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Abstract

Rouing optimizaion is usedto n d a setof routestha minimizes cost (delay, utilization). Previous work has
addressd this prodem for the caseof a known, static erd-to-erd traf ¢ mdrix. In the Internet, it is dif c ult to
accuratdy estmae atraf ¢ matrix, ard the constntly changing natureof Internettraf ¢ makesit costy to mairtain
optimal routing by respading to traf ¢ charges. Thus, it is of interest to maintan a se of routesthat are“good” for
a number of differert possible traf ¢ scanaios. In this pgper, we explore ways to n d an optimal setof routeswith
multiple traf ¢ matricesto minimize expeded cost We focus on two gererd approaches, source-destnation routing
and destnation routing. In the caseof souce-destination routing, we extend existing mettods with a sinde traf ¢
matrix to solve the optimization problem with multiple traf ¢ matrices. we exterd the convex optimization solution
methals for a single traf ¢ matrix to the multiple traf ¢ matrix case;we aso extend the gradiert-basedsoluion
methadsfor asingetraf ¢ matrix to themultiple traf ¢ matrix case.However, the multiple traf c matrix case requires
mary more control variables. In the caseof desthationrouting, we encounter many morediffererces from the single
traf ¢ matrix case. The loop-free property, which is valid for the single traf ¢ matrix case, is no longer valid for
the multiple traf ¢ matrix case, and it is dif ¢ ult to exterd existing methals for a singe traf ¢ matrix to solve the
optimization problem with multiple traf ¢ matrices. We show tha it is NP-canplete even to determinethe feasibility
of multipletraf ¢ matrices. We thusproposeand evaluatea heuristic algorithm for this case.

I. INTRODUCTION

Routingoptimizationis usedto nd asetof routesi.e.,thesetof pathsalongwhich pacletsareforwardedn order to
optimizeawell-de ned objective function(suchasdelay or utilization). Routingappoachesaregenerallydivided into
source-destinationrouting (hencéorth referredto as o w routing) and destinationrouting. As a paclet travelsthrough
a network, a o w routing approachsuchasMPLS [1] forwardsit based on its sourceanddestinationaddreses A
destinationrouting approachsuch as OSPF[2] forwardsit only on the basis of its destinationaddress Destination
routingis unableto provide as ne controlonrouting as o w routingbecaise it usedessinformation.

A traf ¢ matrix (TM) speci esthe datarate betweenevery pair of ingres andegres points. A numberof works
[3] [4] [5] have focusedon calaulatingan optimalset of routesfor asingle TM. For agivenTM, those worksconsder
minimizingthesum of link costs eachof which is an increasing corvex functionof link datarate. Theproblemis then
formdized andsolved asan optimizationproblem. With a single TM, methodgo solve the problemfor o w routing
anddestinationrouting are similar, andthe optimal costsareidentical. In [3], Cantoretal. propo®d a centralized
algorithm. In [4], Gallage propo®d adistributed algorithm. To solve the problemmaoreef ¢ iently, thelink costscan
beapproximatedspiea-wise linearfunctions[5], and the problemthenformalizedandsolved by linearprogramming
(LP).

For alarge-scalelnternetwith chargingtraf c, optimizationwith multiple TMs is an importantproblemfor several
reasons First, accurate TM estimation is hard to achieve dueto scde, aswell asdueto the inherentchallengesn
estimatinga TM [6] [7]. Withoutanaccuratel' M, optimizationover multiple TM candidatesalcuatesa setof routes
thatis morerobustto estimationerrors Se®nd, evenif the currentTM is known, the charging natureof Internet
trafc malkesit codly to continudly maintain optimalrouting by respondingo traf c changegRouting corvergence
normally take seaconds during which paclets may be lost, or arive out of order Frequentrouting updats canmake
the situation evenworse). As routingupdatesare perfomed at a slower rate thanthe changein traf c, it is preferable
to implement a set of routesthatcanperform well for all TMs betwea routingupdates

In this paperwe explore waysto obtainanoptimal set of routeswith multiple TMs soasto minimize expectedcod.
Wefocusonboth o w routinganddeginationrouting. In thecaseof o w routing,we extendexisting solutionmethods
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for asingleTM to solve the optimizaion problemwith multiple TMs: we shav thatthe optimizationproblemcanstill

beformalizedandsolvedas a corvex optimizationproblem (asin thesingle TM case) We also extendGallagers work
with a singleTM to solve the problemwith multiple TMs usng gradient-basedethods.However, the multiple TM

caserequiresmary more control variables In the caseof destinatiorrouting, we encountemary moredifferenes
fromthe single TM case We nd tha theloop-freeproperty whichis valid for thesingleTM case, is nolonge valid
for themultiple TM case.lt is dif cult to extendthesolutionmehodsusedwith asingleTM to solve the problemwith
multiple TMs. We show thatit is NP-comgete evento determine the feasbility of multiple TMs. Thus,we propose
andevaluatea heurigic algariithm for this case.

Theremanderof this paperis organizedasfollows. In Sedion 2, wereview relatedwork. In Section 3, weformulate
themultiple TM routing optimization problem. In Section4, for o w routing, we r stcomputeanoptimalsetof ow
routesusing corvex optimizaion techniquesandthenextend Gallagers work to solve the problem usng gradient-
basednethals. In Section5, for destinatiorrouting, we demontsratethe inherentdif ¢ ulty of solving the optimization
problem,andthen propose ard evaluae a heurigic algorithm. Section6 concludeghe pape.

1. CONTEXT AND RELATED WORK

Internetrouting protools aregeneally classi ed into two categyories o w routing anddestinatiorrouting. MPLS,
a e xible routing protocol,is nomally corsidereda o w routing protocol[5] [6][8]; OSPF a commonlyused intra-
domaininternetroutingprotocol,fallsinto the categyory of destnationrouting. Spec¢ cally, arelaxedverdon of OSPFE
which allows arbitral routing fractionson the shortestpathsto the destination,is a loop-free destinationrouting
protocol[9].
Routing fractionsare usetil for describinga setof routesalorng which packetsareforwarded.In o w routing, for
ead sourceand destnation pair, a router maintainsa routing fraction for each of its out-goinglinks. Spei cally,
k1 (i; j) denotesthe fraction of traf ¢ originating from routeri destinedto routerj atrouterk forwardedover link
(k; ). In Figure 1, router3 forwards100%of thetrafc originatingfrom router1 destinedo router6 over outgoing
link (3; 4) and100%of thetraf ¢ originatingfrom router2 destinedo router6 overlink (3;5). In contrast,destination
routing only maintainsa routing fracion for eachdestination.Speci cdly, (j) denotes the fradion of traf ¢ des-
tinedto route j atrouterk forwardedover outgoinglink (k;1). In Figure 2, router3 forwardstraf c deginedto route
6 evenly overtwo out-goinglinks: 50%overlink (3; 4), and50% overlink (3;5). Dedination routingcanbeviewedas
aspecialcaz of o w routingwhere theroutingfractiorsto acommondestinatiorareidentical for all sourcesGivena
TM, routingfractionsdeterminepacletforwarding,thelink datarates andthusthecod. In our optimizationproblem,
we referto routing fractionsasrouting variables.

@”\@ e \

Fig. 1. Flow Routing: traf c originatingfrom differentsourceaddressess forwarded by different sets of routes

Fig. 2. DestnationRouting: trafc originaing from different source addressesis forwarded by singleset of routes

An alternatve way to descibe a setof routesisthroughso-cdled traf ¢ ratios For eat sourceand destinationpair,
Bk (i; j ) denotstheratioof thetraf c originatingfromrouter i deginedto routerj over link (k; 1) to theoverall traf c
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originatingfrom route i destinedo routerj . In Figurel, link (4; 6) caries100%of thetraf ¢ originatingfrom router
1 destinedto router6; in Figure2, link (4; 6) carries50% of thetraf ¢ originating from router1 degined to router
6. Givena TM, traf c ratiosdetemine packet forwarding,thelink datarates, andthusthe cog. In our optimization
problem,we referto such traf c ratios asratio variables

A numbe of efforts [3][4][5] have invedigatedthe routing optimization problem in the caseof a single TM. The
methodsused for o w routinganddestinationroutingaresimilar. In gereral, the problemis formdized andsolved as
anoptimization problem.Using ratio variablesascontrolvariables, Cantoretal. [3] solvedthe problem usng corvex
optimizationtechniques To increase ef ciengy, [5] appioximatesthe link cods as piece-wiselinear functions,and
solvesthe problemusng LP In [4], Gallager proposed a distributed gradient-baed algorithmto solve the problem
usingrouting variablesascontrolvariables.

The route optimization problemis relatively new in the cag of multiple TMs. While researchershave recently
identi ed theimportanceof the route optimization problemin the preence of multiple TMs [7][8], they have yetto
invegigatetechniquedor solvingthe problem.

An optimal setof routesis neessarily feagble. With multiple TMs, the setof feasibleroute-gtsfundamentally
differsfromthatwith asingle TM. A setof TMsis feasibleif thete existsa setof routesso thattheresultinglink data
ratesarealwayslessthanor equalto link capacityfor ead TM. The setof routesis thencalleda feasiblesetof routes
for the set of TMs. With a single TM, [3][4] nd anoptimal setof routes out of the set of feasble route-®ts. The
costof anoptimalset of o w routes, anoptimal setof destinationroutes andanoptima setof loop-free destination
routesareidentical. With multiple TMs, theset of feasibleroute-setsis theintersectiorof the sets of feasble route-sets
for ead individual TM. As aresult,a set of TMs may be infeasibleeventhougheachTM in the setis individually
feasible. Moreover, the cod of anoptimal set of o w routesmay be lower thanthatof anoptimd set of destination
routes;also,the cost of anoptimal setof dedination routeswith loops may be lower than that of an optimal setof
loop-freededinationroutes.

