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Abstract

Recen study for congestioncontrol in high speed networks indicates that the derivative
information for the congestionat the commonbu er for multiple sourcescould be usefulin
achieving e cien t and fair allocation of the bandwidth (Kelly 1997,1998). In this paper we
presern an algorithm that estimates sud derivativesfor multiple on-o sources. The algo-
rithm hasits root in the in nitesimal perturbation analysis (IPA) for the classicalqueueing
systems. Although the traditional IPA algorithm doesnot give unbiasedderivative estimates
for multi-class arrivals, we are able to prove the unbiasednessn the caseof multi-class on-o
sources. The results in this paper may motivate a new look at the end-to-end congestion
control issue.

1 Intro duction

Congestion cortrol is one of the crucial componerts in high speed network operation. Despite
the enormoussucces®f the well-known TCP/IP congestioncontrol protocol in the past decade,
the Internet hasewlvedto the state that pure endto end congestioncortrol may not be enough.
Recerly many studieson pricing for congestioncontrol have shavn that derivativesof congestion
at the common bu er with respect to individual sourcesmay provide useful information for
e cien t and fair useof the bandwidth (Kelly 1997,1998).This is quite natural viewed from the
well-known Arrow-Hurwize resourceallocation theory (Arrow 1968). In fact Gallager has used
this theory to derive a distributed optimal routing algorithm for single classnetwork (Gallager
1975). In essencehis theory says that if a limited resourcehasto be sharedby n usersand that

the system utilit y is the sum of ead user's utilit y, then the best way to allocate the resource
is to equalizethe derivatives of ead user'sindividual utility . In the casethat the individual

utilit y is not known to the system, the system can posea common price for the usersto \buy"

the resource. Simple adjustment of such a price would evertually lead to an optimal allocation
of the resource. Sincethe essencas to equalizethe users'utilit y derivatives,it is clearthat these



derivatives are important and one can use the di erence betweenthe derivativesto drive the
price adjustment. In the caseof deterministic setting this schemehasbeendonein, for example,
in economicsystems. Howewer in our current setting, the userssendin stochastic on-o o ws
to be processedby a common sener and we are facing a sensitivity analysis problem for a uid
gueue. Basically we have a deterministic sener with servicerate c and n on-o sourceso w into
the common bu er waiting to be processed.Thus the questionis to nd a simple algorithm to
estimate the derivativesof the badlog v at the common bu er with respect to the parameters
of eat source. Our main result is that the IPA estimatesfor the steady state derivatives are
unbiased. This pavesthe way for further discussionof using suc derivative information. We
make someremarks about our result.

IPA for classicalgueueingsystemswasintro ducedin the early 80's. SeeHo and Cao (1991)
and Glasserman(1991) for details of IPA theory. Suri and Fu (1995) is the rst paper
discussingIPA for uid queues. The setting and motivation of Suri and Fu (1995) are
guite dierent from ours. A simpler version of this work was rst presenred in Liu and
Gong (1999).

Although the derivation of the main result is basedon the analysis of an in nite buer
system, we will shaw that the principles carry over to the nite buer case,with minor
modi cations to the algorithm (seesection 5). This is quite dierent from the caseof
traditional IPA when applied to nite buer queues,where the IPA algorithm usually
would not give unbiasedresult.

We emphasizethat IPA doesnot give unbiasedderivativ e estimatesfor traditional discrete
event multi-class queues. Fluid models are much more friendly to the elegan IPA algo-
rithm. Since uid queuesare increasingly being usedin high speed network analysis, we
hope our results would motivate more study along this line.

The derivative estimatesobtained in this paper are samplederivatives. The useof sample
derivativesin stochastic approximation type of algorithms for optimization has beenwell
studied and it is known that such algorithms do not convergevery fast. However a study
in Chong and Ramadge (1993) shaws that in queueing systems one can update rather
quickly in suth schemesand expect quick corvergence.For examplein the setting of the
classicalG/G/1 queueChong and Ramadge(1993) prove that the optimization algorithm
could update onceevery departure. This givesthe hope that samplepath derivative based
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optimization algorithm could be realistic in online usefor high speednetworks. It is also
important to note that in quite genericsituations it takesrelatively few iterations to get
into a suboptimal allocation, which could be good enough (Ho, Sreenia, 1992).

The rest of this paper is organized as follows. In Section 2 we briey describe the pricing
theory introduced by Kelly et al. (Kelly 1997,1998), which motivated our study of derivative
estimates. Section 3 preseris our main results. By looking into the sample path performance
function, we prove that IPA givesunbiasedderivative estimatesfor uid queuesfeededby mul-
tiple ON-OFF sources. Section 4 preseris two numerical examples,one is a single source uid
gueueand the other is a multiple source uid queue. IPA estimatesare comparedwith theoret-
ical results. In Section5, issuesof unbiasedneswf IPA for nite bu er systemsand variance of
IPA for multiple sourcesare discussed.We concludethis paper in Section 6.

2 Pricing for Rate Control of Elastic Trac

In this section we summarize the pricing theory developed by Kelly et al. (Kelly 1997, 1998).
Figure 1 depicts a small network with two userssharing one bottle-neck link, where x1 and x»

D
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Figure 1: Network of Userswith Elastic Trac



are transmit rates of two usersrespectively; ye is available bandwidth at the bottle-neck link.
More generally, let's consider a data communication network of links J. A group of usersR
transmit data through the network. Let A = [Aj;] be the route matrix for all users: Aj; = 1
if userr traversesthrough link j; Aj; = 0, otherwise. Given a transmit rate x,, the userr's
utilit y is Uy (Xr), which is an increasing, strictly concave and contin uously di eren tiable function.
We call trac with this kind of utilit y function elastic trac. The total rate on ead link is
constrained. We may have a hard constraint such as

AX G

whereX = [X1;X2; ;ijj]T is the transmit rate vector for all the users,C = [c; Cy; ;qu]T is
the capacity vector for all the links of the network. We can alsoapproximate the hard constraint
by a group of cost functions for all links of the network

C,-(y,-)=0 ifyj << G .

