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Abstr act

Routing optimization is usedto �n d a setof routes that minimizes cost (delay, utilization). Previous work has
addressed this problem for the caseof a known, static end-to-end traf� c matrix. In the Internet, it is dif�c ult to
accurately estimate a traf� c matrix, and theconstantly changing natureof Internet traf�c makesit costly to maintain
optimal routing by responding to traf� c changes. Thus, it is of interest to maintain a set of routesthat are“good” for
a number of different possible traf� c scenarios. In this paper, we explore ways to �n d an optimal setof routeswith
multiple traf� c matricesto minimizeexpectedcost. We focuson two general approaches,source-destination routing
and destination routing. In the caseof source-destination routing, we extend existing methods with a single traf� c
matrix to solve the optimization problem with multiple traf� c matrices: we extend the convex optimization solution
methods for a single traf� c matrix to the multiple traf� c matrix case;we also extend the gradient-basedsolution
methodsfor asingle traf� c matrix to themultiple traf�c matrix case.However, themultiple traf�c matrix caserequires
many more control variables. In thecaseof destinationrouting, we encounter many moredifferences from the single
traf� c matrix case. The loop-free property, which is valid for the single traf�c matrix case, is no longer valid for
the multiple traf� c matrix case, and it is dif �c ult to extend existing methods for a single traf�c matrix to solve the
optimization problem with multiple traf�c matrices. We show that it is NP-complete even to determinethefeasibility
of multiple traf� c matrices. We thusproposeandevaluateaheuristic algorithmfor this case.

I . INTRODUCTION

Routingoptimizationis usedto �nd asetof routes, i.e.,thesetof pathsalongwhich packetsareforwardedin order to
optimizeawell-de�nedobjectivefunction(suchasdelay or utilization). Routingapproachesaregenerallydivided into
source-destinationrouting (henceforth referredto as�o w routing)anddestinationrouting.As apacket travelsthrough
a network, a �o w routing approachsuchasMPLS [1] forwardsit based on its sourceanddestinationaddresses. A
destinationrouting approachsuch as OSPF[2] forwardsit only on the basis of its destinationaddress. Destination
routingis unableto provideas� necontrolon routing as�o w routingbecause it usesless information.

A traf�c matrix (TM) speci�esthedatarate betweenevery pair of ingress andegress points. A numberof works
[3] [4] [5] have focusedon calculatingan optimalset of routesfor asingleTM. For agivenTM, thoseworksconsider
minimizingthesumof link costs, eachof which is an increasing convex functionof link datarate. Theproblemis then
formalized andsolvedasanoptimizationproblem.With a single TM, methodsto solve theproblemfor �o w routing
anddestinationrouting aresimilar, andthe optimal costsareidentical. In [3], Cantoret al. proposed a centralized
algorithm.In [4], Gallager proposed a distributed algorithm. To solve theproblemmoreef�c iently, thelink costscan
beapproximatedaspiece-wiselinearfunctions[5], andtheproblemthenformalizedandsolved by linearprogramming
(LP).

For a large-scaleInternetwith changing traf�c, optimizationwith multipleTMs is an importantproblemfor several
reasons. First, accurate TM estimation is hard to achieve dueto scale, aswell asdueto the inherentchallengesin
estimatingaTM [6] [7]. WithoutanaccurateTM, optimizationover multipleTM candidatescalculatesasetof routes
that is morerobust to estimationerrors. Second, even if the currentTM is known, the changing natureof Internet
traf�c makesit costly to continually maintain optimal routingby respondingto traf�c changes(Routingconvergence
normally take seconds, duringwhich packets maybe lost, or arrive out of order. Frequentroutingupdates canmake
thesituation evenworse). As routingupdatesare performed at a slower rate thanthechangein traf� c, it is preferable
to implement asetof routesthatcanperform well for all TMsbetween routingupdates.

In thispaper, weexplorewaysto obtainanoptimalset of routeswith multipleTMs soasto minimizeexpectedcost.
Wefocusonboth�o w routinganddestinationrouting.In thecaseof �o w routing,weextendexisting solutionmethods
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for asingleTM to solve theoptimization problemwith multipleTMs: weshow thattheoptimizationproblemcanstill
beformalizedandsolvedasaconvex optimizationproblem(asin thesingleTM case).Wealso extendGallager'swork
with a singleTM to solve theproblemwith multiple TMs using gradient-basedmethods.However, themultiple TM
caserequiresmany morecontrol variables. In the caseof destinationrouting,we encountermany moredifferences
from the single TM case.We �nd that theloop-freeproperty, which is valid for thesingleTM case, is no longer valid
for themultipleTM case.It is dif�cult to extendthesolutionmethodsusedwith asingleTM to solvetheproblemwith
multiple TMs. We show that it is NP-complete evento determine the feasibility of multiple TMs. Thus,we propose
andevaluateaheuristic algorithm for thiscase.

Theremainderof thispaperis organizedasfollows. In Section 2,wereview relatedwork. In Section3,weformulate
themultiple TM routingoptimizationproblem. In Section4, for �o w routing, we �r st computeanoptimalset of �o w
routesusing convex optimization techniques,andthenextend Gallager's work to solve the problem using gradient-
basedmethods. In Section5, for destinationrouting,wedemonstratethe inherentdif�c ulty of solving theoptimization
problem,andthen proposeand evaluateaheuristic algorithm. Section6 concludesthepaper.

I I . CONTEXT AND RELATED WORK

Internetroutingprotocols aregenerally classi� ed into two categories: �o w routing anddestinationrouting. MPLS,
a �e xible routingprotocol,is normally considereda �o w routing protocol[5] [6][8]; OSPF, a commonlyused intra-
domainInternetroutingprotocol,falls into thecategoryof destinationrouting.Speci� cally, arelaxedversion of OSPF,
which allows arbitrary routing fractionson the shortestpathsto the destination,is a loop-free destinationrouting
protocol[9].