We will see tha, with multiple TMs, the hardnessf the optimizationproblemis closely relatedto the routing
approach In the caseof ow routing, we can extend the solution methodsof a single TM to the caseof multiple
TMs. Using ratio variablesascontrol variables, we exterd [3] to solve the route optimizaion problem using convex
optimizationtechniquesand thussolve the problemusingLP whenlink costsareapproximatedspiecewise linear
functions.Usingrouting variablesascontrol variables we extend[4] to solve the o w routing problem with multiple
TMs udng gradientbased methods However, the multiple TM caserequires mary morecontrol variablescompared
to thesingle TM case.In the caseof destinatiorrouting, we demongratetheinherentdif culties to solve the problem
with multiple TMs. The set of feasibleroute-ts is not corvex whenwe useratio variables as control variables
As a result,we cannotsolve the problemwith multiple TMs asa corvex optimizationproblem. Futhermore,when
using routing variablesas control variables,we nd local minima— makingit dif cult to solve the problemusng
gradient-basethethods Finally, we show thatit is NP-completeavento determineghe feasibility of a setof multiple
TMs.

I1l. PROBLEM FORMULATION

In this sedion, we formulate the optimal routing problem with multiple TMs. We rst introducethe necesary
notation,andthenformdize the problem. Finally, we descibe the differencebetwea routeoptimizaion with asingle
TM and with multiple TMs.

A. Notation

We r stintroducethenotationfor o w routing,andthenthe notdion neededor degination routing.

Notationfor o w routing:

Network topology: G = (V;E) is astrongly connetedgraph! Thenetwork G is composeaf a setof nodesV
andasetof directedlinks E. Thenodesn V arerepregntal by theintegers 1; 2;:::;jV]j. Thedirectedlinksin E are
repreerted by (k;1) 2 V2.

Link capacity: C = f¢ g, wherecg > 0denotesghecapaity of link (k;1) 2 E.

1In somecaseswe relax this asumptionfor ease of expasition, and notethis relaxationwhenused.
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Traf ¢ Matricesp: R = fR1;Ry;:::;Rpgis asetof n trafc mariceswith as®ciatal postive weightsw =
fwy;wo; i wng, y Wy = L InTM Ry = [Ry(i;j), ;] 2 V,y 2 f1;:::;ng, Ry(i; j) denote the rate of
exogeroustrafc, in bits/s originatingfrom nodei destnedto nodej ; wy is theweightof TM Ry.

Routing variables: = f (i;j)g.i;j 2 V, (k;l) 2 E, where (i;]j) denotesthefractionof traf ¢ ratefrom
nodei to nodej atnodek forwardedoverlink (k;1). When areusedascontrolvariablesin optimizaion problem
formulation, theconsteints are,

1) w(iij) 0;j 2V, (k) 2E,

2) pri(i;j) = 0ifk =,

3  w(ij)=1ifk6 ],

4) 8i;j;k(k 8 j) 2 V, fortrafc fromi destinedtoj atnodek, there exists at leag one pathbetweerk andj :

thereis asequenceof nodesk; I; p;:::;q;j suchthat (i;j) > 0, 1p(i;j) > 0,:::, ¢ (i;j)> 0.

Ratio variables: B = By (i;j)g, i;j 2 V, (k;1) 2 E, whereBy(i; j) denotesthe ratio of the traf ¢ rate
originatingfromi dedinedtoj thatis forwarded overlink (k;1) to theoverall traf ¢ rateoriginatingfrom i destined
toj . WhenB areusedascontrolvariablesin optimizaion problem formulation,the condraintsatre,

1) Bu(i;j) 0,i;j 2V, (k)2 E,

2) Bu(i;j)=0ifk=j, 8
3) X X 2 1 k=]
Bmk (i ]) Bu(i;j)=_ 1 k=i (1)
m [ * 0 othewise

4) if Bk (i;j) > 0, thenfor traf c fromi dedinedtoj atnodek, thereexists at least one pathbetweerk and; :

thereis a sequenceof nodesk; I; p;:::; d;j suchthatB(i;j) > 0,Bp(i;j) > 0,:::,Bg (i;j) > O.

Theequialenceof routingvariables ) andratiovariables (B) is indicatedby [4]. For completenesswve explicitly
expresdt as Theoremlll .1 (seebdow). A setof routesis said to beloop-freeif thecorrepondingset of ratio variables
B is loop-free. i.e., thereis no sequencef nodesj;j; k;l;p;:::;9 2 V suchthatBy(i;j) > 0, Bp(i;j) > 0, :::,
Bak(i;j) > 0.

Theoemlll.1: Inastrongly connetedgraph G = (V; E), aset of o w routingvariables deteminesasetof ow
ratio variablesB ; asetof o w ratiovarablesB canbeimplementedby asetof ow routingvariables .

Proof. Givenasetof routingvariables , wecancompueasetof ratiovariablesB asfollows. Leth(i;j) denote
theratio of thetraf c rate originatingfrom nodei dedinedto nodej atnodek to the overall traf c rateoriginating
fromnodei deginedto nodej , we have

X
be(i;j) = Lk=1i)+  bn(i;j) m(i:]) 2
m
Here,1(P) is 1if thepredicateP is trueard O otherwise [4] shows tha equations(2) musthave a uniquesolutionof
b. After solving b, we computeB fromb,

Bii(i55) = be(i ) wisi) 3)
Givena set of ratio variablesB, we cancongruct a set of routingvariables13 to implement B asfollows. For each
nodej 2 V, wecondructashotest pathtreetoj. Fori;j 2 V, (k;l1) 2 E,if  ,, Bkm(i;j) > O, weset

. Br(i;])
))= — 4
k(B3 ]) Banli]) (4)
P
If o Bxm(i;j) = O, weset (i;j) = 1if link (k;I) is on the shotest pathtreeto nodej, and (i;j) = O
otherwise. |

fromnodei dedinedto nodej underTM Ry. We have,

X
tyx (7)) 1k =DRy( )+ tym(is) me(i5]) ()

m

X
Ry(i; ]) Bk (i; ) + 1(k = i) (6)

m

ty;k(i;j)
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underTM Ry. We have,

fy;kl ty;k(i; 1) () (7

ih

fyuxi Ry(i; 1)Bki(is]) (8)
i;j

Feasbility : Givenasetof n TMs, if thereexists a setof routing variables (or ratio variablesB) suchthatthe
reaulting link dataratesarealwaysless thanor equalto thelink capaity for eat of then TMs, then thesetof n TMs
is feagsble,and (orB) is feasible for thesetof n TMs. Speci cally, givenn TMs,weuse (or B) to denotethe set
of feagble route-setslescribedby (orB).

Link costfunction: D = fDy g, (k;1) 2 E, where Dy, denoteghecod fundion of link (k; ). We assimethatthe
link costis acorvex, increasingunctionof link datarate. While our analyds canbeappliedto ary functionwith such

propertieswe will use,
X

X

Du(x) = ©)

This M =M =1-like link costcan be approximatedoy piec-wise linear functions. Speci cally, Let (ki, y), i 2
fl;:::;6gbe(24 2, 24 2+ 5 222 1) Wehave,

Dia(x) = max (ki + b) (10)

X
Ay = Dui(fy:ki) (11)
(k)2 E
X
A = waA, (12)
y=1

Thefollowing notationdiffersin the cas of destinationrouting:

Routing variables: = f (j)a,j 2 V, (k;l) 2 E, where (j) denots the fractionof trafc rateto node
j a nodek forwardedover link (k;1). Destinationrouting variablescan be viewed asa special caseof o w routing
variableswith theadditionalcondraints

k(i) = w(izij)iinsiz 2 Vi(ki) 2 E (13)
Ratio variables : Similar to routing variables,comhning equationg4) and(13), the destinationratio variablesB
mustsatisfy the additionalconstraints
b Bkl(il:j)_ - p Bkl(iZ;J).
m Bkm(i1;]) m Bkm(i2;])

i1;i2;) 2Vi(k;l) 2 E (14)

P . P -
where , Bkm(i1;j) > 0and |, Bym(i2;j) > 0.
All otherde nitions, theoremdor o w routingarethe samein the case of degination routing. Theoem Ill .2 shawvs
thatdestinationroutingvariables ) anddeginationratio variablegB) areequialent.
Theoemlll.2: In a stronglyconnectd graph G = (V; E), a setof destnation routing variables deemines a
setof destinatiorratio variablesB ; a setof destinatiorratio variablesB canbeimplementedy a setof destination
routingvarables . (Following the sameproofof Theoremill.1)

B. TheSingleTM Problem

With asingle TM, theroutingoptimizationproblemhasseveral importantproperties. It wasknown that,for asingle
TM, thelink dataratesimplementedby a set of o w routescanalsobeimplementedoy a set of degination routes
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[10]. This, plustheloop-freeproperty(see Theorem I11.3), statethatwith asingleTM, the optimalsetof o w routes
destinatiorroutesand loop-freedestinatiorroutesyield the samecost.

Theoemlll.3: Loop4reepropetty: in a strongly connectedgraph G = (V;E), givenafeaible TM R, the ow
routeoptimizaion problem alwayshasan optimal solution as a set of loop-free o w routes and the destinationroute
optimizationproblemalwayshas anoptimd solution asa setof loop-freedestinatiorroutes [3][4]

With asingleTM, in orderto solve the optimalrouting problemin a distributedor centiized mannerthe problem
hasbeenformulatedusingeitherrouting variables or ratio variablesB ascontrol variables.

[4] formulatedthe problem usng routingvariables ascontmwol variablesn the case of destinatiorrouting.
ProblemFormulationover

Given: network G = (V; E), link capacity C, asingleTM Rj.
Minimize: costA.

Condraints

1) Routeconstaints.F1 is implementedby a setof desthationroutes
2) Feasibilityconstaints.F;  C.i.e.,8(k;1) 2 E,f1x  Cu-

[3] formulatedthe problemasa corvex optimizationproblem.The problemwasformalizedusng ratio variablesB
ascontrolvariablesin thecas of o w routing.
ProblemFormulationover B

Given: network G = (V; E), link capacityC, asingleTM R;.
Minimize: costA.

Congdraints

1) Routeconstaints.F is implementedoy asetof ow routesB.
2) Feasibilityconstrints.F;  C.

With asingle TM, therouteoptimizaion problemcanalsobeformulatedusng asmallemumbe of control variables
whendegination-basedink datarates F P (introducednext) areused ascontrol variableg10].

the datarate of thetrafc destnedtoj overlink (k;I) under TM Ry. When FyD areused ascontrol variables,the
constraintsare,

2) f)l?;m(j): Oifk=1j,

3 8 p . .
: X o oooox oo iR k=
fy;mk(J) fy;kI(J) =S Ry(i;]) k=i (15)
m [ -0 otherwise

Thelink datarates Fy areexpressedby destination-bael link dataratesFyD asfollows.