Ci(y)! +1 ifyy! ¢
wherey; is the aggregaterate at link j. Let "(s) be the set of links traversedby users. The

problem for the overall systemis to maximize the objective function:
X

X X
L(X) = Ur (Xy) Ci( Xs):

r2R i20  sj2'(s)
Given fU; (Xy)g and fC;j(y;)gd, the problem can be solved in a certralized way. However the
utilit y function of ead end user maybe unknown for other usersin the network. A distributed
algorithm is preseried in Kelly's papers, which usethe intelligence of end usersto cooperatively
drive the systemto its optimum. Briey , ead link looksat its aggregaterate and sendsbad the
derivativeinformation dC; (y;)=dy; to all its users. This information is called shadow price. It can
be understood as a price for an unit trac at link j within the network pricing framework. In a
cooperative ervironment, it can be treated asa marking mecanism for a router to communicate
with end users. For ead user, upon receiving feedbads from all the links on its route, it will
adjust its transmission rate according to current shadov prices and the derivative of its own
utilit y function.

One example of utilit y function is U;(X;) = w; logx,. End user's scheme of adjusting its

rate is

d X
axr(t) = kfwr X (t) i(Dg;

j27(r)



where | (t) is the feedbadk from link j:

d .
i(t) = ayC WMy="_ 5 (o) x50

k is a positive constart which determinesthe magnitude of user's rate adaption. Within the
pricing framework, w, can be understood as the total amourt of money that userr would like
to pay for its network transmission. This equation suggestsadditiv e increasein transmit rate
x; if there is no congestion(or j(t) = 0,8 2 L(r)), and multiplicativ e decreaseif there is
congestion(or x,(t) 5, j(t) dominatesover w,). This is related to the way TCP congestion
cortrol schemeworks.

Kelly et al. have shown the stability of the algorithm by constructing a Lyapunov function

X X X
L(X) = w; log X, Gi( Xs):

r2r j23 s;j2°(s)
For more generalutilit y function U, (X;), the user adapting schemeis
W (1) = Xr () g5 Ur (¢ (1)
%Xr(t) = kfwe () X () o) i(DD

where w; (t) is called user adaption. The distributed algorithm will drive the system to the
optimum of the objective function

X X X
L(X) = Ur (Xr) Gi( Xs):
r2r j23 s:j2°(s)
More generally, if the link cost function is of the form C;j(x1;  ;Xjg;), link j sendspartial

derivative @C; (X )=@, to userr. Then the systemcan still corvergeto the optimum of

X X
L(X) = Ur (Xr) G (X):
r2R 23

3 IPA Estimator for Innite Buer Queue

In Section2, we seethat derivativesof congestionat the commonbu er with respect to the indi-
vidual sourcesis very important in resourcemanagemem of congestednetwork. But the model
usedin Section 2 is a deterministic model. It doesn't capture the statistical characteristics of
network trac. In this paper, we use parameterized stochastic uid models, such as Markov
ON-OFF model, to model users' data transfer behavior. Each user'sutilit y is a function of the
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model parameters. In order to drive the network to its optimum state, derivativesinformation of
congestionis needed. We usethe averagebadcklog at a link to measurethe congestion. In nites-

imal Perturbation Analysis (IPA) enablesus to get unbiasedestimatesfor partial derivativesof
the link badlog with respect to the parametersof individual users.

3.1 System Mo del

Consider a uid queueing system (see Figure 2) with one sener and feededby M ON-OFF
ows. Assumeboth ON and OFF periods of sourcei follow distributions with scaleparameter
1 and 2 respectively. The averagelength of the ith ow 's ON periods is 1= ;. And the
averagelength of the ith ow 's OFF periodsis 1= ;. When ow i is on, workload is feededinto
the queueat rate h;j. We assumethat the queueing system has an in nite buer. When the
bu er is non-empty, the sener processesvorkload at rate ¢c. Assume ow's peakrate h; > c,

fori =1, ;M. In order for the systemto be stable, we enforce

HpEEpi?

ﬂ he O\ : B M
Service rate ¢
|—| |-| hs

Figure 2: Fluid QueueFeededby 3 ON-OFF Processes

For uid queueingsystems,Little's Law still holds (Konstantopoulos, Zazanis 1997). The
expected waiting time is proportional to the average queue length. We are interested in the
average queue length of the system over a nite time period T, the performance index is
Jr(f L izg) = EfLr(f & izg; )g, where is a sequencefi.i.d uniform random variableswhich
determine the lengths of ON and OFF periodsin a samplepath. We try to estimate the partial
derivativesf @1 (f 1; 20)=@%; @1 (f }; ?9)=@?g, fori = 1, ;M. Our study focus on IPA
for f@+(f & 2g)=@}g. It can be easily generalizedto obtain IPA for f@+(f ; 20)=@%g.