Routing fractionsare useful for describinga setof routesalong which packetsareforwarded.In �o w routing, for
each sourceand destination pair, a routermaintainsa routing fraction for each of its out-goinglinks. Speci�cally ,
� kl (i; j ) denotesthe fraction of traf�c originating from routeri destinedto routerj at routerk forwardedover link
(k; l ). In Figure 1, router3 forwards100%of thetraf�c originatingfrom router1 destinedto router6 over outgoing
link (3; 4) and100%of thetraf�c originatingfrom router2 destinedto router6 over link (3; 5). In contrast,destination
routingonly maintainsa routing fraction for eachdestination.Speci�cally, � kl (j ) denotes the fraction of traf�c des-
tinedto router j at routerk forwardedoveroutgoinglink (k; l ). In Figure2, router3 forwardstraf�c destinedto router
6 evenlyovertwo out-goinglinks: 50%over link (3; 4), and50%over link (3; 5). Destination routingcanbeviewedas
aspecialcaseof �o w routingwheretheroutingfractionsto acommondestinationareidentical for all sources.Givena
TM, routingfractionsdeterminepacket forwarding,thelink datarates, andthusthecost. In ouroptimizationproblem,
wereferto routing fractionsasrouting variables.
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Fig. 1. Flow Routing : traf� c originatingfrom differentsourceaddressesis forwarded by different setsof routes
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Fig. 2. DestinationRouting: traf�c originating fromdifferent sourceaddressesis forwardedby singlesetof routes

An alternativeway to describeasetof routesis throughso-called traf�c ratios. For each sourceanddestinationpair,
Bkl (i; j ) denotestheratioof thetraf�c originatingfromrouter i destinedto routerj over link (k; l ) to theoverall traf�c
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originatingfrom router i destinedto routerj . In Figure1, link (4; 6) carries100%of thetraf�c originatingfrom router
1 destinedto router6; in Figure2, link (4; 6) carries50% of the traf�c originating from router1 destined to router
6. Givena TM, traf� c ratiosdeterminepacket forwarding,the link datarates, andthusthecost. In our optimization
problem,wereferto such traf�c ratiosasratio variables.

A number of efforts [3][4][5] have investigatedthe routing optimization problem in the caseof a single TM. The
methodsused for �o w routinganddestinationroutingaresimilar. In general, theproblemis formalized andsolved as
anoptimizationproblem.Using ratio variablesascontrolvariables, Cantoret al. [3] solvedtheproblem using convex
optimizationtechniques. To increase ef� ciency, [5] approximatesthe link costs as piece-wiselinear functions,and
solvesthe problemusing LP. In [4], Gallager proposed a distributedgradient-based algorithmto solve the problem
usingrouting variablesascontrolvariables.

The routeoptimization problemis relatively new in the case of multiple TMs. While researchershave recently
identi�ed the importanceof the routeoptimizationproblemin thepresenceof multiple TMs [7][8], they have yet to
investigatetechniquesfor solvingtheproblem.

An optimal setof routesis necessarily feasible. With multiple TMs, the setof feasibleroute-sets fundamentally
differsfrom thatwith a single TM. A set of TMs is feasibleif there existsa setof routesso thattheresultinglink data
ratesarealwayslessthanor equalto link capacityfor each TM. Thesetof routesis thencalleda feasiblesetof routes
for the set of TMs. With a single TM, [3][4] �nd an optimal setof routes out of the set of feasible route-sets. The
costof anoptimalset of �o w routes, anoptimal setof destinationroutes, andanoptimal setof loop-free destination
routesareidentical.With multipleTMs, thesetof feasibleroute-setsis theintersectionof thesetsof feasible route-sets
for each individual TM. As a result,a set of TMs may be infeasibleeven thougheachTM in the setis individually
feasible.Moreover, thecost of anoptimalset of �o w routesmaybe lower thanthatof anoptimal set of destination
routes;also,the cost of an optimal setof destination routeswith loops may be lower than that of an optimal setof
loop-freedestinationroutes.

We will see that, with multiple TMs, the hardnessof the optimizationproblemis closely relatedto the routing
approach. In the caseof �o w routing, we canextend the solutionmethodsof a singleTM to the caseof multiple
TMs. Using ratio variablesascontrolvariables, we extend [3] to solve therouteoptimization problem using convex
optimizationtechniques,and thussolve theproblemusingLP whenlink costsareapproximatedaspiece-wise linear
functions.Usingroutingvariablesascontrol variables, we extend[4] to solve the�o w routingproblem with multiple
TMs using gradient-basedmethods. However, themultiple TM caserequires many morecontrol variablescompared
to thesingle TM case.In thecaseof destinationrouting, we demonstratetheinherentdif�culties to solve theproblem
with multiple TMs. The set of feasibleroute-sets is not convex when we useratio variables as control variables.
As a result,we cannotsolve the problemwith multiple TMs asa convex optimizationproblem. Furthermore,when
usingrouting variablesascontrol variables,we �nd local minima — making it dif�cult to solve the problemusing
gradient-basedmethods. Finally, we show that it is NP-completeevento determinethefeasibility of a setof multiple
TMs.

I I I . PROBLEM FORMULATION

In this section, we formulate the optimal routing problem with multiple TMs. We �rs t introducethe necessary
notation,andthenformalize theproblem.Finally, wedescribe thedifferencebetween routeoptimization with asingle
TM and with multipleTMs.

A. Notation

We �r st introducethenotationfor �o w routing,andthenthenotation neededfor destination routing.
Notationfor �o w routing:
Network topology: G = (V; E) is a strongly connectedgraph.1 Thenetwork G is composedof a setof nodesV

andasetof directedlinks E . Thenodesin V are represented by theintegers1; 2; : : : ; jV j. Thedirectedlinks in E are
represented by (k; l ) 2 V 2.

L ink capacity : C = f ckl g, whereckl > 0 denotesthecapacity of link (k; l ) 2 E .

1 In somecases,we relax thisassumptionfor easeof exposition, andnotethis relaxationwhenused.
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Traf�c Matrices : R = f R1; R2; : : : ; Rng is a set of n traf�c matrices with associated positive weightsw =
f w1; w2; : : : ; wng,

P
y wy = 1. In TM Ry = [Ry(i ; j )], i; j 2 V , y 2 f 1; : : : ; ng, Ry(i; j ) denotes the rate of

exogenoustraf�c, in bits/s, originatingfrom nodei destinedto nodej ; wy is theweightof TM Ry .
Routing variables: � = f � kl (i; j )g, i; j 2 V , (k; l ) 2 E , where � kl (i ; j ) denotesthefractionof traf�c ratefrom

nodei to nodej at nodek forwardedover link (k; l ). When� areusedascontrolvariablesin optimization problem
formulation, theconstraintsare,

1) � kl (i; j ) � 0, i ; j 2 V , (k; l ) 2 E ,
2) � kl (i; j ) = 0 if k = j ,
3)

P
l � kl (i; j ) = 1 if k 6= j ,

4) 8i ; j ; k(k 6= j ) 2 V , for traf�c from i destinedto j at nodek, there exists at least onepathbetweenk andj :
thereis asequenceof nodes,k; l ; p; : : : ; q; j suchthat� kl (i; j ) > 0, � lp(i ; j ) > 0, : : :, � qj (i ; j ) > 0.

Ratio variables : B = f Bkl (i ; j )g, i ; j 2 V , (k; l ) 2 E , whereBkl (i; j ) denotesthe ratio of the traf�c rate
originatingfrom i destinedto j that is forwarded over link (k; l ) to theoverall traf�c rateoriginatingfrom i destined
to j . WhenB areusedascontrolvariables in optimization problem formulation,theconstraintsare,

1) Bkl (i; j ) � 0, i ; j 2 V , (k; l ) 2 E ,
2) Bkl (i; j ) = 0 if k = j ,
3) X

m
Bmk (i; j ) �

X

l

Bkl (i ; j ) =

8
><

>:

1 k = j
� 1 k = i
0 otherwise:

(1)

4) if Bkl (i; j ) > 0, thenfor traf� c from i destined to j at nodek, thereexists at least one pathbetweenk andj :
thereis asequenceof nodes,k; l ; p; : : : ; q; j suchthatB kl (i; j ) > 0, B lp(i; j ) > 0, : : :, Bqj (i; j ) > 0.