X
fyw = fy?kl(j); y2fL:::;ng(k;D)2E;) 2V (16)
j
ProblemFormulationover FP:

Given: network G = (V; E), link capacity C, asingleTM Rj.
Minimize: costA.

Condraints

1) Flow conserationcondraints.F is expresgdby FP .

2) Feasibilityconstaints.F; C.

With asingle TM, the setof destnation routingvariables canbeexpresgdin termsof F 2,

f ()

k()= 1)

(17)
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P .o .
where . fi\,()> 0.

C. TheMultiple TM ProblemFormulation

We now genealizethe problemstatementor asingle TM to the case of multiple TMs. We use eitherratio variables
B orroutingvariables ascontrol variables.

Given: network G = (V; E), link capacity C, n TMs.
Minimize: costA.
Condraints

1) Routeconstaints.Fy is implementedy aset of routes orB.
2) Feasibilityconstaints.Fy,  C.

Whenlink costsareapproximatedy piece-wi linearfundions they can be expresedasadditionalcondraints

Dui(fyxi) kiféki+ b;(k;)2E;i2f1;:::;69
|

However, theformulationwith destination-baai link dataratesF P cannoteeasly extendedo thecase of multiple
TMs. Flow congervation (15) only guaranteeshatfor ead individual TM in isolation, the demandcan be satis ed
by some setof destinatiorroutes (17). It doesnot guaranteethata singleset of destinatiorroutesbe used to forward
padetsfor all TMs.

D. RouteOptimizationwith Multiple TMs: differencesromthe SingleTM case

Propertieghat hold for a single TM do not neessarly hold for multiple TMs. In paticular, with multiple TMs,
the cod of anoptimalsetof o w routesmay be lower thanthat of destinatiorroutes,andthe cod of anoptimal set
of destination routeswith loopsmay be lower thanthat of deginationloop-freeroutes We demonstate this through
threecounterexamples. We show thata setof TMs is not feasibleeven thougheachTM in the setis individually
feasible;we alsoshow thata set of TMs thatis feasible with respectto o w routing may not be feasiblewith respect
to destnationrouting. Finally, we also shav thata set of TMs thatis feasble with reed to destinatiorrouting may
not befeagble with regped to loop-freedestinatiorrouting. All examplesarebased on anetwork? G shown in Figure
3. In all casestrafc is only destinedo node3.

450

190 || 190 @

450

Fig. 3. A topologyto illustratethe differene of routeoptimizationbetweensingleTM andmultiple TMs

First, we presenta set of two TMswhere ead TM is individually feasible but not feasibleunder o w routingwhen
consideredsa set,

2 3 2 3
0 0 600 0 0 200

Ri=30 0 2005 R,=30 0 6005 (18)
00 O 00 0

InTM R1, asR1(1; 3) = 600andci3 = 450, afeasble setof routesof Ry ( 13(3) = 0:7, 23(3) = 1, 12(3) = 0:3,
21(3) = 0) mustforward at leastl=4 of thetrafc originatingfrom 1 overlink (2; 3). i.e.,B23(1;3) 0:25. This

2\We use directedgraph for ease of exposition.
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reailtsin that,in TM Ry, therate of thetrafc originatingfrom 1 thatis forwarded overlink (2; 3) mustbeatlead 50
bits/s andtheremainingcapacityof link (2; 3) for thetraf c originatingfrom2isatmod 400. Ascy1+400 R»(2;3),
thesetof thetwo TMsis notfeasible.

Semnd,we present a set of two TMs thatis feasble under o w routingbut not underdestinatiorrouting,

2 3 2
0 0 600 00 0

Ri=300 05 R,=30 0 6005 (19)
00 0 00 0

In TM Ry, trafc only originatesfrom nodel, andin TM R, trafc only originatesfrom node2. SinceTM R
andTM R» are individually feasible (with the same feasibleset of routesasin the previous example),andwith ow
routing,thetrafc of TM R; andTM R» are forwarded usingroutesbased on differentsourceanddestination pairs
the set of thetwo TMsiis still feasiblein the cae of o w routing. However, in the cas of destinatiorrouting, traf c
is forwardedwithout differentiatingthe source addressof the paclets. Using similar algumentsasin the previous
example we know thatwhenTM R; is feasible,the rate of thetrafc originatingfrom 1 forwardedover link (2; 3)
mustbe atleast150bits/sunderTM R1. Thus 23(3) % wherel90is the capacityof link (1; 2). Thisresultsin,
thatin TM R», therateof the trafc originating from 2 thatis forwarded over link (2; 3), R2(2;3) 23(3), is at lead
%, and thusexcealsthe capaity of link (2; 3). Corsequeltly, the set of thetwo TMs is not feasiblein the caseof
destinatiorrouting.

Third, we preenta setof two TMs thatis feasibleunderdestinationrouting but not unde loop-ree destination

routing,

2 3 2
0 0 500 00 O

Ri=900 05 R,=90 0 5005 (20)
00 0 00 O

In TM R;, asthetrafc rateoriginatingfrom nodel exceedghe capacityof link (1; 3), afeasble setof routes for
TM R mustforward partof tha traf ¢ throughnode 2. Similarly, a feasiblesetof routesfor TM R, mustforward
partof thetrafc originatingfrom node2 throughnodel. Thus afeasible set of degination routesfor the setof the
two TMs mud include aloop betweennode 1 and2. In fact, we canseethatthe setof destinatiorrouteswith loops
( 13(3) = 23(3) = 0:7, 12(3) = 21(3) = 0:3) is feasiblefor the set of thetwo TMs. Theresulting link datarates
for TM R; are(f 1:12 ' 165 f1;21 " B0, f1;13 ' 385 f 1:23 ' 113.

With multiple TMs, the coss of the optimal set of o w routesand destinationroutes may differ. Therefore, we
considerthe o w routing anddestinatiorrouting problemsseparatelyn the following two sections

IV. OPTIMAL FLOW ROUTING WITH MULTIPLE TMS

In theprevioussectionwe formulatedthe routing optimizationproblem and discussedthedifferencesin optimizing
routeswith asingle TM ard with multiple TMs. In this section, we explore waysof computinganoptimd setof ow
routesfor multiple TMs. We rst solve the problemwith routing variablesas control variables. Thenwe solve the
problemwith ratio variablesas controlvariables

Usingroutingvariablesascontrol variables we now extend[4] to the caseof o w routingwith multiple TMs, and
solve the problemusing a gradient-baad algorithm. Assumethat is the setof routing variablesused by a set of n
TMs. In orde to oltain derivative information @GA=@ (i;j), (k;I) 2 E,i;j 2 V, we introducea setof dummy

trafc injectedatnodek degined to nodej unde TM Ry usingthesameroutingfractions asthetrafc originating
fromi destinedoj .

#
ey iy D @y
@y;k(i;j) | ki(i3]) Dkl(fy;kl)+ @y;l(i;j) (21)
" #
@utiy - v Dultya+ G 6 22)
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0 _ Dy (Fyui)
whereD  (fyxi) = %

Combinedwith equations(6) and(12), we have,

#
@A _ X 0 @A
@uli) - kI('aJ)"WkaI(fy;kl)"' 7@%'0;”# (23)
X 0
ﬁ = , tyx(i:]) wWyDy (Fya) + ﬁ " ) (24)
= B+ Ak=0)  Ry() WD) ¢ = (25)
_ Bmi(i; , Rl whaltyw) * gy

Theexistenceanduniquenessf GA\=@y«(i; j ) and Q\=@  (i; ] ) is givenby thefollowing theorem.

TheoemlV.1: Letanetwork G have n TMs androutingvariables , andlet eachmaminal link costDﬁl(fy;m) be
continuaisin fy., (k;1) 2 E. Thenthe set of equationg23), k 6 j, hasa unique (andcorrect) setof solutions
for @\=@y:«(i;]). Furthermore(24)is valid andboth @\=@y(i;]) and@\=@ (i; j) fork & j, (k;I) 2 E are
continuausinr and .

Proof. SeeAppendixA. |
UsingLagrangemultipliersfor theconstamt . ki(i;]) = 1, andtakinginto accounttheconstraint (i;j) O,
the necesaryconditionsfor aminimumof A with respecto are, forallk 6 j, (k;I) 2 E,
(
@\ = wi k(i) > (26)

@uij) > «i  w(is] )=

This statesthat for given i;j;k, all links (k;I) for which (i;j) > 0 mud have the samemamginal cog
@\=@ k| (i;j), and that this marginal cogd must be lessthan or equal to @\=@ (i; j) for the links on which

k1(i; ]) = 0. However, as shavn by [4], evenfor asingle TM, (26)is notasuf cient conditionto minimize A.

Giveni; j;kin(24),if  , Bmk(i;j)+ 1(k = i) = 0, then8l, wehave @\=@ i (i; j) = 0. Thismeanghat,if node
k is noton ary route carrymg thetrafc fromi deginedto |, theabove cong;tlonswould be automaically satis ed.
Thus we hypothesze that(26) would besuf cient to minimizeA if thefador |, Bmk(i;j)+ 1(k = i) wereremoved
from the condition.

TheoemlV.2: Foreach(k;l) 2 E, assimethatD (fy.x) is cornvex andcontinwoudy differentiablefor0  fy . <
cq. Let bethesetof forwhichthelink dataratessatisfy fy. < cq,y 2 f1;:::;ng, (k;l) 2 E. Then(26)is
neesaryfor tominimize A over ard (27),foral k6 j,(k;l1) 2 E,is squ|ent

#
o 0 Y+ @\ @\
y:lRy(I,J) Wy Dy (fy;ki) @,.Gi1) o Ry(i; J)@y @)
Proof. SeeAppendixB. |
Basd on the above suf cient condtion, we developeda gradent-based algorithm for multiple TMs as an
extension OB [4]. At node Kk, theI algorithm reduce the routing variables (i;j) for which the quantity
Ry(i;)) wyDE,(fy;m) + % is large, and increasegshemfor which the above quantityis small. The al-
gorithmis descibed in Appendix C. Furthermore,in Appendix D, we proved that our algorithm corvergesto an
optimalsetof ow routes.
Usingratio variablesascontrolvariableswe now exterd [3] to themultiple TM ca% by shaving thatthe optimiza
tion problemis a corvex optimizationproblem,andthen solve it usingcorvex optimizationtechiques
With multiple TMs, link datarates Fy arelinearcombination®f B (see(8)). As areault, B is acorvex polyhedron.
As a simple extensionfrom [3], the loop{ree propertyremans valid with multiple TMs for the case of o w routing.
When we restiict our consderation to loop-free B, the set of feasible loop-ree route-tsis a corvex, closed, and
boundel set. From (8) and(12), we can seethat cod A is a cornvex functionof B. Thus, the problemis a cornvex
optimizationproblem in the case of multiple TMs. Furthermoe, whenthelink costfunctionsare approximatedy
piecewiselinearfunctions,the problembecomes LP problem.

