
value at ω = 0.5π, as illustrated in Fig. 8. For that reason,
increasing the value of the parameter K1 reduces the norm of
h1. We therefore suggest setting K1 equal to one. For K1 = 1,
the norms of the ψ1(t) and ψ2(t) are closer in value, as in
Examples 2 and 3.

F. Fractional Dilation Parameters

Non-dyadic wavelet transforms have been investigated in
the literature. In this case, the dilation equation is given by

φ(t) =
√
a

∑
n

h0(n)φ(a t− n)

where a is different from 2. When a is an integer greater than
two, solving the dilation equation for φ(t) is quite straight-
forward, and one can develop associated wavelet transforms
[34], [36]. When a is a non-integer, then solving the dilation
equation and developing an associated wavelet transform is
much more complicated [5]. The case where a is between
1 and 2 is interesting because in this case stepping between
scales is more gradual. In terms of sampling of the time-
frequency plane, allowing a to be between 1 and 2 gives a
closer spacing of the samples with respect to frequency. How-
ever, it is difficult to implement a discrete wavelet transform
based on 1 < a < 2. Although the wavelet frame proposed
here is not associated with any such fractional dilation factor,
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Fig. 9. The frequency responses of h0, h1, h2 in Example 4.

it does provide a denser sampling of the time-frequency plane,
and intermediate scales, as illustrated in Fig. 6.

IV. BI-FRAMES AND SYMMETRY

The widely used symmetric biorthogonal 9/7 wavelet basis
is obtained by relaxing the orthogonality constraint [3]. Simi-
larly, wavelet frames with (anti-) symmetric scaling functions
and wavelets can be easily obtained by relaxing the tightness
of the frame. Equivalently, by allowing the synthesis filters and
analysis filters to be different from each other, we can obtain a
perfect reconstruction filter bank with (anti-) symmetric filters.
In this case, the perfect reconstruction conditions become

H0(z) H̃0(z) +H1(z) H̃1(z) + 2H2(z) H̃2(z) = 2 z−no

(24)

H0(−z) H̃0(z) +H1(−z) H̃1(z) = 0 (25)

where a delay of no samples is specified in the reconstruction
[y(n) = x(n − no)]. The filters Hi are the analysis filters,
while H̃i are the synthesis filters.

Similar to the factorizations presented above for the tight
frame case, we define the following factorization for H0(z)
and corresponding factorizations for other transfer functions,

H0(z) = P (z)Q(z) (26)

H̃0(z) = P̃ (z) Q̃(z) (27)

H1(z) = P (z) Q̃(−z) (−z)d (28)

H̃1(z) = −P̃ (z)Q(−z) z−d (29)

With the transfer functions related in this way, the second
perfect reconstruction condition (25) is satisfied, regardless of
the actual transfer functions P (z) and Q(z).

To obtain H2(z) and H̃2(z) we can write the first perfect
reconstruction condition (24) as

H2(z) H̃2(z) = z−no − 1
2
P (z) P̃ (z)

×
[
Q(z) Q̃(z)− (−1)dQ(−z) Q̃(−z)

]
.

The transfer functions H2(z) and H̃2(z) can now be obtained
by factorization of the right-hand-side.

TABLE V
COMPARISON OF SOBOLEV REGULARITY EXPONENTS.

9/7 biorthogonal Example 5

analysis 1.41 2.00
synthesis 2.12 2.94

Recall that the biorthogonal symmetric 9/7 wavelet basis
and the Daubechies-8 orthonormal wavelet basis with four
vanishing moments are obtained by different factorizations of
the same filter (a maximally-flat symmetric FIR halfband fil-
ter). Likewise, we propose to design short symmetric wavelets
with vanishing moments by setting the product H0(z) H̃0(z)
equal to the same maximally-flat filter F (z) in (22) that we
used for the design of tight wavelet frames in Section III.