Theequivalenceof routingvariables(� ) andratiovariables (B ) is indicatedby [4]. For completeness, weexplicitly
expressit asTheoremIII .1 (seebelow). A setof routesis said to beloop-free if thecorrespondingset of ratio variables
B is loop-free. i.e., thereis no sequenceof nodes,i ; j ; k; l ; p; : : : ; q 2 V suchthatB kl (i ; j ) > 0, B lp(i; j ) > 0, : : :,
Bqk (i ; j ) > 0.

TheoremIII .1: In astronglyconnectedgraphG = (V; E), aset of �o w routingvariables� determinesasetof �o w
ratiovariablesB ; asetof �o w ratiovariablesB canbeimplementedby asetof � ow routingvariables� .

Proof: Givenasetof routingvariables� , wecancomputeasetof ratiovariablesB asfollows. Let bk (i ; j ) denote
the ratio of the traf� c rate originating from nodei destined to nodej at nodek to theoverall traf�c rateoriginating
fromnodei destinedto nodej , wehave

bk (i; j ) = 1(k = i ) +
X

m
bm (i ; j )� mk (i ; j ) (2)

Here,1(P) is 1 if thepredicateP is trueand 0 otherwise.[4] shows that equations(2) musthave a uniquesolutionof
b. After solving b, wecomputeB fromb,

Bkl (i ; j ) = bk (i; j )� kl (i ; j ) (3)

Givena set of ratio variablesB , we canconstruct a set of routingvariables� to implement B asfollows. For each
nodej 2 V , weconstructashortest pathtreeto j . For i; j 2 V , (k; l ) 2 E , if

P
m Bkm (i; j ) > 0, weset

� kl (i; j ) =
Bkl (i; j )

P
m Bkm (i ; j )

(4)

If
P

m Bkm (i; j ) = 0, we set � kl (i; j ) = 1 if link (k; l ) is on the shortest path tree to nodej , and � kl (i; j ) = 0
otherwise.

Nodedata rates : Ty = f ty;k (i; j )g, k; i ; j 2 V , y 2 f 1; : : : ; ng, wherety;k (i ; j ) denotesthedata rateat nodek
fromnodei destinedto nodej underTM Ry . Wehave,

ty;k (i ; j ) = 1(k = i )Ry(i; j ) +
X

m
ty;m (i ; j )� mk (i ; j ) (5)

ty;k (i ; j ) = Ry(i; j )
� X

m
Bmk (i; j ) + 1(k = i )

�
(6)
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Link data rates : Fy = f f y;kl g, (k; l ) 2 E , y 2 f 1; : : : ; ng, wheref y;kl denotesthe link datarateover link (k; l )
underTM Ry . Wehave,

f y;kl =
X

i; j

ty;k (i; j )� kl (i; j ) (7)

f y;kl =
X

i ;j

Ry(i; j )Bkl (i ; j ) (8)

Feasibility : Givena setof n TMs, if thereexistsa setof routingvariables� (or ratio variablesB ) suchthat the
resulting link data ratesarealwaysless thanor equalto thelink capacity for each of then TMs, then thesetof n TMs
is feasible, and� (or B ) is feasible for thesetof n TMs. Speci�cally, givenn TMs,we use	 (or B) to denotetheset
of feasible route-setsdescribedby � (or B ).

L ink costfunction: D = f D kl g, (k; l ) 2 E , whereD kl denotesthecost function of link (k; l ). Weassumethatthe
link costis aconvex, increasingfunctionof link datarate.While ouranalysis canbeappliedto any functionwith such
properties, wewill use,

Dkl (x) =
x

ckl � x
(9)

This M =M =1-like link cost can be approximatedby piece-wise linear functions. Speci�cally, Let (k i , bi ), i 2
f 1; : : : ; 6g be(24i � 2; � 24i � 2 + 5 � 22i � 2 � 1). Wehave,

Dkl (x) = max
1� i � 6

(ki
x

ckl
+ bi ) (10)

Network Cost : Let Ay denotethecost of TM Ry , y 2 f 1; : : : ; ng andA theexpectedcost; wehave,

Ay =
X

(k;l )2 E

Dkl (f y;kl ) (11)

A =
nX

y=1

wyAy (12)

Thefollowing notationdiffersin thecaseof destinationrouting:
Routing variables : � = f � kl (j )g, j 2 V , (k; l ) 2 E , where� kl (j ) denotes the fractionof traf�c rateto node

j at nodek forwardedover link (k; l ). Destinationroutingvariablescanbeviewedasa special caseof �o w routing
variableswith theadditionalconstraints,

� kl (i 1; j ) = � kl (i 2; j ); i 1; i 2; j 2 V; (k; l ) 2 E (13)

Ratio variables : Similar to routingvariables,combining equations(4) and(13), thedestinationratio variablesB
mustsatisfy theadditionalconstraints,

Bkl (i 1; j )
P

m Bkm (i 1; j )
=

Bkl (i 2; j )
P

m Bkm (i 2; j )
i 1; i 2; j 2 V; (k; l ) 2 E (14)

where
P

m Bkm (i 1; j ) > 0 and
P

m Bkm (i 2; j ) > 0.
All otherde�nitions, theoremsfor �o w routingarethesamein thecaseof destination routing.Theorem III .2 shows

thatdestinationroutingvariables(� ) anddestinationratiovariables(B ) areequivalent.
TheoremIII .2: In a stronglyconnected graph G = (V; E), a setof destination routing variables� determines a

setof destinationratio variablesB ; a setof destinationratio variablesB canbe implementedby a setof destination
routingvariables� . (Following thesameproofof TheoremII I.1)

B. TheSingleTM Problem

With asingleTM, theroutingoptimizationproblemhasseveral importantproperties. It wasknown that,for asingle
TM, the link dataratesimplementedby a set of �o w routescanalsobe implementedby a set of destination routes
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[10]. This,plustheloop-freeproperty(seeTheorem III.3), statethatwith a singleTM, theoptimalsetof �o w routes,
destinationroutesand loop-freedestinationroutesyield thesamecost.

TheoremIII .3: Loop-freeproperty: in a strongly connectedgraph G = (V; E), given a feasible TM R1, the �o w
routeoptimization problemalwayshasanoptimalsolution as a set of loop-free�o w routes, and thedestinationroute
optimizationproblemalwayshasanoptimal solutionasasetof loop-freedestinationroutes. [3][4]

With a singleTM, in orderto solve theoptimalroutingproblemin a distributedor centralized manner, the problem
hasbeenformulatedusingeitherrouting variables� or ratiovariablesB ascontrol variables.