(27)
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Notethatwith multiple TMs, we requiremary morecontol variables(jVj(jVj 1)jEj) comparedo thesingleTM
cas€e(jVjjEj whenusingdestnationbasedlink dataratesascontrolvariables.

V. OPTIMAL DESTINATION ROUTING WITH MULTIPLE TMS

In this section we exploreways of computinganoptimalsetof destinatiorroutesfor multiple TMs. It is dif cult to
extendthe existing gradientbased method[4] and convex optimizationmethod[3], from the caseof single TM to the
caseof multiple TMs. We shaw thatit is NP-completeaven to determineghe feagsbility of a setof multiple TMs. Thus
we proposeandevaluatea heurigic algorithmfor computingroutes

Let usbegin by consdering thecase where routingvariables areusedascontrolvariables With asingleTM, from
ary feasibleset of loop-reeroutes the gradientbased algorithm[4] corvergesto anoptimd setof routes.However,
with multiple TMs, we nd local minima, which makesit hardto solve the problemusng gradient-basethehods
The following exampledemorstratesthe existenceof locad minima. The exampleis basedon network® G (shown in
Figure4) andtwo TMsR1, R, (asociatedwith weightswy, = wy = 0:5),

20
: O

100
1000
1000

Fig.4. A topologyto illustratethelocal-minimaard non-comwvexity

2 3 2 3
000 8 0000

_ooooz _Eooos

R1—§00083 R2=80 00 0 (28)
000 O 0000

Notethatroutingvariableq 14(4), 23(4)) completdy determne the set of routes andthusthe cod. With asingle
TM R; (R2), Figure 5 showscostA; (A»), asafunctionof ( 14(4), 23(4)). We canseethattherearenolocalminima.
Thus gradient-basenhethodsan beusedto solve theproblem.However, with two TMs, we nd locd minima. Figure
6 shavs A asafunctionof ( 14(4), 23(4)). We canseethatthe global optimalis at( 14(4) = 1, 23(4) = 1) and
local minimais around( 14(4) 0:5, 23(4) = 0). Hence,a gradient-basd methodgetsstuck at this local minima
point. Additionally, in AppendixE , we shaw thattheratio betweerthe cog of local minimaandthatof globaloptima

o /
.
. @ S/ E
v
56X
s e/
£
5
g v
[ ==
’ oo
5 .
e —
. o
=

Tt

f54)

Fig.5. A1 (left), A, (right) asafunctionof routing varialles

An alternatve formulationof the optimizationproblem is to use ratio variablesB ascontrolvariables In the case
of destinationrouting, althowgh the cost A is a corvex fundion of B, we nd thatthe set of feasible route-gts B
is not corvex. To demonstate a counterexample,notethat (B 14(1; 4), B12(1;4), B23(1;4), B23(2;4)) completely

3We use directedgraph for ease of exposition.
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f 23(4)
ARV RN
x 7, -
: N A
£ %,
9\ N
S ERCRS
"6
s o, ;
%5 J
» 2N
//%/‘7%’199

Fig.6. A = 0:5A1 + 0:5A, asafunctionof routing variades

determineghe setof routes,and thusthe cost. (1;0;0;0) and(0; 1; 1; 1) aretwo feasiblesetsof destinationratio
variables However, the averageof thetwo vectors (0:5; 0:5; 0:5; 0:5), is not a setof destinatiorratio variables. Since
B is not corvex, we cannotsolve the problemasa cornvex optimizationproblem.

With multiple TMs, we next prove thatit is NP-completao determinewvhetherthe setof feasibledeginationroute
sets (or B) is emptyor not. Our proofis givenfor the caseof a setof two TMs.
Problem Description: Feasibilityof a setof Two TMs in the caseof Dedination Routing (F2TDR).
Instance: Network* G, Integer-valuedlink capaity C, Integer-vauedTM R 1, R».
Question Istherea setof deginationroutes (or B) of rationalnumbesin the setof feasibleroute-ts  (or B).

TheoemV.1: F2TDRis NP-complete.

Proof: As andB areequivalent(seeTheoremlll.2), andtherelationshigbetween andB isrationd (see(4)),

we only prove thetheorem for the case of

For TM Ry, Ry, givenasetof destinatiorroutingvariables , we cancalculatelink dataratesFy,y 2 f 1;2g usng
equdions (5) and(7), andcheckthe feasibility in polynomial time. Thus F2TDR belongsto NP. Next, it sufces to
shav: 3SAT/ F2TDR

Let the clauses of the 3SAT problembe U4, :::, Uy andXxq, :::, Xk, X1, :::, Xk betheliterals, wherel; k 1.
Network G is congructedasfollows. For eachvariable x;, we congruct a lobe shavn in Figure7. For ead clause
U;, we crede two nodes(s; andt;). s; is connectedo vji , and vj‘,,l tot; if andonly if x; appearsn s;. Also, s; is
connetedto vji , andvji +1 totj if andonly if x; appearsn s;. Thecapacityof eachlink is 1.

Fig. 7. Lobefor ead variablex;

(@) As_wmethat there is a feasibleset of destination routing variables  satigying the_ two TMs. Let x; =
d gui(h)e In ,assimetrafc froms; tot; owsthroughlobei. If it owsthroughlink (v;;vj,,), then g i(h')

“We use directedgraph for ease of exposition.
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mustbe 1, otherwig routing  is notfeasble for R;. ThusUj is satis ed. If it o wsthroughlink (vi;vi,; ), asimilar
argumentholds This complets the proofthatthe expres$on is satis able.

(b) If the expression is satisable, we set ( ngi(hi); vig (h'); giui(h") to be (1;0;1) if x; is 1 and (0; 1;0)
otherwise Sinceeachclause U; containsat leastoneliteral x; or x; whichis 1,trafc froms; tot; mud beforwarded
througheitherlink (v/;vi,; ) orlink (v/;vi,; ) of lobei depenihg onwhethe x; orx; is 1.  is then afeasble setof
destinatiorroutingvariables

Thus the 3SAT problemis satised if andonly if thereis a feasble setof destinationroutes (or B) of rational
numbers. |

We have provedthat F2TDR is NP-complete.The routing optimizationproblemis even harder Consquently, we
propo® a heurigic algorithm to solve the problem.

As aguidelinefor our heuiistic algorithm,we rst obtainthefollowing upperandlower boundson the optimalcog
in thecase of afeasiblesef:pf n TMs.

TheoemV.2: LetR = y WyRy andR = maxy Ry wherethe maxis element-wis. If R is feasible, thenthe set

TM Ry, R andR respectiely, we have,

X
A° wyAP  AFO APO AC (29)
y=1
where AF© and AP© are the optimal cost of the n TMs for ow routing and dedination routing respectiely.

Proof:  First, we prove tha A° yWyA?. Let By beasetof ow routesfor TM Ry, y 2 f1;:::;ng. We

cancongructasetof ow routesB for TM R,

P .. -
yWIgRy(“J )Byiki (i J)
y WyRy(i5])

Bu(ij) = (30)

Letfy.(By) denotethelink daarate for TM Ry givenBy, andlet i (B) denotethelink daaratefor TM R given
B. Combinedwith equaion (8), we have

X
fa@B) = wfyaBy)  (K)2E (31)
y=1
Becausef thecorvexity of cog A asafunctionof link datarateswe have,
X
A©° wy AL (32)

y=1
P
Seond, we prove that ywyA;) AFO  ADO_ Gjven any setof ow routesB, we have A)C,’ Ay, y 2
f1;::::ng, thus ywyA)? A. Asaresult
wyAY AR (33)
y=1
As the setof dedinationroute-gts is a subsetof thesetof o w route-ets.we have,

AFO ADO (34)

Finally, we prove AP©  AC. Given ary setof destinatiomouteB, from (8), we havef .  fii. Thus
APO AC (35)

Combiningthe above stepsyields (29). [ |
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In our heuristic algorithm,we computean “expectedTM” asthe element-wig expectationof the TMs basedon
the perturbedweights We thencompute an optimal set of routesfor this single “expectedTM” andusethis asour
solutionfor then TM problem. From theorem V.2, we seethat the optimal cos of R providesan upperboundto
the problem. To ensire that the solution of our heuristic algorithm is also upper boundedby A®, we incorporate
R asan extra perturbationdimenson when we calculatethe “expectel TM”, Formally, a pertubedweight vectoris
repregrtedby! = (! 1;!' 250 it ner), 'y 201,y 2 f1,::5n+ 1g, 9*%' = 1, whee!y,y2fl:::;ng
is the perturbedweight of TM Ry, and! 41 is the perturbedwelghtfor R = maxyRy. Weuse to represent
the sgt of perturbedweight vectors Given a perurbedweightvector! 2 , a) we calculatethe “expeded TM”
R = y 1 'yRy + 'h+1 R, b) andthen nd anoptimalsetof destinatiorroutesfor the“expectedTM” R (Note,there
maybemorethanoneoptimd setof destinationroutesfor R; we randomlyselectoneof them).c) Finally, we evaluate
thecog A for the setof n TMs giventhe set of routesderivedin step b.

Let g dende themgppingfrom to thecost A asdesribed by theabove procedure Our heurigic algoithm nds
the perturbedweightvector! 2  with the minimumcog ACO . The setof degination routesachieving A°0 s
thenthe“good” setof routesfor the set of n TMs returnedby our heurigic algorithm.

Becausef thecontritution of R to R, we have,

AP0 AC: jf Risfeasible (36)

Our heurstic algoiithm consigs of two stages a global stageanda locd stage. The global stageexaminesthe
perturbedweight vector space  andidenti es promisng pertubedweight vectors The local stagefocuseson the
promisng petturbedweightvectorsand attemptgo quickly improve the qudity. Similar methodsare usedin [5] and
[11] to solve OSPFrouting optimizationproblems.