Without loseof generality, we study the queuelength derivative with respect to the rst source.
Let = 1= %;h = h;. The length of the source 1's ith active period A; = Ui, where
fUj;i = 1, g areindependert samplesof random variable U which determinesthe distribu-
tion of sourcel's active periods. Let g(t) be the queuelength at time t, f1(t) be the total ow
from sourcel until time t, f,(t) be the total ow from all other sourcesuntil time t, c(t) be the
total ow serwed by the sener until t. Then

qt) = fo(t) + f2(t)  c(t);
do(t)

T 1(q(t) > 0);
dégt) = h 1(sourcelisonatt):
Sample path performanceis
147
Lr(5) =5 . q(t; ; )dt

3.2 Unbiasedness of IPA Estimator

Given the above model, we are ready to shav the unbiasednessof IPA estimator for multiple
source uid queue. Let

folt; 5 )="fa(t; + ) fa(t; 5 );
ct, ; )=ct;, + ;) ct ;)
qt; ;) =at + ;) ot ;)

then

Lvy( + ;) Ly(; )= fi(t; ;) c(t; ; )dt

1
T o
Lemma 1 supypory falt; 5 ) ot ;)i supzpry) fa(t 5 )i
Proof: Suppose > 0, then A; = Uy > 0. It is easyto seethat for t 2 [0;T], f1(t)
is a non-decreasingfunction of fAjg, so f(t) 0. Now we want to prove c(t) 0 and
maxp o7y C(t)  mMaxppTy fa(t)

If for somet; 2 [0; T], c(t1) < 0, we prove by contradiction. Since c(t) is cortinuous and
c(0) = 0,9Tg < ty,st. ¢(Tg) = 0,and c(t) < Ofort 2 (To;t1]. c(t) is piecewiselinear, thus



9Ty 2 (To;t1), s.t. for t 2 (To; T4l

dc(t) _ do(t; + ) dot; )
dt dt dt
de(t;, + ) _ de(t; )
—a - 0 and at
qt, + )=0andq(t; )> 0

)

)

) alt) = fai(t) ) <O
) fau() < ot) < 0

<0

This cortradicts f1(t) O, thereforeif > 0,then c(t) Oforallt2 [0;T].

c(t) is a piecewiselinear cortin uous function of t,

8
dc(t):zc ifq(t; + )>0andq(t; )= 0;

m o ¢ ifqt + )=0andqt; )>0;
"0 otherwise

Supposeit reachesits maximum at point t . If d c(t; )=dtj=t = c, sincec(t; ) is piecewise
linear, wecan nd aTg< t, st dct, )=dtji=r = cfort2 (To;t ) andd c(t, )=dtjt=7, = O.
Becausedc(t; + )=dt c, fort2 (To;t),

d dc(t; ).
ooy wy am ) S8 =0

) o(To; )= 0andc(To; )= f1(To; )+ f2(To):

Sowe have
ct) c(To) fuo(To; + )+ f2(To) c(To; )

=f1(T0; + ) fl(To; )= f]_(T()) sup fl(t)Z
t2[0;T]

Thusfort2 [0;T],if >0, fi(t) O c(t) O,

sup j fa(t; ;) oty ;)] maxf sup c(t; ; ), sup fi(t; 5 )g
t2[0;T] t2[0;T] t2[0;T]
= sup j fuo(t; 5 )i
t2[0;T]

For < 0, we have similar argumert for the conclusion c(t) 0 and ming o) C(t)

ming 7y f1(t). Sowe have

sup j fa(t; 5 ) ot ;) supj fu(t ;)
t2[0;T] t2[0;T]



Lemma 2 If min and min + , then

L + L ). T h
jLr( ) Lr(:); T b, W
min
Proof:
1 Z1
jLt( + ) Lt()j= ?j fat 5 ) ot ; )dt
1ZOT
T jfat 5 ) ot )jdt
0
sup j fa(t; 5 ) oty ;)i
t2[0;T]
sup jfo(t; + ;) it ;)
t2[0;T]
If min + ,fi(t; ; ) isthe total ow injected by sourcel until time t,
N ©)
fi(t; ; )=h f Ai( )+ R(t ;)g;
i=1

where N (t; ; ) is the number of complete ON periods within [0;t], R(t; ; ) is the truncated

length of the possibleON period crossingover t.

N(tiyt )
Ai( + )

N ;)
+R( + ;) Ai() R ;)g
i=1

If N(t; ; )> N( + ;) then

fa(t, + ;) fu(t; 5 )=h f
i=1

It is clearthat N (t; ; ) is a non-increasingfunction of .

N (tyer ) NgE ;)
AL+ )+RE + ) Al + )

i=1
must begin earlier then the

; ) = k, then the (k+ 1)th ON period of
; ). In both cases,

FN( 5 )= Nt +
, which meansR(t; + ; )< R(t

(k + 1)th ON period of +

Ngg ;) N 5 )
fa(t, + ;) fat ;) h (AiC + ) Ai()=h ( Ui)
i=1 i=1
N(tXmin;) N(tXmin;)
h u=" Alm) T 2
i=1 mn- o min



Then we have

jLT(+ ;) LT(;)j h T,

min

3)

Similar argumert holds for min + < . So,aslong as mn and min +
inequality (3) holds.

Theorem 1 For xed , Lt( ; ) is uniformly continuous with respect to  over[ min; max]-

Proof: It is an immediate consequencef Lemma 2.

The trajectory of q(t) over [0; T] canbedivided into N busy periods and one possibleresidual
period crossingover T. In Figure 3, we have a trajectory consisting of three busy periods and
oneresidual period. The trajectory is determined by the timing of all the jump everts of Markov
ON-OFF sources. We call the trajectory of the nominal trajectory, the trajectory of +
the perturb ed tra jectory.

q(t)

Bl El B2 E2 B3 E3B4 1 Time

Figure 3: Sample Path of q(t) over [0;t]

De nition 1 The nominal and the perturbed trajectory is said to be similar aslong as all the
jump eventswithin the ith busy period (or the residual period) of the nominal trajectory still
belong to the ith busy period (or the residual period) of the perturbed trajectory and that the
order of all thesejump eventsremain unchangel after perturbation.

In Figure 4, we showv an example of similar nominal and perturb ed sample paths.