[4] formulatedtheproblem using routingvariables� ascontrol variablesin thecaseof destinationrouting.
ProblemFormulationover � :

Given: network G = (V; E), link capacityC, asingleTM R1.
Minimize: costA.
Constraints:
1) Routeconstraints.F1 is implementedby asetof destinationroutes � .
2) Feasibilityconstraints.F1 � C. i.e.,8(k; l ) 2 E , f 1;kl � ckl .

[3] formulatedtheproblemasa convex optimizationproblem.Theproblemwasformalizedusing ratio variablesB
ascontrolvariables in thecaseof �o w routing.

ProblemFormulationover B :

Given: network G = (V; E), link capacityC, asingleTM R1.
Minimize: costA.
Constraints:
1) Routeconstraints.F1 is implementedby asetof �o w routesB .
2) Feasibilityconstraints.F1 � C.

With asingleTM, therouteoptimization problemcanalsobeformulatedusing asmallernumber of control variables
whendestination-basedlink dataratesF D (introducednext) areused ascontrol variables[10].

Destinat ion-based link data rates: F D
y = f f D

y;kl (j )g, y 2 f 1; : : : ; ng, (k; l ) 2 E , j 2 V , where f D
y;kl (j ) denotes

the datarate of the traf�c destined to j over link (k; l ) under TM Ry . When F D
y areused ascontrol variables,the

constraintsare,
1) f D

y;kl (j ) � 0, y 2 f 1; : : : ; ng, j 2 V , (k; l ) 2 E ,

2) f D
y;kl (j ) = 0 if k = j ,

3)
X

m
f D

y;mk (j ) �
X

l

f D
y;kl (j ) =

8
><

>:

P
i Ry(i; j ) k = j

� Ry(i ; j ) k = i
0 otherwise:

(15)

Thelink dataratesFy areexpressedby destination-based link dataratesF D
y asfollows.

f y;kl =
X

j

f D
y;kl (j ); y 2 f 1; : : : ; ng; (k; l ) 2 E ; j 2 V (16)

ProblemFormulationover F D
1 :

Given: network G = (V; E), link capacityC, asingleTM R1.
Minimize: costA.
Constraints:
1) Flow conservationconstraints.F1 is expressedby F D

1 .
2) Feasibilityconstraints.F1 � C.

With asingleTM, thesetof destination routingvariables� canbeexpressedin termsof F D
1 ,

� kl (j ) =
f D

1;kl (j )
P

m f D
1;km (j )

(17)
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where
P

m f D
1;km (j ) > 0.

C. TheMultiple TM ProblemFormulation

Wenow generalizetheproblemstatementfor asingleTM to thecaseof multipleTMs. Weuseeitherratiovariables
B or routingvariables� ascontrol variables.

Given: network G = (V; E), link capacityC, n TMs.
Minimize: costA.
Constraints:
For eachTM Ry , y 2 f 1; : : : ; ng,
1) Routeconstraints.Fy is implementedby aset of routes� or B .
2) Feasibilityconstraints.Fy � C.

Whenlink costsareapproximatedby piece-wise linearfunctions, they can beexpressedasadditionalconstraints.

3) Piece-wiseconstraints. For y 2 f 1; : : : ; ng,

Dkl (f y;kl ) � ki
f y;kl

ckl
+ bi ; (k; l ) 2 E ; i 2 f 1; : : : ; 6g

However, theformulationwith destination-based link dataratesF D cannotbeeasily extendedto thecaseof multiple
TMs. Flow conservation (15) only guaranteesthat for each individual TM in isolation,the demandcanbe satis�ed
by some setof destinationroutes (17). It doesnot guaranteethata singleset of destinationroutesbeused to forward
packets for all TMs.

D. RouteOptimizationwith Multiple TMs: differencesfromtheSingleTM case

Propertiesthat hold for a single TM do not necessarily hold for multiple TMs. In particular, with multiple TMs,
thecost of anoptimal setof �o w routesmaybe lower thanthatof destinationroutes,andthecost of anoptimal set
of destinationrouteswith loopsmaybe lower thanthatof destination loop-freeroutes. We demonstrate this through
threecounter-examples. We show that a setof TMs is not feasibleeven thougheachTM in the set is individually
feasible;we alsoshow thata set of TMs that is feasible with respectto �o w routingmaynot befeasiblewith respect
to destinationrouting. Finally, we also show thata set of TMs that is feasible with respect to destinationroutingmay
notbefeasible with respect to loop-freedestinationrouting.All examplesarebased onanetwork2 G shown in Figure
3. In all cases, traf�c is only destinedto node3.

190

2

190 3

1
450

450

Fig. 3. A topologyto illustratethedifferenceof routeoptimizationbetweensingleTM andmultipleTMs

First, we presenta set of two TMs where each TM is individually feasible but not feasibleunder �o w routingwhen
consideredasaset,

R1 =

2

6
4

0 0 600
0 0 200
0 0 0

3

7
5 R2 =

2

6
4

0 0 200
0 0 600
0 0 0

3

7
5 (18)

In TM R1, asR1(1; 3) = 600andc13 = 450, afeasible setof routesof R1 (� 13(3) = 0:7, � 23(3) = 1, � 12(3) = 0:3,
� 21(3) = 0) mustforwardat least1=4 of the traf�c originatingfrom 1 over link (2; 3). i.e.,B 23(1; 3) � 0:25. This

2Weusedirectedgraph for easeof exposition.
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results in that,in TM R2, therate of thetraf�c originatingfrom 1 thatis forwarded over link (2; 3) mustbeat least 50
bits/s, andtheremainingcapacityof link (2; 3) for thetraf�c originatingfrom2 isatmost 400. Asc21+ 400� R2(2; 3),
thesetof thetwo TMs is not feasible.