In the global stage uniform searchingeffedively identi es promisingperturbedweightvectors[11]. For function
g(!),! 2 witharangeof [ACO ; AMO ], thedistribution function of g is de ned as:

m! 2 jgo(') Ag
m( )

(A) = (37)

whereA 2 [AC0O ;AM()] andm() denoted ebesguaneasue, a measire of the size of a set. Assuming A(") 2
[ACC ): AM(O) Jsuchthat (A()) = r,r 2 [0;1], anr-percentilesetin  is de ned as:

(m=1f2 jot) Allg (38)
Consder | randomlygenerategherturbedveightvectors! 1,12 ::: 1! andlet! 1,12 ::: 1 | bethecorresponding
perturbedveightvedors rankedin increasig order of g. Accordingto [12], theprobabilityof wX in ~ (r) is,
K ‘i I! K 1 | K
| = -
P 2 ()= g g @ 0! ke (39)

It takes183samples for the 10th top rankedsample! 1°, toread10:1  percenti le with a probability of 99%.

During theglobal stage we uniformly samplel83independenperturbedweight vectors througha methodgivenin
[13]. Themostpromising10 samplesare thenpasgdto thelocal stageto improve the quality.

Duringthe local stage we useaniterative procedurdo make impraovement.The perturbedweightvedor space is
discretizedand aneighbotoodstructureN (! ) is de ned onit. Startingfrom a promisingperturbedwveightvector! ,
atead iteration,theneighborperturbedweigh vedor with thelowestcod is choserfor thenext iteration. In order that
our algorithm not becometrappedin alocal minimal, it allows non-impiovemeant movesso thatthe searclproceedsin
alargerneghbohoad. The searctstopswhenthe numbe of iterationreachescertainthresold (100is usedfor each
promisng weightvectorin theresaults of this pape) or the quality of result is satisfactory

We dene theneighborhoodstructureN (! ) asfollows. First, ! is discretizedso that! ; canonly take a valuefrom
f0;1=;2=:::::19. Second,! Yisandghborof ! if they differin 2 dimensons. Themaximumnumberof neighbors
for aperurbedweightvectoris thusn(n + 1).
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We presentour reaults obtainedusing a synthetic network (50 nodesand 156 links). The synthetic network is
producedusingthe genegator GT-ITM [14], basedon a modéd of Calvertet al. [15] [16]. Thismodd placesnodesin
aunit squarethusgererating a distancebetwe=neach par of nodes.Links are dividedinto two classes local access
links andlongdistance links. The capacityis 200for alocalacceslink and 1000for along distancelink. We generate
TMs using the methodsn [5]. For eachnodev 2 V, we pick two randomnumberO,, Qy 2 [0; 1]. Furthermoe, for
ead nodepair (vi; v; ), we pick arandomnumberZ .,y 2 [0;1]. Forv; andv; with Euclideandistancd, therate
trafc betweenv; andy; is

Ovi ij Z(vi v )e =2 (40)

where is scaleparameteandL is thelargest Euclidean distanceamongall pair of nodes Thevalues O,,, Q, models
the dggreeto which anodegererates or attractstraf c. Thedistan@ | modelsthe trafc locality. In this model,there
is moretraf ¢ betweerclose pars of nodes

With n = 3 TMs as®ciaed with weightsw; = w, = w3 = 1=3, we comparethe results of our heuiistic algorithm
with thelower bound( wyA;)), the uppe bound(A°), anda baline algorithmSINGLE, which chooseghe beg
setof routesout of the n setsof routes,that optimizefor each TM. In our heurigic agorithm, we choose different
precisions( = 1, and = 10). When = 1, we choosebetweenthe setof routesoptimized for R andthe set
of routesgiven by SINGLE. Thus we call it SINGLE + MAX . When = 10, we aresearchinga “good” set of
routesby mixing then TMsandR. We call theresultingheuristic MI X (SINGLE + MAX ). In our experimentswe
usepiecewiselinear functions(approximatiorof M =M =1) aslink cog functiors, and we useAMPL/CPLEX [17]to
computethe optimal setof dedinationroutesfor asingle“expected TM”.

600

upPER —l—
SINGLE A
500 SINGLE+MAX K
MIX(SINGLE+MAX) —L1—
LOWER —O—

cost
w
]
3

Fig. 8. Expeimentresultswith a syntheticnetwork (50 nodes156links) and3 TMs

Thereallts of our expeiimentsarepresentedn Figure8 with differentscalingsof the TMs. In the experiments,we
seetha thecod risesasdemandncreases.All curvesstart off at, andthen,start increasing rapidly. And thedemand
bemmestoo largeto befeasibleaslink capacitycongraintsare reached.This behavior is someavhatsimilar to thatof
asinglelink.

We canseethatthe curve of SINGLE, SNGLE+MAX andMIX(SINGLE+MAX) areupperboundedby the curve of
UPPER and lower-boundedby the curve of LOWER. We also seethat our heuristt algorithm MIX(SNGLE+MAX)
doesverywell, alwaysfalling within 11%of LOWER.

WhenR = maxyRy is feasble (scded up to 8:8), we canseethatthe cos generatedy SINGLE+MAX is modly
lowerthanSINGLE, andis close to MIX(SNGLE+MAX). Thisindicateshatthe optimalset of routes for the elemant-
wisemaxTM R canbea“good” solutionto the problem.WhenR is nolonge feasible the costreturnedby SINGLE
is the sameasthe cod returnedby SINGLE+MAX, as expectal. As demandincreass (scaledbetween8:9 and12:2),
we canseethat SINGLE may returnhigh cod solution (70% morethanthe cog of MIX(SINGLE+MAX) or cannot
even nd afeagdble setof destinationroutes Whendemanl approachesthe limit thatthe network cancarry (scaled
between12:2 and13:6), SINGLE cannotnd afeasiblesetof destinationrouteswhile MIX(SNGLE+ MAX) can.

V1. CONCLUSION AND DISCUSSIONS
Thekey contritutionsare summarizedsfollows:
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1. We extendedthe formulation of the route optimizationproblemfrom the caseof a single TM to the case of
multiple TMs. Speti cally , we extendedthe formulation in [4] thatusesroutingvariablesascontrolvariablesand we
extendel theformulationin [3] thatusesratio variablesascontrol variables.

2. Weidenti ed thefundamentaldifferencein the routeoptimizationproblembetweerthe caseof asingle TM and
the caseof multiple TMs. We showed that unlike the single TM cag, with multiple TMs, the optimal costof ow
routingmay belowerthanthatof degination routing,and the optimalcog of destinatiorroute-gts with loopsmaybe
lower thanthatof loop-freedestinationroute-&ts.

3. In the caseof o w routing,we extende the solution methodsfor asingle TM to the cas of multiple TMs. With
routing variablesas control variables we extended[4] to solve the problem with multiple TMs usng gradent-based
methods;with ratio variablesas control variables we extended[3] to solve the problem using corvex optimization
techriques and thussolve the problemusingL P whenlink costsarepiecewiselinearfunctions.

4. In the caseof degdination routing, we demongtatedthe inherent dif culties of the problemwith multiple TMs.
We identi ed local minima whenrouting variables are usedas control variables Local minima make it dif cult to
solve the problem usinggradient-basethethals. We alsodemongratedthatthe set of feagble route-®tsis not corvex
whenratio variablesare usedascontrolvariables.i.e., the optimizationproblemis nota cornvex optimizationproblem.
Finally, we provedthatit is NP-completeevento determinghefeasbility of a setof multiple TMs.

5. In the caseof destnationrouting we propo®dandevaluateda heuristic algorithm.

With multiple TMsin thecase of o w routing,althoughwe have shavn thatthe problemcan be solved by extending
existing methodsthe extremelylarge numberof control variablescan hardly be handledby a single computer(We
have 3 million controlvariablesfor a 100-nodeneawork with 300 links). As areallt, distributedcomputationmight be
desimble to solve theproblem. The extensionof Gdl ager's work maybeauseful startingpointalthowghit is necesary
for all routersto getderivative information for all TMs.
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VII. APPENDIX A
Proof of TheoemIV.1:

X
ty(ii7) = Lk =DRy(]) + ryw(0)+ tym(G]) mie(ii]) (41)

m
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Without loss of geneality, for source-de#nation pair (i,

16

j ), take the sourcenodei to bethe 1st of thejVj nodes

take thededinationnodej to bethejVjth of thejVj nodesanddroptheargument(i;j ), wethusrewrite (41) as

M1
m=1
LetTy = (ty;;::5tygvj 1), Ry = (Ry + yaa;rya; i rygyj 1), andlet’ bethejVj 1 jVj

comporents i (1 k;l  jV]j
thatl

Ty
@y;k

@Ry;m

ty;k

@y;k

@ mq

1). Equation(42)for1 k jVj
' mug have an inverse. Following the sameprocedureas[4], we have,

listhenTy(l

= Ry( ")1*

= [ ")

— X @y;k

B m @y:mRy;m

= @y;k ty'm
@Ry,q ™

(42)

1 matrix with
') = Ry. From[4], we know

(43)

(44)

(45)

(46)

Take into acountthatr is a set of dummyvariables. i.e., only deriative informaion whenry = f0;:::
usetll. For x edRy, equation(44), (45) and(46) become,

@y — Qyk =71 ') 1
@y;m @y;m [( ) ]mk
Qy;
tyk = @—yy;:Ry;l
@y;k — @y;kt _ @y k @y m R
@ mq @y;q ym = @yq @y

(47)

(48)

(49)

Next, we show that(23), repeatedbelon with the sourcenodeard destinationnodeaggin takento bel ard jVj, has

aunique solution.