Lemma 3 Denote by Trac( ; ), Trac( + ; ) the nominal and the perturbed trajectory re-
spectively, 8 2 [ min; max), for ais: , 9"( ; ), sit;, Trac( ; ) is similar to Trac( + ; ), if
i<t
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x(t) 4

A1 A2 A3 Aas

q(t) f

Q,

Figure 4: Similar Nominal and Perturb ed Sample Path

Proof: 1) For a:s: , 9 "1( ; ), s:it:, the order of all jump ewerts remains unchanged after a
perturbation ofj j< "1( ;).

Let Jnin be the minimum of all intervals between jumps. Becauseintervals between two
consecutive jumps of one sourceare continuous random variable, Pf :Jmin( ) = 0Og= 0. The
upper bound of perturbation on one particular jump evert is

. . N (tymin ;)
jj X

min

N (tXmin )
j Uij =
i=1

iiT

min

Ai( min)
i=1

Sowe canselect”1( ; ) = Imin min=T t0 ensurethe order of jump events unchanged.

2) For ais: , 9"s( ; ), sit:, two busy periods will not mergeinto one busy period after a
perturbation of j j< "2( ; ).

Let Bi( );Ei( ) bethe start and end time of the ith busy period of the nominal tra jectory,
and BY( );E!( ) be the time of sourcel 's rst and last jump evert within the ith busy
period. Figure 5 is an example of a busy period starting with source2 and ending with source
1. Let B} + );EY}( + ) be the time of those two jumps in the perturbed trajectory.
Asin 1), j BYj;j EY Tj j= min. For the perturbed trajectory, let Bi( + ) be the time
of the earliest jump of all jumps within the ith busy period of the nominal trajectory; let
Ei( + ) bethe virtual nish time for all ON periods within the ith nominal busy period.
If we have Bis1( + ) > Ej( + ) for all two adjacert busy periods, no two busy periods
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f 1(t)
Time

f, (1) |
Time
Time

Figure 5: Sener Busy Period starting with source2

will merge together. Let Spin be the minimum length of sener's silence periods. We have
Pf :Smn()=0g= 0. It suces to requirej Ejj < Smin=2 and | Bj+1] < Smin=2. It is clear
that j Bijj j Blj, and
.. 4. fi(El+ EY + f(El+ EL ).
JEiJ<JEi1]+Jl(I i ) 1(| i )J

c
su 1] F1(D)j i
| EYj+ Pl 2l j j (h+ 0 T:
c mn C

Soif weset"s( ; ) = CSmin min=(2(h + )T), for j j < "2,] Eij < Smin=2 < Sj+1=2 and
j Bi+1] < Smin=2< Sj+1 =2, then the ith and (i + 1)th busy period will not mergeinto one busy
period.

3) For ais: , 9 "3( ; ), sit;, one busy period will not split into seweral busy periods after a
perturbation of j j< "3( ; ).

SupposefVTy( ; )g, k=1, ;K arethe times of all the jump up everts in the nominal
trajectory within [0, T], Vk( ; ) = q(VTk( ; ); ; ). For aiss: , K is nite. If for all fk :
Vk( ; ) > 0Og, we have Vx( + ; ) > 0, then no busy period will split. If the jump up event is
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not from sourcel, then VT ( + ; )= VTk(; ), soO

<

_ _ . 0 T h
O+ 5 ) W5 )i supjat ;)i JJ—
t2[0;T] min
If the jump up evert is from sourcel, then VTy( ; )< j—njﬂnT, SO
k(C + ) V(5 )i<ith+  h)  VTe(; )i+ sup j ot ;)i
oo t2[0;T]
. P M
T @h+ 5, h)

min
Let Vimin( ;) = Mg k k;veso0g Vk( 5 ), then Vimin (15 ) > 0. Soif we set

Viin (5 )n min

R T Y

no busy period will split.
From argument 1), 2), 3), we have 8 , for a:s: , Trac( ; ) is similar to Trac( + ; ),
provided that < "(; )=minf"1(; );"2(; );"s(; )9

Theorem 2 @Q1( ; )=@ existsat any with probability 1.

Proof: Supposethe samplepath of the uid queueconsistsof N complete busy periods and one
residual period. De ne

SH(;)= ot ;)dt i=1  N;
Bi
which is the integration of queuelength over the ith busy period. Similarly, for the residual
period de ne
Zt
SP(i )= qt; ; )dt:
BN +1
Let

1 = fi: the ith busy period is started by sourcelg;

2= fi: the ith busy period is started by a sourceother than sourcelg:

Then

, X
(o Sr(i)+ S+ SPms )



From Lemma 3, for a:s: , whenj j < "(; ), the perturbed sample path is similar to the

nominal sample path. Then we have
Lo(- )= 2+ X i X i N+L[ . yy.
T3 )= +( Sr( )+ Sr(: )+ S0 ) (4)
i2 1 i2 2
We will establish the existenceof @Q.t( ; )=@ by proving the existence of @‘T( ; )=@ for
i2 1,i2 ,andi=N + 1.