Second,wepresent aset of two TMs thatis feasible under �o w routingbut notunderdestinationrouting,

R1 =

2

6
4

0 0 600
0 0 0
0 0 0

3

7
5 R2 =

2

6
4

0 0 0
0 0 600
0 0 0

3

7
5 (19)

In TM R1, traf�c only originatesfrom node1, andin TM R2, traf�c only originatesfrom node2. SinceTM R1

andTM R2 are individually feasible (with thesamefeasibleset of routesasin thepreviousexample),andwith �o w
routing,the traf�c of TM R1 andTM R2 are forwarded usingroutesbasedon differentsourceanddestinationpairs,
theset of thetwo TMs is still feasiblein thecase of �o w routing. However, in thecase of destinationrouting,traf�c
is forwardedwithout differentiatingthe source addressof the packets. Using similar argumentsas in the previous
example, we know thatwhenTM R1 is feasible,the rate of the traf�c originatingfrom 1 forwardedover link (2; 3)
mustbeat least150bits/sunderTM R1. Thus, � 23(3) � 150

190 where190is thecapacityof link (1; 2). This results in,
that in TM R2, the rateof the traf�c originating from 2 that is forwarded over link (2; 3), R2(2; 3)� 23(3), is at least
9000
19 , and thusexceedsthecapacity of link (2; 3). Consequently, theset of thetwo TMs is not feasiblein thecaseof

destinationrouting.
Third, we present a setof two TMs that is feasibleunderdestinationrouting but not under loop-free destination

routing,

R1 =

2

6
4

0 0 500
0 0 0
0 0 0

3

7
5 R2 =

2

6
4

0 0 0
0 0 500
0 0 0

3

7
5 (20)

In TM R1, as thetraf�c rateoriginatingfrom node1 exceedsthe capacityof link (1; 3), a feasible setof routes for
TM R1 mustforwardpartof that traf�c throughnode2. Similarly, a feasiblesetof routesfor TM R2 mustforward
partof thetraf�c originatingfrom node2 throughnode1. Thus, a feasible set of destination routesfor thesetof the
two TMs must includea loop betweennode1 and2. In fact,we canseethat the setof destinationrouteswith loops
(� 13(3) = � 23(3) = 0:7, � 12(3) = � 21(3) = 0:3) is feasiblefor theset of thetwo TMs. Theresulting link datarates
for TM R1 are(f 1;12 ' 165, f 1;21 ' 50, f 1;13 ' 385, f 1;23 ' 115).

With multiple TMs, the costs of the optimal set of �o w routesanddestinationroutes may differ. Therefore,we
considerthe�o w routinganddestinationroutingproblemsseparatelyin thefollowing two sections.

IV. OPTIMAL FLOW ROUTING WITH MULTIPLE TMS

In theprevioussection,weformulatedtheroutingoptimizationproblem, anddiscussedthedifferencesin optimizing
routeswith a single TM and with multiple TMs. In this section,we explore waysof computinganoptimal setof �ow
routesfor multiple TMs. We �rst solve the problemwith routing variablesascontrol variables.Thenwe solve the
problemwith ratiovariablesascontrolvariables.

Usingroutingvariablesascontrolvariables,we now extend[4] to thecaseof �o w routingwith multiple TMs,and
solve theproblemusing a gradient-based algorithm. Assumethat � is thesetof routingvariablesused by a set of n
TMs. In order to obtain derivative information @A=@� kl (i ; j ), (k; l ) 2 E , i ; j 2 V , we introducea setof dummy
variablesr y = f r y;k (i; j )g, y 2 f 1; : : : ; ng, k; i; j 2 V , where r y;k (i; j ) canbeunderstoodas therateof thedummy
traf�c injectedat nodek destined to nodej under TM Ry usingthesameroutingfractions� asthetraf�c originating
from i destinedto j .

For TM Ry , y 2 f 1; : : : ; ng, similar to [4], wehave,

@Ay

@r y;k (i; j )
=

X

l

� kl (i ; j )

"

D
0

kl (f y;kl ) +
@Ay

@r y;l (i; j )

#

(21)

@Ay

@� kl (i; j )
= ty;k (i; j )

"

D
0

kl (f y;kl ) +
@Ay

@r y;l (i ; j )

#

(22)



UMASSCMPSCITR#04-60 9

whereD
0

kl (f y;kl ) = dD k l (f y ;k l )
df y ;k l

.

Combinedwith equations(6) and(12), wehave,

@A
@r y;k (i; j )

=
X

l

� kl (i ; j )

"

wyD
0

kl (f y;kl ) +
@A

@r y;l (i; j )

#

(23)

@A
@� kl (i; j )

=
X

y
ty;k (i; j )

"

wyD
0

kl (f y;kl ) +
@A

@r y;l (i ; j )

#

(24)

=
� X

m
Bmk (i ; j ) + 1(k = i )

� X

y
Ry(i ; j )

"

wyD
0

kl (f y;kl ) +
@A

@r y;l (i ; j )

#

(25)

Theexistenceanduniquenessof @A=@r y;k (i; j ) and@A=@� kl (i; j ) is givenby thefollowing theorem.

TheoremIV.1: Let a network G have n TMs androutingvariables � , andlet eachmarginal link costD
0

kl (f y;kl ) be
continuous in f y;kl , (k; l ) 2 E . Thenthe set of equations(23), k 6= j , hasa unique(andcorrect) setof solutions
for @A=@r y;k (i ; j ). Furthermore,(24) is valid andboth@A=@r y;k (i ; j ) and@A=@� kl (i; j ) for k 6= j , (k; l ) 2 E are
continuousin r and� .

Proof: SeeAppendixA.
UsingLagrangemultipliersfor theconstraint

P
l � kl (i ; j ) = 1, and takinginto accounttheconstraint� kl (i ; j ) � 0,

thenecessaryconditionsfor aminimumof A with respectto � are, for all k 6= j , (k; l ) 2 E ,

@A
@� kl (i ; j )

(
= � kij � kl (i ; j ) > 0
> � kij � kl (i ; j ) = 0:

(26)

This states that for given i ; j ; k, all links (k; l ) for which � kl (i; j ) > 0 must have the samemarginal cost
@A=@� kl (i ; j ), and that this marginal cost must be less than or equal to @A=@� kl (i; j ) for the links on which
� kl (i; j ) = 0. However, asshown by [4], evenfor asingleTM, (26) is notasuf�cient conditionto minimizeA.

Giveni; j ; k in (24),if
P

m Bmk (i; j ) + 1(k = i ) = 0, then8l, wehave@A=@� kl (i; j ) = 0. Thismeansthat,if node
k is not on any route carrying the traf�c from i destined to j , theabove conditionswould beautomatically satis�ed.
Thus, wehypothesizethat(26) wouldbesuf�cient to minimizeA if thefactor

P
m Bmk (i ; j ) + 1(k = i ) wereremoved

fromthecondition.
TheoremIV.2: For each(k; l ) 2 E , assumethatD kl (f y;kl ) is convex andcontinuously differentiablefor 0 � f y;kl <

ckl . Let � be thesetof � for which the link dataratessatisfy f y;kl < ckl , y 2 f 1; : : : ; ng, (k; l ) 2 E . Then(26) is
necessaryfor � to minimizeA over � and (27), for all k 6= j , (k; l ) 2 E , is suf�cien t.

nX

y= 1

Ry(i ; j )

"

wyD
0

kl (f y;kl ) +
@A

@r y;l (i; j )

#

�
nX

y=1

Ry(i; j )
@A

@r y;k (i ; j )
(27)

Proof: SeeAppendixB .
Based on the above suf�cient condition, we developed a gradient-based algorithm for multiple TMs as an

extension of [4]. At node k, the algorithm reduces the routing variables � kl (i; j ) for which the quantity
P

y Ry(i ; j )
h
wyD

0

kl (f y;kl ) + @A
@r y ;l (i ;j )

i
is large, and increasesthemfor which the above quantity is small. The al-

gorithm is described in Appendix C. Furthermore,in Appendix D , we proved that our algorithm convergesto an
optimalsetof �o w routes.