@A X
@y;k
Following the sameproof asin [4], we solve theabore equalonsandget
@ _ X @mX
@y;k m @y;k q

#

0 @A
wyD .y (fyk) + ——
ki WyDy (fyia) @y,

@
mqu%q(fy;mq) Wy élmq

Dr%q (f y;mQ)

DifferentiatingA directly with (7), (11) and (12), we getthe same uniquesolution.
Finally we calculate@@;k directly using(7), (11) and(12),

@ _
@ yim;q (
X
= ty:k
y m;:q
X
= ty;k @ +
y @y;l

We have used(49) and (51) to derive (54), which is the sameas (24). This is clearly continuousin
, andtheproof is complete.

continuity of ty. and

Wy mq(fqu) mq @

0
WyDmg (fy;ma) mg @y

@
Gym , Wy DR (Fy i)ty
y

)
@y;m

+ Wy DR (Fya)

wy DR, (Fy:)

(50)

- as acontinuousfunctionin

(51)

(52)

(53)

(54)

given the
[ |
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VIIl. APPENDIX B

Proof of TheoemlIV.2:
First we shawv that(26) is anecesaryconditionto minimize A by assimingthat doesnotsatisfy (26). This means
thatthereis somei;j; k;l; andm suchtha

@ _ @
@u(i;j)  @km(ir])
Sincethesederivatives are continuous a suf ciently small increag in  ¢m(i;j) andcorrespondingdecreas in

@ i (i;j) will deaeaseA, thusestabli®ingtha doesnotminimizeA.
Next we show that(27), repeateddow, is a sufcie nt conditionto minimizeA.

ki(i;))>0; (55)

#
@\ X @\

@ (i 1) DG @D (56)

Ry(i;j) wyDy(Fyi) +

y=1 y=1

Supposehat satises (56) andhaslink dataratesFy andnodedataratesTy y2f1;:::;ng. Let beany othe
setof routingvariableswith link dataratesF, and nodedataratesT, ,y 2 f1;:::;ng. De ne

fyaa( ) =@ Iy + £y (57)

X X
AC)= wy Dui(fywi( ) (58)
y=1 (k;h2E

Sinceead link costDy, is a corvex, non-decreasinfunctionof thelink datarate, therefore A, is corvex in , and

hene
dA

d g
Since isarbitrary proving thatdA=d Oat = Owill completetheproof. From (57) and(58),

AC ) A() (59)

dA

X
0 7 WD) fya fyw (60)

yi(kil)

We now show that

X @
WyDiI(fy;kl)fy;kl Ry (i; J)@ @) (61)
yi(kil) yiii yi (]
Notefrom (56) that
0 - X - @\ X @\ -
Wy Ry (i;])Dy (fy- i; Ry (i; — — I; 62
y yRy(;])D i (Fyiki) (s ) , y(i 1) @yxlil) | @yi) (i) (62)
FromTheoem I1l.1 andequation(6), we know thatfor sourceroutes , 9B , sothat
. . . . X . . .
tyw(ii 1) = Ry(i]) Bmk(i5)) + Lk = 1) (63)
m
P
Multiplying both sidesof (62) by ( B (i;]) + L(k = 1)), summingover i;j;k andrecalling thatfy;kI =
i tyk (1) «(is]) (see(?)), we obtain
0 X . @\ X @\
wy D (fi)f ty (i3] =———= I; I; 64
» yD i (Fr)f i i yik( J)@y;k(|;J) i tya (i) (s J)@y @) (64)
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P
From (5), kty;k(i;j) w(isi) = ty;,(i;j) 1(i = DRy(i; j). Substitutingthis into the rightmod term of (64)
andcanceling,we get(61). Note thatthe only inequalityusedherewas(62), andtha if  is subgitutedfor , this
bemmesanequalityfor the equation(23). Thus

X @
WyDEl(fy;kl)fy;kl = Ry(i; J)@ ) (65)
yi(kil) yiii yi (7]
Substituting(61) and(65) into (60), we seethatdA=d Oat = 0, completingtheproof. |

IX. APPENDIX C

We presenta distributedgradient-baad algorithm to minimize costA. In our algorithm,a nodek is implemented
by aprocesk. All processshave acopy of TMs Ry andweightswy,y 2 f1;:::;ng. Besidesprocess k mantains

a set of locd routing variablesf (i;j), (k;1) 2 E, i;j 2 Vg. Next, we usethe term “node” and “process$
interchangably.
The algrgrithm breaks into itwo  parts: a protocol between proceses to calalate the
y Ry(i51) wyDﬁl(fy;m) + ﬁ and an algorithm for modifying the local routing variables. We discuss
theprotocolpart rst. h i

P

In order to seehow process k cancalculde y Ry(i; j) WyDﬁl(fy;H) + % , fortraf ¢ originatingfromi to
j » de ne nodem be the downdreamfrom nodeq if thereis arouting pathfrom qtoj throughm (i.e., a pah with
positive routing variableson each link). Similady, we de ne g astheupsreamfrom m if m is downstreanfromg. In
ouralgorithm,we focuson the setof loop-free route-sets i

The protocolused to calculatethe ' | Ry(i;]) WyDﬁ,(fy;m) + % is furtherdivided into two rounds: in
the forward round for each souice and destinationpair i; j , each processk waits until it hasreceved the value
tym(;]) me(i;7),y 2 f1;:::;ng from ead of its upstreamneighborproceses m. Then process k calculdes
the nodetraf c rate ty..(i; j) usmg (5) and broadcags this to all of its downsteam neighborprocesss; in the
badkward round, for eachsource and destinationpair i; j, eachprocess k waits until it has recaved the value

@ 'y 2 f1:::::ng from each of its downstreamneighbord. Then process k cadculatesthe @ andthe
@y (i j) h @y,

Ry(i;)) wy k|(fy,kl) + y;l(u) usng (7) andusng (23). and broadcaststhe former to all of |ts upSream
neighba processs. It is easyto see thatthe protocolis freeof deadlo&s beaus s loopfree.

Thealgorithm , on eachiteration,mapsthe current routing variableset intoanevset = () . Inorderto
maintainloop-free property, for traf ¢ originatingfromi destinedo j andeachnodek, the algorithmmaintainsa set
H(i; j) of blockednodesk forwhich (i; j) = 0andthealgaithm is not permittedto increase (i; j ) fromO. For
notationcorveniencewe includel suchthat(k;1) 2 E in thesetHg(i;j). We rst de ne ard discuss the algorithm
andthen de ne thesetsH(i; j ).

Thealgorithmis desribedasfollows. Forl 2 H(i; j),

L@i:0)= 0, w(i;j)=o0: (66)
Forl 2 H(i;j), de ne
y " - # (y " @ #)

0 /i iy _ 0 . 0
ag(iyj) = , Ry(i;]) wyDy(fywi) + m mzrm‘r(]i;j) y Ry(i;j) WyDym(fy:km) + m (67)
ag(i;j) = pM (68)

I S WRy (5]

a(i]) = minf (i) e 2D (69)

y Wytyic(is])
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where is ascaleparameteof to bediscusediater. LetI} (i;j) beavalueof m tha achieesthe minimizationin
(69). Then
1y ki(i5) k(s ) 16 1M (i; )
(1) = k(i) + i ey (i) (i) otherwise: (70
The agorithm redu@sthe fradion of traf ¢ senton non-optimallinks andincreasesthe fraction on the bestlink.
The amouwnt of reduction,given by (i; j ), is propottional to ay (i; j ), with the restiction that ﬁl(i;j) cannotbe
negative. Inturnay (i; j ) is thedifferene betweerthe mamginal costof thetraf ¢ originatingfromnodei to nodej at
nodek usinglink (k; 1) andusing thebestlink. Notethatasthesufcie nt colgdition(27)is approached thechangegyet
small,asdesied. Theamountof reductionis also inversely proportonalto wyty(i;j). Thereasorfor thisis that
thechangen link trafc underTM Ry isrelaedtowy i (i;] )ty (i; j). Thuswhen  wyty(i;j) issmall, (i; )
canbe changedoy alarge amountwithout greatlyaffectingthe maiginal link cost. Finally the changesdependnthe
scalefador . For very small, corvergenceof the algorithmis guaanteed, asshown in Theoreml X.2, but rathe
slow. As increases,the speedf corvergencesncreass but the dargerof no corvergencencreases.
We now completethede nition ofFaIgorithm by de ning thesetsH(i; j ). Firstdene aroutingvariable (i; j)
to beimproperif (i;j) > Oand | Ry(i; ) @\=@y(i;]) y Ry(i; ) @=@y; (i;]). We have alreadysaid
thatH(i; j ) includesonly k for which (i; j) = 0, andthus,from (23),

X . 0 @\ - @\
min Ry (1; wy D (fy- + — Ry(l;]) =—————~ 71
I2H, (1) v(E1) WBwltyw) * G Ty , DG G (7)
Assuminq1 weighted positive imatginal link costs, PyRy(i;j)@:@y;k(i;j) <

P yRy(i]) wyDE,(fy;m) + @\=@y;(i;j) if w(;]j) is improper, and we see that the algorithm always re-
duces improperrouting variables In fact, sinceP y Ry(is] )ﬁ is the weighted margind cog for the trafc
originatingfromi toj atnodek, we would exped weightedmarminal cost to decreas aswe move dowvngream,and
improperrouting variablesshould beratheratypical. P

For a given sourceand destinationpair (i; j ), the set of weightedmargind cods = | Ry(i; | )% forms an
orderingof the nodesk. Note thatif thereare no improperrouting variables this ordering is consigent with the
downstreaming partial ordering.

Similar to [4], if is loop-freeand ® = ( ) containsa loop for some sourcededination pair i;j, thenthe
following two conditionsmug hold. b

1) "ID'he loop containssomelink (k;1) for which (i;j) = 0, }(i;j) > 0, and y Ry(i;])@=@y«(i;]) >

yRy(i:1)@=@y, (i; ).

2) Theloop cortains somelink (I; m) for which | (i;j) isimproperandfor which 1 (i;j) > O.

The r st condtion reiteratesthat some routing variablesmustbe increasedrom 0 to form a loop andthat the
algorithmonly increags routing variableson |inks to nodeswith smallermamginal cos. The secondmake useof the
facttha if nodesareranked by mamginalcost,  Ry(i; j)@=@y:(i;]), thenit isimpossibleto move aroundaloop
of nodesandhave mamginal cog monotonially decrease.

Denition: Theset H(i; j) is thesetof noded for which either (i;j) = 0andl is blockedrelative to (i; j) or
(k;1) 2 L. A nodel is blockedrelativeto (i; j ) if for traf c originating fromi degined toj, nodel hasaroutingpath
toj containingsomelink (m; g) for which mq(i; j ) isimproperand

P . 0
y Ry MWy Dimg(fyimq) + G @]
[y wytym (DI wyRy (i j)]

mq(i;]) (72)
Thereaon for (72) canbe seenfrom (69) and(71). mq(i;j) = mq(i;j) and rlnq(i;j) = 0, so that(m; g) can
notbe part of aloop for traf ¢ originatingfromi destinedoj .