As in Section III, we propose setting

P (z) = P̃ (z) =
(

1 + z−1

2

)K1

and

Q(z) =
(

1 + z−1

2

)K2

A(z)

Q̃(z) =
(

1 + z−1

2

)K2

Ã(z).

We further suggest setting K1 equal to 1 for the reason noted
in Example 4.

A. Example 5

A non-tight wavelet frame with symmetric filters is obtained
in this example by performing factorizations into symmetric
filters, starting with the lowpass filter F (z) used in Example 3.
The analysis and synthesis wavelets are illustrated in Figs. 10
and 11 respectively. The filter coefficients are listed in Table
IV. To make the filters causal, the delay in the perfect
reconstruction is no = 8 samples, y(n) = x(n − 8). The
analysis wavelets are supported on [0, 8] and [0.5, 8], while
the synthesis wavelets are supported on [0, 8] and [0, 7.5].
Both analysis wavelets and both synthesis wavelets have four
vanishing moments. Like the biorthogonal 9/7 system, the
synthesis scaling function is shorter and smoother than the
analysis scaling function. The wavelets constructed in this
example are more regular than the 9/7 biorthogonal wavelets,
because the lowpass filters each have (1 + z−1)5 as a factor.
Table V lists the Sobolev regularity exponents of the designed
wavelets and the 9/7 wavelets.

Note that the zeros of H0(z) and H̃0(z) as illustrated in
Figs. 10 and 11 have the same type of configuration as the
biorthogonal 9/7 filters. Namely, the analysis lowpass filter has
four complex zeros away from z = −1, while the synthesis
lowpass filter has two real zeros away from z = −1. Unlike
the biorthogonal 9/7 filters, the lengths of the filters in Figs. 10
and 11 do not all have the same parity. The lowpass and
bandpass filters are even-length while the highpass filters
are odd-length. Furthermore, the even-length filters do not
have the same center of symmetry, and as a consequence the
implementation of symmetric boundary extensions must be
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Fig. 10. Example 5 — Symmetric analysis filters and wavelets with four vanishing moments. K0 = 5, K1 = 1, K2 = 4.

TABLE IV
COEFFICIENTS FOR EXAMPLE 5.

n h0(n) h1(n) h2(n) h̃0(n) h̃1(n) h̃2(n)

0 0.027222 0.044889 0 -0.039237 0.023794 0.011029
1 0.011217 0.005671 0.027671 -0.073518 0.037784 0.019204
2 -0.112709 -0.286349 0.007159 0.181733 -0.070538 -0.020024
3 0.096078 0.235789 -0.277671 0.638129 -0.253037 -0.269204
4 0.685299 0.235789 0.485682 0.638129 0.261996 0.517991
5 0.685299 -0.286349 -0.277671 0.181733 0.261996 -0.269204
6 0.096078 0.005671 0.007159 -0.073518 -0.253037 -0.020024
7 -0.112709 0.044889 0.027671 -0.039237 -0.070538 0.019204
8 0.011217 0 0 0 0.037784 0.011029
9 0.027222 0 0 0 0.023794 0

slightly different than that for symmetric biorthogonal wavelet
transforms. Specifically, if the input signal to the analysis
filter bank (see Fig. 2) has length N (where N is even) and
if symmetric boundary conditions are implemented, then the
lowpass, bandpass, and highpass subband signals require N/2,
N/2 + 1, and N samples respectively. That is, the bandpass
subband requires one more sample than initially expected.
Because the transform is already expansive, the ‘extra’ sample
in the bandpass subband required for the implementation of
symmetric boundary conditions is not of consequence.