For the t 2 [Bi; Ei], let

Zc
fi ), fut ;) fa(Bis ;) and Wi(; ), ) G )dt;
Bi
Z .
f2t 5 ), fat, ) f2Bis ) and Wi(; ), ; f2(t; ; )dt;
L
G(t; ; ), ot ;) coBi; ;) and Wi(;), G(t; ; )dt:
Bi

Then
SE(s ) =Wi(; )+ Wi(;) W(; )

Let fAj;Uj;j =1, ;J(i)gbesourcel's ON and OFF periods within the ith busy period.
Then

. % , XD
Wi(;)=h (5( Aj)+ ( Ak) Uj):
i=1 =1 k=1

o 1 P
For k = 1; ;J(@) 1, Uk =0, Ugu = Ej Bi k=1 Ak

. PO O PO X o
Wi(; )=h( Aj Aj+  ( AU+ Ay Ugap+o( )
j=1 =1 =1 k=1 j=1
) X %) o
=h( ( A)Uj +  Aj(E Bl +of )
j=1 k=1 j=1

14



Case I: Ifi2 5, Bj(;)=0, Wi ;)=f2E;; ;) Eiand

WI(;)=cEi(;) Bi(;)) Ei+o )=c(E; ;) Ei+of )
SH(; )= Wi )+ W) W)

PO P
=h ( ( Aik) Uj Ajj BH+ (f(Ei; ;)
=1 k=1 j=1
+f4Ei; ;) (B ;) Ei+of j)
X)X
=h ( Ax) Uj fMEi; ;) Bl+of j):
=1 k=1

Let ! 0, @ (; )=@ existsand

i XD X .
Sl In T a0y ey HEEL, ©

j=1 k=1

Case II: Ifi2 4, Bi(;)= Bl;) Wi(;)and Wi(; ) arethe sameasin the

previous case,and

Wi )= ‘—z:(Ei( ) Bi(: )2=c(E; ;) (B BYy+of );

. X0 X
St(:;)=h ( Aw) Ui +f%Ei; ;) Bi+oj i)
j=1 k=1
Let I 0, we have
(i) _ 1, XOX faEi 15 ;
ST T a0y ey 2EEL, ©
j=1 k=1
Case Ill: Fori= N + 1,let J(N + 1) be the number of complete active periods of source

1, En+1 = T. If the residual period beginswith a jump event of a sourceother than sourcel,

then

Bnst = En+1 =0 and WY ()= wi(;)=o0
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Similar to a busy period, we have

I+ ¥
Wi (i) =h (0 AnsyUneng FRaa(T5) Bl + o ):
j=1 k=1
Then
I+ ¥
SY™(;)=h ( AN +1) KU +1) fusr (T 3 ) Blag + 00 ):
j=1 k=1
Let ! 0, wehave
N +1 . ‘](%+1) )Q .
(;) 1 f1(En; ;
@TTz —(h ( Ans+pYUn+nyj  Frsa(Ts s )%): (7)
j=1 k=1

For the residual period which beginswith a jump evert from sourcel, W}*1( ; ) is the same
asin the previous case,and

BN+l = B|]\]+1;
WX () =0;
C ..
W™ ()= ST Bnwaa(5 )®= ona(Bneas i) Bl + 0 J);
J(%+1) )Q
S{™(:)=h ( Aw+pk) UYUn+yj t (v (Ensas ;)
j=1 k=1
fiaa(Ti 5 ) Bl +0( j):
Let I 0, we have

N+1, . IR+ X
@ ; 1
G&r (). (h ( Awnspk) Uneyj + O (Ensas )
@ j=1 k=1 (8)

f . .
fha(r; 5y RENLLD,

In all three cases,@B‘T( ; )=@ exists for a:s: . We have

@T(;)zg(x @), X @), BTG
@ T @ @ @

21 i22

)

existsat any with probability 1.
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Theorem 3 IPA is an unbiasel derivative estimate, namely we have

d
Ef@@LT( 9= S EfL( g

Proof: From Theorem 1, for 2 [ min; max]

jLT(+ ;) Lt(; ). h T,
min
From Theorem 2 at any ,

Lt( + ;) LT(;):@—T(;)
@

By Lebesgue's dominated convergencetheorem, and chooseg( ), h T= mn asthe dom-

Ii|m0 exists with probability 1:

inating function, we have

Z . .
dgEfLT( :)g= lim LrCr 7)) bl ) gp
- |imOLT( o) b )ge
@-T( )
= Eng.

3.3 IPA Algorithm

We have proved the unbiasednessof IPA estimator for multiple source uid queue. For the
clarity of presenation, we summarizethe IPA algorithm here.

Supposewe are deweloping the IPA estimator for a uid queuefeededby multiple Markov
ON-OFF sourcesas described in Section 3.1. We can calculate IPA estimatesfrom the queue's

sample path between|[O; T]:

Divide the queuesamplepath into N busy periods and onepossibleresidual period crossing
over T. Let fA;;Uj;j =1, ;J(i)g be sourcel's ON and OFF periods within the ith
busy period. Supposethe length of the residual period is R, and it contains J(N + 1)
complete active periods of source1: fAn+1yj;) = 1, ;J(N + 1)g. Also introduce

notations

{ vl the volume of uid generatedby sourcel during the ith busy period (for the

residual period, i = N + 1)

{ v?: the volume of uid generatedby all other sourcesduring the ith busy period
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{ L;: the total volume of uid generatedby sourcel till the end of the ith busy period

If the ith busy period beginswith ajump up event of a sourceother than sourcel, calculate

1 X)X oL
Si= ~(h ( Ax) U +——— H L
=1 k=1

):

If the ith busy period beginswith a jump up evert of sourcel, calculate

X0 2
Si = }(h ( Ak) Uj+ MR h —
=1 k=1

):

If the residual period beginswith a jump up event of a sourceother than sourcel, calculate

J 1 j
1 R X Vl%l+1 Ln

Sn+ = —(h ( AN+ YN+ )

If the residual period beginswith a jump up evernt of sourcel, calculate

I+ 1

L v Ln

Sn+1 = —(h ( An+pUn+y; * (¢ R %):
j=1 k=1

P
After calculating fSi;i = 1 N + 1g, the IPA estimateis simply = 3t S;=T.

4 Numerical Examples

Using the previous IPA algorithm, we do simulations for both single source uid queue and
multiple source uid queue.