TheoemlIX.1: If themarginal link coSsDEI arepostiveand isloop-free then 1= ( ) isloop-ree.
Proof: Following similar proofin [4]. |



UMASS CMPSCI TR#04-60 20

Theprotoml requiredfor aprocessk to determinghesetH (i; j ) is asfollows. Each process k, whenit calculdes
@\=@y, determinesfor eah downgreaml, if |, is imprope andsatise s (72). If ary dowvndreamneigroor
satises theseconditions,nodek addsa specialtagto its broadcasof @G\=@y.x. Thenodek also addsthe special tag
if thereceivedvaue @\=@y; from ary downgreaml containedatag. In this way all nodesupstreamof k also send
thetag ThesetH(i;]) is then theset of nodes| for with eithe (k;I) 2 E or therecaved @\=@,; wastagged.

TheoemIX.2: Assumethatfor all (k;1) 2 E, Dy (fyx) hasa positve rst dervative and nonregative second
dervativefor0  fy < ¢y andthatlimfy;k,! cq = 1 . Forevery positive numberA there exists a scale factor
for suchthatif ©satises A( %) Ao, then

Jim AC ™) = min(A( ) (73)
Thisis provedin Appendx D. Notethat dependsn someupperboundAg to A; thisis natural,since whenthe
link dataratesare very closeto capacity smdl changesn the link dataratescauselarge changesn marginal cog.

Theproofuse aridiculously smallvalueof to guaantes corvergenceunde all conditionsand experimentalwork is
neessaryto determinepracticalvaluesfor .

X. APPENDIX D

Proof of Theoeml|X.2:

We prove Theorem1X.2 throuch a sequencef sevenlemmas. The rst ve edablishthe desent propetties of the
algorithm,the sixth establifiesa type of contintity condition,showing thatif doesnotminimize A, thefor ary
in aneighlorhoodof , A( ™( )) < A( ) for somem. Theseventhlemmais a new global corvergencetheorem
which doesnotrequirecontintity in thealgorithm ; LemmasX.6 andX.7 togetheredablish TheoremiX.2.

Let be an amitrary set of routing variablessatidying A() < Ag for someAg. Let 1 = () andlet
Ty; Fy;Tyl; Fyl, y 2 f1;:::;ng bethe nodeard link dataratescorrespondingo and 1, repedively. Let Fy,
(0 1)y 2 f1;:::;ngbede nedbyf = (1 )fyu+ f gy, andlet

X
A()= WyDy;kl(fy;kl) (74)
yikil

Fromthe Taylor remaindertheoem,

AC Y M)=%%Zm+¥?y

(75)

where is somenumberbetween0 and1. The continuity of the secondderivative above will be obvious from the

proof of LemmaX.4, which upperboundgthatterm. The rst threelemmasdeal with d/?jﬁj =0 .

Lemna X.1: X X
dA . . .
LD A1) Wyt (ii]) (76)
0 gkl y
Proof: Usingthede nitions of a(i;j) and (i; j) in (68) and(69),

(i Daa(ij) = P X [ w(i)) 1("')]()( Ry(i:j) WyDi(fyui) + Ca
ki (1 ])a (i) = yWyRy(i;j)lglM(i'j) k(1] ki (137] . y(15)) Wy Dy (Tyki m
o ))

X

: 0 @A

mzwlr(]i;j) Ry(i57) WyDym (fyxm) + @ym (1)
y
( )

= P;X i) k(i) X Ry(i:]) wyDp(Fyar) + =2
= yWyRy(i;j) I [ kI(:J) kl( :J)] , y( ,]) y kl( y;kl) m

1 (X @\ X a@ )
= 1 4. 0
= P RGD y RGN G D) G DRy 1) wyDi(fyiw) + s

(77)

(78
Ly
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7, We have used (70) to extendthe sum overall | andin (78), we have used (23). Multiplying bothsidesof (78)
by y Wyty k(l j), summingoveri;j; k, andudng (5), (6) and(7), we get

. . . @\ X
(i) a (s wyty (5§) = tyx (s J)@ @ fyl;kIWyDEI(fWkI)
yiisiikil yiiij 1k yik (i ] yik;l
tL (i 10 = D)Ry(i;j) ————
yiiiisl ) A Ry (1) @y, (i3 ])
X X @
= fyl;k|WyDﬁ|(fy:kl)+ Ry (i; J)@ i (79)
yikil yiii (1)
X 1 0
= (fyii Fyu)WyDy (fyiki) (80)
yikil
_ dA( )
= 5 (81)
We have used (65) to get(80),and(81) from (74), completingthe proof. |
Lemna X.2:
dA( ) 1 X 5 X 2 1 X,
— —— I Wy tyk (I —— W, s (; 82
d % (Vi 1)3”_;k k(1) , vty (5 1) (Vi 1)3y;i;j . v k(D 55)  (82)
where X
k(i j) = k(s ) (83)

bop
Proof: Fromthede nition of in (69), ay(i;j) y Wyty (i J) w(i; j)= . Substitutingthisinto (76)
yields

dA 1X o X X L
;) - RGT) wytyai)) wytg(icf)
=0 isj skl y y
- Z(i'J)X wyt (i'J)X Wty (i5)) (84)
Vi D) ju < y e y e
P P P
where(84) follows from Caucly'sinequality ( | | )2 ( 2( @2),with =1, ;= (i;j), andthesum

overl 6 k.

Now de nety;k(i;j)asthenocbtrafc rateoriginating fromi destinedtoj atnodek if theroutingvariables ,(i; j)
(for1 & I} (i;j)) arereduce by (i;j) but (i;j) for | = 1} (i; j) is notincreased Mathematicallyt, ., (i; j )
satises X
ty(B55) =ty G w(j) (@G )I+ Lk = D)Ry(i;j) (85)

[
This has a unique solution becauseof theloopfreedomof . Subtracting85) from (5) resultsin

X X
tyx(i])  tya(B1) = [ya(G1)  tyaGDI W@+t (G1) w( ) (86)
| |

From (45), usingp | ty;l(i; j) (i) for Ry:m(i; j ), andfrom (47),
. X @y;k(i;j)x
ty(i; J) ty;k(lv j)= | m .

Since isloop-free, @y (i; ])=@y; (i;j) 1 Alsoif @y« (i;j)=@y;(i;j) > O, thenl isupstean of k for trafc
originatingfromi destinedoj and (i;j) (andhence (i; j)) is zero.Thus

tyx(i5])  tya(ii)) tym(@1) mi(i3)) = tym(i5]) m(i]) (88)

I mék mé6 k

ty;m (i; J ) ml (i; J ) (87)
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Multiplying theleft sideby (i;j) 1 presenestheinequality yielding
X
ty(i3) k(i ]) tym(@ 1) m(]) (89)
m
Multiplying wy andsummingup overy,
X - . . - X x - . - .
wytyx(i3) k(i3 )) wyty.m(i57) m(is)) (90)
y m y

Sincetheright-handsideof (87) is nonnejative, we alsohave ty.x(i; j)  ty.((i; j ). Multiplying wy and summing
upovery,

X . . X - .
wytyx(i; ) wyty . (i3]) (91)
y y
Thefollowing lemmaprovedby [4] will beusedfor furtherproof. P
LemmaX.3: Let ¢, (1 k m) benonngative numberssatisfying Ik kforl Kk m.
Then
X0 1 X
2
k kK 3 k (92)
k=1 m? k

P P
Nowlet = wytyx(i;j) «(i;])and g = yWyty;k(i;j) k(i;]). Sinee thesetermsarenonze&o only for
k 6 j,wecantakem = jV|j 1. Sincetheconditionsof thelemmaare satis ed for this choice,
" #,
k(51) Wy ty:i (i ]) Wyty;k(l; i) (\/—12 k(51) Wytye(i5)) - (93)

k y y Vi Dt y

Sincet)};k(i ) tyx (i; ] ), we cansubsitute (93) into (84), andprovedthe r stinequalityof Lemmaz2.

#2
dA( ) 1 X 5 X
a o Vi 18 k(1) Wyt (i5 ) (94)
iij ;k y
Additionally, sncewyty(i;j) 0, wehave
" #
Wyty;k(li j) Wyty;k(l;J ) (95)
y y
Thesecondnequdity of LemmaX.2 is derivedby substituting (95) into (94). Proof is thencompleted. |
Lemna X.4: LetM bean upperboundofDﬁ?(fy;kl)overall y; k;l andover 0 1. Thenforary ,0 1,
d?A - - R . .
AL MGvie 2V 0AVi T wy RS (96)
yiisj ik

Proof: TheboundM mustexist beaus Dﬁ?(fy;kl) is a continuousfunction of  over the compactregion
0 1. Takingthesecand derivative, we get
d?A() X 00 X
d2 Wy Dy (Fya)lf g Fyial? WyM[f g fyaal® (97)
yikil yikil

We now upperboundjf g, fy.aj by rstupperboundingjty, (i;j)  tyx(i;j)j. Asin theproofof LemmaX.2,
we have

- - - - X - - . - - - X - - - - - -
tyi(if)  ty(isj) [ty (s0)  tya(GD] &G+ (D kGT) ()]
|

|
X @ (i) X

@) gy DL m D m E) (99)



UMASS CMPSCI TR#04-60 23
Since0 @)};k(i 1)=@y.(i;j) 1, wecanupperboundthis by

X
(D) tyw() tym (i) m() (99)
m
We canlowerbound(99) in the sameway, consideringonly termsin which rlnl(i;j) mi (i; j) < 0, ard thisleads
to X
itgai:i)  tyw(izi)i tym(i;5) m(ij) (100)
m
four  Fyma = [y 0)  tyw(@ D] 0@ 1) + tyw@G DL (1) (i)l
i
iy Tyl tym(53) m@B1) @D+ tykGDI @) (i) (101)
ijom i
Thedoublesumin (101)hasatmost(jVj 1)% nonzeraerms(i 6 j,k 6 j, m 6 j) andthesecondsum atmog
(jVj 1) terms UsingCauchy'sinequality on bothtermstogether we get