V. APPLICATION TO SIGNAL DENOISING

To evaluate the proposed 3-times expansive wavelet trans-
form we have used it for 1-D signal denoising and compared
it with the critically-sampled DWT, the double-density DWT
and the undecimated DWT. The root-mean-square error is
calculated as a function of the threshold value used in the
denoising procedure. The result of the denoising experiment is
shown in Fig. 12. The performance of the proposed transform
is nearly that of the UDWT, yet it is only 3-times expansive
whereas the UDWT is 6-times expansive. The details of the
denoising experiment are as follows.
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Fig. 11. Example 5 — Symmetric synthesis filters and wavelets with four vanishing moments. K0 = 5, K1 = 1, K2 = 4.
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Fig. 12. Comparison of denoising performance. The proposed 3-times
expansive wavelet transforms performs nearly as well as the more expansive
undecimated wavelet transform.

For the proposed transform we used the filters pre-
sented in Example 2 with three vanishing moments; for
the critically-sampled and undecimated DWT we used the
orthonormal Daubechies wavelets with three vanishing mo-
ments. For the double-density DWT we used the wavelets

from [27] with three vanishing moments. For each trans-
form we used five stages. We used a 1024-point signal
from the WaveLab software package [14], produced using
the command MakeSignal(’Piece-Regular’,1024).
The signal was normalized so that its maximum value was
1 and independent white zero-mean Gaussian random noise
with standard deviation of 0.1 was added. We used the hard
threshold rule on every subband except the lowpass subband.
For the proposed transform, the threshold, T , was multiplied
by the norm of the filter response for that subband prior to
thresholding. This is necessary because the wavelets of the
proposed transform do not have the same norm and moreover,
the norm depends on the scale. The results illustrated in
Fig. 12 were obtained from averaging over 200 realizations. In
another denoising experiment, the best performing threshold
per subband was chosen for all transforms, and in this case
the difference between the proposed expansive transform and
the UDWT was further reduced.

VI. TWO-DIMENSIONAL TRANSFORMS

The proposed expansive wavelet transform can be extended
to multiple dimensions in a way that is similar to the usual
separable implementation. For two-dimensional signals there
will be eight subbands at each stage: LB, LH, BL, BB, BH,
HL, HB, HH, where L stands for ‘lowpass’, H stands for
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TABLE VI
RELATIVE SIZES OF SUBBANDS FOR THE 2-D TRANSFORM.

LB N ×N

LH N × 2N

BL N ×N

BB N ×N

BH N × 2N

HL 2N ×N

HB 2N ×N

HB 2N × 2N

Total 15 (N ×N)

‘highpass’, and B stands for ‘bandpass’. These are in addition
to the LL subband. If the LL subband is of size N ×N , then
the LH subband will be of size N ×2N , the HH subband will
be of size 2N × 2N , etc. Table VI shows the relative sizes
of each subband. In comparison, the critically-sampled two-
dimensional DWT has three subbands, LH, HL, HH, each of
size N×N . Therefore, the 2-D form of the proposed transform
is 5-times expansive. That can potentially be substantially less
than the 2-D form of the the undecimated DWT, which is
(3 J + 1)-times expansive, where J is the number of stages.

VII. CONCLUSION

This paper has presented a type of discrete wavelet trans-
form that is overcomplete by a factor of 3 (by a factor of
5 for two-dimensional signals). A family of tight wavelet
frames were presented that have minimal-length for a specified
number of vanishing moments. The construction of the filters
requires the spectral factorization of a maximally-flat lowpass
linear-phase FIR filter (as does the construction of orthonormal
Daubechies wavelets) and one additional spectral factorization.
In addition, the design of non-tight frames generated by
symmetric wavelets was also presented.

Several variations and extensions of this work are possible.
For example, the lowpass filter h0 need not be the spectral
factor of a maximally-flat linear-phase FIR filter — instead
h0 can itself be such a filter. In this case, both h0 and h1 will
be (anti-) symmetric.

Another extension is the development of a dual-tree com-
plex (approximately analytic) wavelet transform [18], [19]
based on the type of filter bank used in this paper. A complex
form of the double-density DWT was presented in [29].

Software to implement the transform and reproduce the
design examples is available on the web at http://taco.
poly.edu/selesi/.
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