4.1 Single Source Fluid Queue

For the rst setof simulations, the uid queueis feededby one Markov ON-OFF source. Let ¢
be the servicerate of the sener; h be the peakrate of the ON-OFF source;1= and 1= bethe
averagelength of sourceON and OFF periods respectively. The following formula characterizes
the stationary queuelength (seeAnick and Mitra, 1982)

h(h o

EROT= 4y R T o)’
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0.5000| 0.6500| 0.8000| 0.9500| 1.1000| 1.2500| 1.4000
Theoretical Value || 0.3331| 0.4281| 0.5261| 0.6302| 0.7431| 0.8685| 1.0104

IPA Esitmate 0.3298| 0.4334| 0.5268| 0.6272| 0.7579| 0.8731| 1.0080
SampleVariance || 0.0089| 0.0115| 0.0220| 0.0304 | 0.0408 | 0.0658 | 0.1009
95% Conf. Intv. | 0.0117| 0.0133| 0.0184| 0.0216| 0.0250| 0.0318 | 0.0394

Table 1: IPA Estimates for Single SourceFluid Queue

T 200 400 800 1600 3200 6400
Theoretical Value || 0.33306| 0.33306| 0.33306| 0.33306| 0.33306| 0.33306
IPA Esitmate 0.33749| 0.33690| 0.33327| 0.32656| 0.33381| 0.3345
SampleVariance || 0.0174 | 0.01017| 0.00842| 0.00989| 0.00701| 0.00676

Table 2: Impact of Simulation Length on Single SourcelPA Estimator

If we choose = 1=, the formula for queuelength derivative with respectto is

dE[q0)] _ h(h © 2R2c h +2¢c),

d ( + )%(c h+c)

Weseth = 15 c¢= 10, = 05andvary = 1= from 0:5to 2 with step size0:015. At
eadr , we run 1000simulations, ead of which simulatesthe uid queuefor 10000seconds.We
then take the averagefor both the mean queuelength over [0; T] and IPA estimates of queue
length derivative with repectto . The total running time is 315 secondson a 2GHz linux box.
From Figure 6, we can seethe simulation results match very well with the theoretical stationary
formula. Table 1 lists statistics for IPA estimator for 7 di erent valuesof , including theoretical
Value, samplevariance and length of 95% con dence interval.

In order to assesghe impact of simulation length T on IPA estimates, we do another set
of experiments with xed = 0:5, but with T varying from 200 secondsto 6400seconds.The
results are preseried in Table 2. For single source IPA estimator, the longer the simulation
length, the better the estimate.

4.2 Multiple Source Fluid Queue

Now let's look at IPA for uid queuewith M Markov ON-OFF sources.Denote by c the service
rate of the sener. For sourcei, let h; be the its peakrate; 1= ; and 1= ; be the averagelength
of its ON and OFF periods respectively. The stationary queuelength formula can be established
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Figure 6: Simulation Result for single SourceFluid Queue
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0.4000| 0.4500| 0.5000| 0.5500| 0.6000| 0.6500| 0.7000
Theoretical Value || 0.7138| 0.8040| 0.8993| 1.0005| 1.1086 | 1.2248 | 1.3503

IPA Esitmate 0.7351| 0.8017| 0.8510| 1.0166| 1.0507| 1.3121| 1.3172
SampleVariance || 33.11 | 39.01 | 45.49 | 52.97 | 62.47 | 69.46 | 82.18
95% Conf. Intv. | 0.1842| 0.1999| 0.2159| 0.2329| 0.2530| 0.2667 | 0.2901

Table 3: IPA Estimates for Two SourcesFluid Queue

T 200 400 800 1600 3200 6400
Theoretical Value || 0.71384| 0.71384| 0.71384| 0.71384| 0.71384| 0.71384
IPA Esitmate 0.678 | 0.71230| 0.74279| 0.68437| 0.65596| 0.62039
SampleVariance || 2.5758 | 5.217 | 10.284 | 20.672 | 41.204 | 83.901

Table 4: Impact of Simulation Length on Two SourcesIPA Estimator

through PoissonDriv en Stochastic Di eren tial Equation, (seeBrockett and Gong, 1999)

1 pd hd
E[q0)] = —P— rii(hi c+ rk);
c i=1 T j=1 k=1 K6 i
where ; = 1=( i+ i);ri = h; i=( i+ ;). Wesimulate a uid queuefeededby two Markov

ON-OFF sources.IPA is usedto esitmate the mean queuelength derivative with respect to the
averagelength of sourcel's ON periods, i.e., = 1= ;. Wechange = 1= ; from 0:4 to 0:8
with stepsize0:01. For each , we run 15000simulations with di erent random sequencesEach
simulation simulate the multiple source uid queue for 2500 seconds. Averagesare taken for
both the mean queuelength and its derivative with respectto . Other simulation parameters
are. ¢c= 1.0,h; = 1.5, 1 = 0:5;h, = 1.5; , = 0.5, , = 3. The total running time is 1584
secondson a 2GHz linux box. The results are shavn in Figure 7. IPA estimate for multiple
sourcesuid queueis still unbiased,but the variance is much bigger than the single sourcecase.
Table 3 lists statistics for IPA estimator at 7 di erent

The impact of simulation length T on IPA estimator is investigated by another set of exper-
iments with xed = 0.5, but with T varying from 200 secondsto 6400 seconds. The results
are preseried in Table 2. We can seethe variance of multiple sourcelPA increaselinearly with
the simulation length. We will discussthis variance problem in Section 5.
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Figure 7. Simulation Result for Two SourcesFluid Queue
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5 Discussions

We have proved in Theorem 3 that IPA givesan unbiased estimate for the derivative of bu er
content in the uid queueingsystemwith in nite bu er and multiple ON-OFF sources.In this
section, we addresssomeissuesof both the unbiasednesof IPA for nite buer systemand the

variance issueof multiple sourcesseenin the numerical example two above.