Usingratiovariablesascontrolvariables,wenow extend [3] to themultipleTM caseby showing thattheoptimiza-
tion problemis aconvex optimizationproblem,andthen solve it usingconvex optimizationtechniques.

With multipleTMs, link dataratesFy arelinearcombinationsof B (see(8)). As aresult, B is aconvex polyhedron.
As a simple extensionfrom [3], the loop-freepropertyremains valid with multiple TMs for the case of �o w routing.
When we restrict our consideration to loop-freeB , the set of feasible loop-free route-sets is a convex, closed, and
bounded set. From (8) and(12), we can seethat cost A is a convex functionof B . Thus, the problemis a convex
optimizationproblem in the case of multiple TMs. Furthermore, whenthe link cost functionsare approximatedby
piece-wiselinearfunctions,theproblembecomesaLP problem.
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Notethatwith multipleTMs,werequiremany morecontrol variables (jV j(jV j � 1)jE j) comparedto thesingleTM
case(jV jjE j whenusingdestination-basedlink dataratesascontrolvariables).

V. OPTIMAL DESTINATION ROUTING WITH MULTIPLE TMS

In thissection,weexplorewaysof computinganoptimalsetof destinationroutesfor multipleTMs. It is dif�cult to
extendtheexisting gradient-basedmethod[4] and convex optimizationmethod[3], from thecaseof single TM to the
caseof multipleTMs. Weshow thatit is NP-completeeven to determinethe feasibility of asetof multipleTMs. Thus
weproposeandevaluateaheuristic algorithmfor computingroutes.

Let usbegin by considering thecasewhereroutingvariables� areusedascontrolvariables. With asingleTM, from
any feasibleset of loop-freeroutes, thegradient-basedalgorithm[4] convergesto anoptimal setof routes.However,
with multiple TMs, we �nd local minima, which makesit hardto solve the problemusing gradient-basedmethods.
Thefollowing exampledemonstratestheexistenceof local minima. Theexampleis basedon network3 G (shown in
Figure4) andtwo TMsR1, R2 (associatedwith weightsw1 = w2 = 0:5),

100

20
2

1 4

31000

1000

20
Ì�ÍoÎSÏ¶Ð¡Ñ

ÒkÓwÔzÕ+Ö¡×oØ
Ù

Ú„Û+ÜSÝ¶Þ¡ß

à#áãâåä�æ�ç¨è�é

Fig. 4. A topologyto illustratethelocal-minimaand non-convexity

R1 =

2

6
6
6
4

0 0 0 8
0 0 0 0
0 0 0 83
0 0 0 0

3

7
7
7
5

R2 =

2

6
6
6
4

0 0 0 0
0 0 0 5
0 0 0 0
0 0 0 0

3

7
7
7
5

(28)

Notethat routingvariables(� 14(4), � 23(4)) completely determine theset of routes, andthusthecost. With a single
TM R1 (R2), Figure5 showscostA1 (A2), asafunctionof (� 14(4), � 23(4)). Wecanseethattherearenolocalminima.
Thus, gradient-basedmethodscan beusedto solvetheproblem.However, with two TMs, we�nd local minima.Figure
6 shows A asa function of (� 14(4), � 23(4)). We canseethat theglobal optimal is at (� 14(4) = 1, � 23(4) = 1) and
local minimais around(� 14(4) � 0:5, � 23(4) = 0). Hence,a gradient-based methodgetsstuck at this local minima
point. Additionally, in AppendixE , weshow thattheratiobetweenthecost of localminimaandthatof globaloptima
canbearbitrarily large.
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Fig. 5. A1 (left), A2 (right) asa functionof routing variables

An alternative formulationof the optimizationproblem is to use ratio variablesB ascontrolvariables. In thecase
of destinationrouting, although the cost A is a convex function of B , we �nd that the set of feasible route-sets B
is not convex. To demonstrate a counter-example,notethat (B 14(1; 4), B12(1; 4), B23(1; 4), B23(2; 4)) completely

3Weusedirectedgraph for easeof exposition.
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Fig. 6. A = 0:5A 1 + 0:5A2 asa functionof routing variables

determinesthe setof routes,and thus the cost. (1; 0; 0; 0) and(0; 1; 1; 1) are two feasiblesetsof destinationratio
variables.However, theaverageof thetwo vectors, (0:5; 0:5; 0:5; 0:5), is nota setof destinationratio variables. Since
B is not convex, wecannotsolve theproblemasaconvex optimizationproblem.

With multipleTMs, wenext prove thatit is NP-completeto determinewhetherthesetof feasibledestinationroute-
sets	 (or B) is emptyor not. Our proof is givenfor thecaseof asetof two TMs.
ProblemDescription: Feasibilityof asetof Two TMs in thecaseof DestinationRouting(F2TDR).
Instance: Network4 G, Integer-valuedlink capacity C, Integer-valuedTM R1, R2.
Question: Is thereasetof destinationroutes� (or B ) of rationalnumbers in thesetof feasibleroute-sets	 (or B).

TheoremV.1: F2TDRis NP-complete.
Proof: As 	 and B areequivalent(seeTheoremIII .2),andtherelationshipbetween� andB is rational (see(4)),

weonly prove thetheorem for thecaseof � .
For TM R1, R2, givenasetof destinationroutingvariables� , wecancalculatelink data ratesFy , y 2 f 1; 2g using

equations(5) and(7), andcheckthe feasibility in polynomial time. Thus, F2TDR belongsto NP. Next, it suf�ces to
show: 3SAT / F2TDR.

Let the clausesof the 3SAT problembe U1, : : :, Ul andx1, : : :, xk , �x1, : : :, �xk be the literals, wherel; k � 1.
Network G is constructedasfollows. For eachvariable x i , we construct a lobeshown in Figure7. For each clause
Uj , we create two nodes(sj andt j ). sj is connectedto vi

j , and vi
j + 1 to t j if andonly if x i appearsin sj . Also, sj is

connectedto �vi
j , and�vi

j +1 to t j if andonly if �x i appearsin sj . Thecapacityof eachlink is 1.
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Fig. 7. Lobefor each variablex i

Next, weconstruct two TMs R1 and R2. In R1, R1(sj ; t j ) = 1, j 2 f 1; : : : ; lg, andR1(vi
0; hi ) = 1, R1(ui ; hi ) = 1,

i 2 f 1; : : : ; kg. In R2, R2(sj ; t j ) = 1, j 2 f 1; : : : ; lg, andR2( �vi
0; hi ) = 1, R2( �ui ; hi ) = 1, i 2 f 1; : : : ; kg.