8 9
By Fywd® GVIGVE D7 Gm(B0) m@GEDE @D+ GaGDE (G @17
isj;m ] ’
8 9
fyw  fywa® IVIGVE D)7, tym(51) m@)+ 2 15 (5) k(). (102)
[ ijsm i ’
Summingoverk, we get
X X
it fywi® QVIGVIE D2GVi+2) i) &G5D) (103)
kil ijik
Multiplying by wy, summingovery, andsubstitutingtheresult in (97),weget(96) completingthe proof. |
Lemna X.5: For givenAy, de ne
00
M= rrll?lle:Dk.(f)mE())(:min wyDy;k'(f) (104)
= [MjVjT lmyin Wy (105)
Thenforall suchthatA Ay,
Mjvj’ X - .
1 2(;. 2 A
ACH RO oy e, M KNG (106)

Proof: Temporarilylet M beasde nedin LemmaX.4. CombiningLemmaX.2 and LemmaxX.4,

#

MVi" | M(Vi+ 2)GVi 12vj X NP

(N;aﬁ+ (iVi )21 )2V Wy (05t ) (107)
yiiij ik

ACH A()

The secondtem in bracletsabove is less thanhalf the magnitudeof the rst term,yielding (106). It follows that
A(CYH A Ao. By convexity thenDk|(fy;k|) Ao=wy,  Ap=minwy for 0 1. ThusM asgivenin
(104)satis estheconditiononM in LemmaX.4, completingthe proof. |

Lemna X.6: Letthescalefactor satisfy (105)foragivenAg andlet beanarbitrary setof routingvariableshat
doesnot minimize A andsatis es A() Ap. Giventhis ,9 > 0Oandanm,1 m jVj, suchthatfor all
satigying j i<,

ACTC D <A() (108)
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Proof: We condderthreecasesThe rst is thetypical casein which no blockingoccursandA(( )) < A( ),
the seconds the casein which blockingoccus, andthethird is thecasin whichA( ()) = A( ).
Cas 1: No blocking; «(i;j)tk(i;j) > Ofor somey;i;j;k: If nonodesare blockedfor , thenby de nition of
blocking(72),thereis aneighborhooaf  around forwhichno blockingoccurs In this neighborhood,
( )
@ X @

GGy mdlilyy | O W)+ s (109
yi1 U ;

X 0
au(iii) = Ry(ii]) wyDy(fym) + @y (D)

y

which is continuousin . It follows from (68) and (69) that (i;]j) is continuousin , andthe upperboundto
A(C () A() in(106)is continuousin . Sinceby assumptionthe boundin (106)is strictly negetive, thereis a
neighbehoodof  around for which

Mjvj’ X 202 (i
ALY ACTS gy e W KEDGED (110)
where (i;]) andty.c(i; j ) correpondto thegiven . Choo® smallenoughsothat(110)is satised for j j<
andalso sothat 7 x
, . MjVj D N2 e
AC) ACUS gy g W KGR (111)

Combiningthiswith (110),we have (108)for m = 1.
Case 2: Blocking occurs Forary , we canuse(23) to lower bounda?, (i;j) by

#
X o 0 @\ @\
0 (i :
8 p h » - - i9
X < X Ry(i;j) wyD K1)t o @~ =
D) WD) min ) w2 yPk'(V:kF':(i_@“”’ ety
y . y y WyRy(i; ])

The lower boundsabove arecontinuousfunctionsof . Sinceblockingocaursin |, thereis somei; j; k; | suchthat

both " #
X @\ @\
Ry(i; j) — — 0 (114)
y @y (i;])  @yx(i;i)
and P h i
X yRy(: 1) WDy (fyi) + 585 &%
i j Wytyk (i P AL yk (4] 115
Combining(113)to (115) b
X . Ry (i; i )WyDy (Fy )
i; Wy ty (i y pY - n 116
Sincetheright-handsideof (113) is continuousn , thereis aneighborhooaf  around forwhich
X P Ry (i; Wy D oy (Fyek)
(i) wytyg(iij) =—2+F YKL Y (117)
! y Yy 2 yWyRy(li i)
And thus,for somey, P
Ry(i; j)w. Dy (fy.
(i Dy 1) 5 y Ry (5 1)Wy DTy i) (118)

' yWyRy(i;j)

Equation(108),form = 1, now followsin the sameway asin casel.
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Cae3: (i;j)tyk(i;j) = Oforally;i;j;k;l. Let 3bethesetof for which (i;j)tyx(i;j) = O for all
i:j:k;l.Let O = 1( )forthegiven andletm 2 bethesmallesintegersuchtha (™ 1 2 5 We r stshow
thatm jVj. Note rstthatforany 2 3, chagges ki(i;]) onlyfory;i;j; k suchthatty.(i; j) = Oandthusthe
nodedataratesandlink dataratescannotchange. | Ry(i; j )@=@y«(i; j) canchange however, and aswe shalll
seelater, must chargefor somey;i; j;k if doesnotminimizeA.

Now consder @ (0 q m 2),where © denotegheoriginal . Since @ 2 5 (9(i;j) > 0implies
thatty(i; j) = 0. From(69), ‘P(i:j) = (P(i;j)and P (i;j) = 0. Foragiveni;j;k, all ‘(i; j) arereduced
to 0 except for thel whichminimizes | Ry (i;] )[WyDE|(fy;k|) + @\=@y,(i;])]. Thus usng (23),

L @\( (q+l))_ X o @\( (q)) X L @\( (q))
P g - RED WOt g Gy REDg Gy 9

Sincethis equationis satised forallg, 0 g m 2, we seethat P y Ry(i; J)@A( (Q))z@y;k(i; j) canbe
reducedon iteration q only if | Ry(i; j ) @\( (a 1))=@y;|(i;j) is redwedoniterationq 1 for somel suchthat
P yRy(GD@( @ M=@y,(i;j) < | Ry(i;))@( D)=@y«(i; j). Thisreductionatnodel howeverimpliesa
reductionat somenodel ° of smallerdifferential cost atiterationq 2 and soforth. Sincethis sequenceof differential
costis decreadng with decreamg g and since (from (119)) the differential costat a given nodeis nondereasng
with decreasing), ead node in the sequencenustbe distinct. Sincethereare jVj 1 nodesotherthanthe given
destinationavailablefor such a sequene, theinitial q in suchasequancesatisesq jVj 2. Ontheotherhand,
it~y Ry(i; ) )@( ()=@y.(i; j) is unchangd for all y;i;]; k, we see from (119)that (% satises the sufcient
conditionsto minimize A andthen also minimizes A cortrary to our hypothesisthuswe musthavem  jVj.

Now observe that the middle expressionin (119), for g = 0, is a continuots function of  and consequently
@\( D)=@,«(i; j) is acontinuousfunctionof  for all y;i; j; k. It follows by inductionthat @\( )=@,«(i; j)

is a continuousfunction of ~ for all y;i;j;k andfor | m 1. Finally (M D 2 5 soit mug satidy the
conditionsof casel or 2; it will be obseved thattheanalysisthere applyequallyto (M 1) becausef the continuity
of @( ™ V)=@,(i; j) asafunctionof . Thiscomgetesthe proof. [ |

Our lastlemmawill be statedin greatergeneralitythan required since it is a globd convergencetheorem for algo-
rithms that avoids the usud continuity condraint on the algorithm. (SeelLuenbeger[18]) for a gooddiscusion of

globalcorvemgen®).
Lemma X.7: Let beacompatregionof EuclideanN space.Let beamappingfrom into andletA bea

continuaisrealvaluedfundionin . AssumethatA(() ) A() forall 2 . Let AC betheminimumof A

over andlet © bethesetof 2 suchthatA( ) = A°. Assumetha forevery 2 O thereisan > 0

andaninteger m 1 suchthatfor al 2 satigying j ] ,wehave A( "( )) A() . Thenfor all
2 1

Jim ACT() = A (120)

Proof. See[4]. |

Proof of Theoem|X.2: Let bethe set of loop-free routing variable  suchthat A() Ao. We have veri ed
that mapsloop-freerouting variablesinto loop-free routingvariables andfrom LemmaXx.5,A( () ) A( ) for
2 .Thus ismappingfrom into . Itisobviousthat isboundedandeasy to verify thatary limit of loop-free
variableswith A() Ao is alsoloop-freewith A( )  Ag. Thus is compact.The nal assumptionof Lemma
X.7 is establibedby LemmaX.6. ThusLemmaX.7 as®rts the conclusionof Theorem1X.2. |

XI. APPENDIX E

We show anexamplewheretheratio betweenthecod of localminimaandthecog of globaloptimacanbearbitrarily
large.
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100

Fig.9. A topologyto illustratethearbitraryratio betwea locad minimaand globd optima

Givenintegerk 100, Figure 9 shows anetwork G. Therearetwo TMs R1 andR, with weightsw; = w, = 0:5,

2 3 2
0 00 k (100k) 05 0000

fo0oo0o 0 z _§0001

Rl‘Eooo 100 k! R2=80 00 0 (121)
000 0 0000

Notethat 14(4) and 23(4) determinepaclet forwarding,thusdeeminecostA. Given( 14(4), 23(4)), thelink
dataratef .y is,

fri2 = Ru(Li4Q  14(4)

f114 = Ra1(1;4) 14(4)

fi23 = Ru(L;4Q  14(4)) 23(4)

fi20 = Ru(L;AHQ 1441 24(4)

f13a = Ru(L;AA  14(4) 23(4) + Ru(34)

fo12 = f214=0
fo0o3 = f234= R2(2;4) 23(4)
faoa = R2(2;4)(1  23(4)) (122)

When 14(4) = 1, 23(4) = 1, wehave g7 (4) >0 5 (4) > 0. Therefore,( 14(4) = 1, 23(4) = 1)isalocal
minimal. The costof therelaive minimal ( 14(4) = 1, 23(4) = 1), AREL satises

AREL > pD14(f114) = 5k¥° 05 (123)

When 14(4) = =, 23(4) = 0, we have

1
K (100K)

f112;f212
fr14,f014 <
f123;f203 =

|
kO X B

f104;f204 =
f1:34,f2;34 100 k!

Therefoe,

A < Dip(1)+ Dis(k 1)+ D23(0)+ D24(1) + D3s(100 k 1)

= 12999+ (k 1)+ 0+ 1=19+ (10k 1)< 10k 2 (124)
Combining(123)and (124),
_ REL
k|!|1m W =1 (125)