5.1 IPA for Finite Buer Fluid Queue

For a uid queueingsystemwith nite bu er, usingsimilar techniquesasin Section3, we are able
to prove uniform continuity of the samplepath function L+ ( ; ) by shawing that inequality (1)
still holds. We canstill ensurethe similarity of the perturb edtrajectory to its nominal tra jectory
if the parameter perturbation  is small enough. Basedon these, IPA estimate can be derived
similarly and is unbiased.

Without shawing the derivation, we give the IPA estimate formula for nite buer uid
gueuefeededby a single source. The trajectory of q(t) canstill be divided into busy periods and
possibleone residual period crossingover T. Denote by Bj; E; the start and end time of busy
period i. If g(t) doesn't hit the bu er upper bound Q during the ith busy period, @‘T( ) )=@
can be derived in the sameway asin innite buer case. If q(t) hits the bu er upper bound
m; times during the ith busy period, let Hij denote the jth hitting time, D{ denote the jth
departure time of g(t) from the upper bound for 1 j m;, and D?, Bj, D{"‘*l , Ei. We
can divide the ith busy period into m; + 1 sub-periods: = [D! %;D!), for1 j m;+ 1.
Figure 8 shows the trajectory of q(t) within a busy period which is split into 3 sub-periods.

[Q)

Figure 8: Trajectory of g(t) with Finite Bu er
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For the ith busy period we have

1 Z
& " @
— = — t)dt: 9
- @ (©)
j=1 j
Supposethat there are n(i; j ) active periods of the sourcewithin  j; : Aﬁ , Airj'(i;j ). Let Ui}‘

be the sourcesilent period right after A}} , then

Z n(ig) 1yk i )
@ h 1 .
@ q(t)dt = — Al Uf+ = Ak Qforl j m (10)
i k=1 1=1 k=1
and
@Z h n(izgi+1) yk
@ q(t)dt = — A:(mi+1) Uik(mi+1) : (11)
i(mj+1) k=1 I=1

For the residual busy period [Bn+1;En+1], if g(t) doesn't hit Q, then IPA is the sameas in
the innite buer case. If g(t) doeshit Q and q(T) < Q, divide the residual busy period
into my+1 + 1 sub-periods in the sameway as we did for a busy period. IPA estimates for
all the sub-periods other than the last one are the sameas in (10). For the last sub-period
Iy (N+1)(mya +1) 0 €0 = (N + Lmyyg + 1),

@’ p X f (DY )T,

_ | k
@ q(t)dt - = A(N +1)( My +1 +1) U(N +1)(my 41 +1) h (12)
I k=1 1=1

If q(t) doeshit Q and g(T) = Q, which meansDy%,;* = T, then divide the residual busy period
into my+1 sub-periods. For the rst my+1 1 sub-periods, IPA estimate is the sameasin (10).

For the last sub-period |, (N+1)my,, €N =N(N+ Lmysg),
Z 1)4( my+1 1
@ _ h X | Kk fl(DN 1 )Q
@ | g(t)dt = — AN+ my o YN+1) my o ;— (13)

k=1 1=1
Using this algorithm, we repeat the single sourceexamplein Section4, with the bu er length Q
setto be 1. Theoretical value of E[q(0)] can be obtained through (2:18) (2:23) in Elwalid and
Mitra (1991). From Figure 9, we can seelPA estimate for nite bu er caseis still unbiased.

5.2 IPA Variance for Multiple Source Fluid Queue

Theorem 3 shows that IPA gives an unbiased estimate for derivative diEf Lt(; )g. Wealso
seein Table 4 that multiple sourcelPA variance increaseswith the simulation length. In order
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Figure 9: Simulation Result for Finite Bu er Fluid Queue

to obtain good estimate in practice, variance of the IPA estimate is alsovery important. In this
Section, we discussthe variance issueof IPA estimatesfor multiple source uid queue.
Basedon equation (4), the IPA estimator reads

@ .. 11X @), &)
Lr( )= =( R

For the convenienceof derivation, let's omit the residualterm @'T\‘ *1(; )=@, which corresponds

):

to the casethat queueis empty at time T. We considertwo cases:1) single source;2) multiple
sources.
In casel), every busy period is started by sourcel, by using equation (6), we can see
@ h X XD X

—L1(; )= — Aik Ui, (14)
@ T ot o1 ke J

where J(i) is the number of the source's ON periods which belong to the sener's ith busy
period, Aj ;U are the length of the jth ON and OFF period within ith busy period. Because
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sener's busy periods are independert, in long run, Var(@@LT( ; ) is inversely proportional to
simulation length T. This suggestswhenT ! 1 , we can get consisteri IPA estimate for single
source uid queue.

In case2), let 1 = fi: the ith busy period is started by sourcel g and , = fi :the ith
busy period is started by a sourceother than 1 g. Combining equation (5) and (6), we will have:

OB 1 X
@LT( ;)= — A Uj + — f2(Ei; 5 )aEi 1 ;)
@ T T h.
i=1 j=1 k=1 i2 1 (15)
1 X
T fHE; )fE 13 )
i2 2
where f 1(Ej; ; ) is the amount of workload generated by source 1 in the sener's ith busy
period; f 2(Ei; ; ) is the workload generatedby all other sources. f1(E;i 1; ; ) is the total

amourt of workload generatedby sourcel till the end of serer'si  1th busy period. We have
proved that j@@LT( ; )j is bounded by hT= n;n, which is a very loosebound when T is big.
Let's look at the variance of the IPA estimate. The rst term in equation (15) is exactly the
sameasthe only term in equation (14). Its variance goesdown to zeroas T goesto 1 . When
T is big, variance of the secondand third term tend to grow proportionally to T and there
is no explicit relationship betweenthesetwo terms which can ensuretheir contribution to the
variance of @@LT( ; ) can cancelead other. It has beenshown in our numerical example for
multiple sourcesthat the experimental variance of IPA estimatesincreaseswith the simulation
length. This explains why the IPA estimatesfor multiple sourcesare not as good as those for
the single sourcecase.