(a) Assume that there is a feasibleset of destination routing variables � satisfying the two TMs. Let x i =
d� gi �u i (hi )e. In � , assumetraf�c from sj to t j �o ws throughlobei . If it � ows throughlink (vi

j ; vi
j + 1), then� gi �u i (hi )

4Weusedirectedgraph for easeof exposition.
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mustbe1, otherwise routing� is not feasible for R1. ThusUj is satis�ed. If it �o ws throughlink (�vi
j ; �vi

j +1 ), asimilar
argumentholds. This completes theproof thattheexpression is satis�able.

(b) If the expression is satis�able, we set (� v i
0gi (hi ); � �v i

0gi (hi ); � gi �u i (hi )) to be (1; 0; 1) if x i is 1 and (0; 1; 0)
otherwise.SinceeachclauseUj containsat leastoneliteral x i or �x i which is 1, traf�c fromsj to t j must beforwarded
througheitherlink (vi

j ; vi
j +1 ) or link (�vi

j ; �vi
j +1 ) of lobei depending onwhether x i or �x i is 1. � is then a feasiblesetof

destinationroutingvariables.
Thus, the3SAT problemis satis�ed if andonly if thereis a feasible setof destinationroutes� (or B ) of rational

numbers.
We have provedthatF2TDR is NP-complete.Theroutingoptimizationproblemis evenharder. Consequently, we

proposeaheuristic algorithm to solve theproblem.
As aguidelinefor ourheuristic algorithm,we �rs t obtainthefollowing upperandlowerboundson theoptimalcost

in thecaseof a feasiblesetof n TMs.
TheoremV.2: Let R̂ =

P
y wyRy and �R = maxy Ry wherethemaxis element-wise. If �R is feasible, thentheset

of n TMs R = f R1; : : : ; Rng is feasible,andR̂ is feasible. Let AO
y , y 2 f 1; : : : ; ng, ÂO , �AO betheoptimalcostfor

TM Ry , R̂ and �R respectively, wehave,

ÂO �
nX

y=1

wyAO
y � AF O � AD O � �AO (29)

where AF O and AD O are the optimal cost of the n TMs for � ow routing and destination routing respectively.
Proof: First, we prove that ÂO �

P
y wyAO

y . Let By be a setof �o w routesfor TM Ry , y 2 f 1; : : : ; ng. We

canconstructasetof �o w routesB̂ for TM R̂,

B̂kl (i; j ) =

P
y wyRy(i ; j )By;kl (i; j )

P
y wyRy(i ; j )

(30)

Let f y;kl (By) denotethelink data rate for TM Ry givenBy , andlet f̂ kl (B̂ ) denotethelink data ratefor TM R̂ given

B̂ . Combinedwith equation (8), wehave

f̂ kl (B̂ ) =
nX

y=1

wy f y;kl (By) (k; l ) 2 E (31)

Becauseof theconvexity of cost A asa functionof link datarates,wehave,

ÂO �
nX

y=1

wyAO
y (32)

Second, we prove that
P

y wyAO
y � AF O � AD O . Given any setof �o w routesB , we have AO

y � Ay , y 2

f 1; : : : ; ng, thus
P

y wyAO
y � A. As a result,

nX

y=1

wyAO
y � AF O (33)

As thesetof destinationroute-sets is asubsetof thesetof �o w route-sets.wehave,

AF O � AD O (34)

Finally, weproveAD O � �AO . Given any setof destinationrouteB , from (8), wehave f y;kl � �f kl . Thus,

AD O � �AO (35)

Combiningtheabovestepsyields(29).
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In our heuristic algorithm,we computean “expectedTM” asthe element-wise expectationof the TMs basedon
the perturbedweights. We thencompute an optimal set of routesfor this single “expectedTM” andusethis asour
solutionfor the n TM problem. From theorem V.2, we seethat the optimal cost of �R providesan upperboundto
the problem. To ensure that the solution of our heuristic algorithm is alsoupper boundedby �AO , we incorporate
�R asan extra perturbationdimension whenwe calculatethe “expected TM”. Formally, a perturbedweight vectoris
represented by ! = (! 1; ! 2; : : : ; ! n ; ! n+1 ), ! y 2 [0; 1], y 2 f 1; : : : ; n + 1g,

P n+1
y=1 ! y = 1, where ! y , y 2 f 1; : : : ; ng

is the perturbedweight of TM Ry , and ! n+1 is the perturbedweight for �R = maxy Ry . We use 
 to represent
the setof perturbedweight vectors. Given a perturbedweight vector ! 2 
 , a) we calculatethe “expected TM”
�R =

P n
y=1 ! yRy + ! n+1 �R, b) andthen�nd anoptimalsetof destinationroutesfor the“expectedTM” �R (Note,there

maybemorethanoneoptimal setof destinationroutesfor �R; werandomlyselectoneof them).c) Finally, weevaluate
thecost A for thesetof n TMs giventhesetof routesderivedin step b.

Let g denote themappingfrom 
 to thecost A asdescribedby theabove procedure.Our heuristic algorithm �nds
theperturbedweightvector! 2 
 with the minimumcost AO(
) . Thesetof destination routesachieving AO(
) is
thenthe“good” setof routesfor thesetof n TMs returnedby ourheuristic algorithm.

Becauseof thecontributionof �R to �R, wehave,

AO(
) � �AO ; if �R is feasible (36)

Our heuristic algorithm consists of two stages: a global stageanda local stage. The global stageexaminesthe
perturbedweight vector space 
 andidenti�es promising perturbedweight vectors. The local stagefocuseson the
promising perturbedweightvectorsand attemptsto quickly improve thequality. Similar methodsare usedin [5] and
[11] to solveOSPFroutingoptimizationproblems.

In theglobalstage,uniform searchingeffectively identi�es promisingperturbedweightvectors[11]. For function
g(! ), ! 2 
 with a rangeof [AO(
) ; AM (
) ], thedistribution functionof g is de�ned as:


 
 (A) =
m(f ! 2 
 j g(! ) � Ag)

m(
 )
(37)

whereA 2 [AO(
) ; AM (
 ) ] andm(�) denotesLebesguemeasure, a measure of the sizeof a set. Assuming A (r ) 2
[AO(
 ) ; AM (
) ] such that
 
 (A (r ) ) = r , r 2 [0; 1], anr -percentilesetin 
 is de�ned as:

� 
 (r ) = f ! 2 
 j g(! ) � A (r )g (38)

Consider l randomlygeneratedperturbedweight vectors! 1, ! 2, : : :, ! l , andlet �! 1, �! 2, : : :, �! l bethecorresponding
perturbedweightvectors rankedin increasing order of g. Accordingto [12], theprobabilityof �wk in � 
 (r ) is,

P( �! k 2 � 
 (r )) =
Z r

0

l !
(k � 1)!(l � k)!

xk� 1(1 � x) l � kdx (39)

It takes183samples for the10th top rankedsample,�! 10, to reach 0:1 � percenti le with aprobability of 99%.
During theglobal stage, weuniformly sample183independentperturbedweight vectors throughamethodgivenin

[13]. Themostpromising10samplesare thenpassedto thelocal stageto improve thequality.
During the localstage, weuseaniterativeprocedureto make improvement.Theperturbedweightvector space
 is

discretizedand a neighborhoodstructureN (! ) is de�ned on it. Startingfrom a promisingperturbedweightvector! ,
ateach iteration,theneighborperturbedweight vector with thelowestcost is chosenfor thenext iteration.In order that
ouralgorithm not becometrappedin a localminimal, it allowsnon-improvement movesso thatthesearchproceedsin
a largerneighborhood. Thesearchstopswhenthe number of iterationreachescertainthreshold (100is usedfor each
promising weightvectorin theresultsof thispaper) or thequalityof result is satisfactory.