6 Conclusions and Future Work

We have seenthat the derivative information is important to achieve high network resource
utilization. However it is not easyto obtain sudch information in a stochastic network environ-

mernt. Gibbensand Kelly (1999) have shavn an example of sample path shadow prices, where
they usea Poissonmodel for padket arrivals. They show that a simple marking schemewill send
accurate shadow pricesinformation to end users. Unfortunately, this is not true for arrivals with

more generalstatistical properties. In this paper, we use parameterizedstochastic model for end
users'trac. Basedon this, we dewelop an in nitesimal perturbation analysistype of derivative
estimation algorithm to obtain the shadow price at eadh common bu er. The unbiasednessof
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the estimator has beenestablished. Sudh derivative estimator could be usefulin pricing schemes
for congestionmanagemetn in high speed communication networks.

We would like to provide some general commerts in the conclusion of this paper. In the
derivation of the derivative estimates, we saw that perturbation analysistechniques give better
estimatesfor the single classqueuethan for the multi-class queue. Sincein multi-class queuea
small changeof a parameter would lead to accunulated changesin the samplepath performance
index, we would expect that the derivative estimatesto incur larger variance. In this paper, we
actually show that the estimatesare not consistert. In other words, the PA estimatesfor multi-
classqueueshave increasingvariance with the obsenation length. Although methods exploring
regenerative structure of the sample paths could be applied to obtain consistert estimates, the
variancesare still much biggerthan in the single classcase. This obsenation could be signi cant
for network queuemanagemet issuesin general. Mathematically speaking, any \correct” queue
managememn scheme should make use of the sensitivity information. We believe that to obtain
such information based on sample path obsenations may not be trivial. In general, when
multiple ows go through a queue, the sample path queue behavior does not contain enough
information for the mean queuelength sensitivities for on-line managemen This issue needs
to beinvestigatedin more depth. We hope the study of this paper will draw more attentions in
this direction.

27



References

[1] Anick, D., Mitra, D. and Sondhi, M. M. 1982.\Sto chastic Theory of a Data-Handling
Systemwith Multiple Sources"The Bell SystemTechnical Journal, HP. 1871-1894 Vol. 61,
No. 8.

[2] Arrow, K. J. 1968.\Applications of Control Theory to Economic Growth", Lectures in
Applied Mathematics, Vol. 12. (American Mathematical Scciety: Providence,R.1.).

[3] Boxma, O. J. and Dumas, V. 1998\The Busy Period in the Fluid Queue" Proceedings of
Sigmetrics/Performance’'98, pp.100-110.

[4] Brockett, R.W., Gong, W.B. and Guo, Y. \Sto chastic analysisfor uid queueingsystems",
Proceedings of IEEE CDC'99 (1999) pp. 3077-3082.

[5] Chong, E. K. P. and Ramadge,P. J. 1993\Optimization of QueuesUsing an In nitesimal
Perturbation Analysis Based Stochastic Algorithm with General Update Times", SIAM J.
Control and Optimization, Vol. 31, No. 3, pp. 698-732.

[6] Elwalid, A. and Mitra, D. 1991\Analysis and design of rate-based congestion control of
high speed networks, I: stochastic uid models, accessregulation”, Queueing Systems 9
(1991) 29-64

[7] Gallager, R. G. 1975.\A Minimum Delay Routing Algorithm Using Distributed Computa-
tion", IEEE Trans Commun. COM-23:73-85.

[8] Gibbens, R. J. and Kelly, F. P. 1999.\Resource pricing and the ewlution of congestion
control" Automatica 35(1999)

[9] Glasserman,P. 1991. Perturbation Analysis for Gradient Estimation, Kluwer.

[10] Ho, Y. C. and Cao, X. R. 1991.Perturbation Analysis of Discrete Event Dynamic Systems
Kluwer.

[11] Ho, Y. C., Sreeniva, R. and Vakili, P. 1992.\Ordinal Optimization of Discrete Event Dy-
namic Systems", Journal on DEDS, Vol. 2 #2

[12] Kelly, F., Maulloo, A. and Tan, D. 1998.\Rate control in communication networks: shadowv
prices, proportional fairnessand stability”, Journal of the Operational Research Sciety.

28



[13] Kelly, F. 1997.\Charging and Rate Control for Elastic Trac" European Transaction on
Telecommunications pp. 33-37,volume 8.

[14] Konstantopoulos, T. and Zazanis, M. 1997.\Conservation Laws and Re ection Mappings
with an Application to Multiclass Mean Value Analysis for Stochastic Fluid Queues”, Stach.
Proc. Appl. 65, No. 1, 139-146.

[15] Kurose, J. F. and Simha, R. 1989\Resource Sharing in Distributed Systems",|IEEE Trans-
actions on Computers, Vol. 38, No. 5, pp. 705-707.

[16] Liu, Y., and Gong, W.B. 1999\P erturbation Analysis for Stochastic Fluid Queueing Sys-
tem", Proceedings of 38th IEEE/CDC , (Decemnber 1999).

[17] Suri, R., Fu, B. 1995.\0On Using Continuous Lines to Model Discrete Production Lines",
Journal of Discrete Event Dynamic Systems,Vol. 4, 129-169.

29