We de�ne theneighborhoodstructureN (! ) asfollows. First, ! is discretizedso that! i canonly take a valuefrom
f 0; 1=�; 2=�; : : : ; 1g. Second,! 0 is aneighborof ! if they differ in 2 dimensions.Themaximumnumberof neighbors
for aperturbedweightvectoris thusn(n + 1).
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We presentour results obtainedusing a synthetic network (50 nodesand 156 links). The synthetic network is
producedusingthegeneratorGT-ITM [14], basedon a model of Calvert et al. [15] [16]. This model placesnodesin
a unit square,thusgeneratinga distancebetweeneach pair of nodes.Links are dividedinto two classes: local access
links andlongdistance links. Thecapacityis 200for a localaccess link and1000for a longdistancelink. Wegenerate
TMs using themethodsin [5]. For each nodev 2 V , we pick two randomnumbersOv , Qv 2 [0; 1]. Furthermore, for
each nodepair (vi ; vj ), we pick a randomnumberZ (vi ;vj ) 2 [0; 1]. For vi andvj with Euclideandistancel, the rate
traf�c betweenvi andvj is

� Ovi Qvj Z(vi ;vj )e
� l=2L (40)

where� is scaleparameterandL is thelargest Euclidean distanceamongall pair of nodes. ThevaluesOv , Qv models
thedegreeto which a nodegenerates or attractstraf�c. Thedistance l modelsthe traf�c locality. In this model,there
is more traf�c betweenclosepairsof nodes.

With n = 3 TMs associated with weightsw1 = w2 = w3 = 1=3, we comparetheresults of our heuristic algorithm
with the lower bound(

P
y wyAO

y ), theupper bound( �AO), anda baselinealgorithmSINGLE, which choosesthebest
setof routesout of the n setsof routes,that optimizefor eachTM. In our heuristic algorithm, we choose different
precisions(� = 1, and � = 10). When � = 1, we choosebetweenthe setof routesoptimized for �R and the set
of routesgiven by SINGLE. Thus, we call it SINGLE + MAX . When� = 10, we aresearchinga “good” set of
routesby mixing then TMs and �R. We call theresultingheuristic MIX (SINGLE + MAX ). In our experiments, we
usepiece-wiselinear functions(approximationof M =M =1) as link cost functions, and we useAMPL/CPLEX [17] to
computetheoptimalsetof destinationroutesfor asingle“expectedTM”.

 0
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co
st

demand
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SINGLE

SINGLE+MAX

MIX(SINGLE+MAX)
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Fig. 8. Experimentresultswith asyntheticnetwork (50nodes,156links) and3 TMs

Theresults of our experimentsarepresentedin Figure8 with differentscalingsof the TMs. In theexperiments,we
seethat thecost risesasdemandincreases.All curvesstart off �at, and then,start increasing rapidly. And thedemand
becomestoo largeto befeasibleaslink capacityconstraintsare reached.This behavior is somewhatsimilar to thatof
asinglelink.

We canseethatthecurve of SINGLE, SINGLE+MAX andMIX(SINGLE+MAX) areupper-boundedby thecurve of
UPPER and lower-boundedby the curve of LOWER. We also seethat our heuristic algorithm MIX(SINGLE+MAX)
doesverywell, alwaysfalling within 11%of LOWER.

When �R = maxyRy is feasible (scaled up to 8:8), we canseethat thecost generatedby SINGLE+MAX is mostly
lower thanSINGLE, and is close to MIX(SINGLE+MAX). This indicatesthattheoptimalset of routes for theelement-
wisemaxTM �R canbea “good” solution to theproblem.When �R is no longer feasible,thecostreturnedby SINGLE
is thesameasthecost returnedby SINGLE+MAX, as expected. As demandincreases (scaledbetween8:9 and12:2),
we canseethat SINGLE may returnhigh cost solution (70% morethanthe cost of MIX(SINGLE+MAX)) or cannot
even �nd a feasible setof destination routes. Whendemand approachesthe limit that thenetwork cancarry (scaled
between12:2 and13:6), SINGLEcannot�nd a feasiblesetof destinationrouteswhile MIX(SINGLE+MAX)can.

VI . CONCLUSION AND DISCUSSIONS

Thekey contributionsaresummarizedasfollows:
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1. We extendedthe formulationof the routeoptimizationproblemfrom the caseof a singleTM to the case of
multipleTMs. Speci�cally , weextendedthe formulation in [4] thatusesroutingvariablesascontrolvariables,and we
extended theformulationin [3] thatusesratiovariablesascontrol variables.

2. We identi�ed thefundamentaldifferencein therouteoptimizationproblembetweenthecaseof a single TM and
the caseof multiple TMs. We showed that unlike the single TM case, with multiple TMs, the optimal costof �o w
routingmay belower thanthatof destination routing,and theoptimalcost of destinationroute-setswith loopsmaybe
lower thanthatof loop-freedestinationroute-sets.

3. In the caseof �o w routing,we extended thesolution methodsfor a single TM to thecase of multiple TMs. With
routingvariablesas controlvariables,we extended[4] to solve theproblem with multiple TMs using gradient-based
methods;with ratio variablesascontrol variables, we extended[3] to solve the problem usingconvex optimization
techniques, and thussolve theproblemusingLPwhenlink costsarepiece-wiselinearfunctions.

4. In thecaseof destination routing,we demonstratedthe inherentdif�culties of theproblemwith multiple TMs.
We identi�ed local minima whenrouting variablesare usedascontrol variables. Local minima make it dif�cult to
solve theproblemusinggradient-basedmethods. Wealsodemonstratedthatthesetof feasible route-setsis notconvex
whenratiovariablesareusedascontrolvariables.i.e., theoptimizationproblemis notaconvex optimizationproblem.
Finally, weprovedthatit is NP-completeevento determinethefeasibility of asetof multipleTMs.

5. In thecaseof destinationrouting, weproposedandevaluatedaheuristic algorithm.
With multipleTMsin thecaseof �o w routing,althoughwehaveshown thattheproblemcan besolved by extending

existing methods,the extremelylarge numberof control variablescanhardly be handledby a single computer(We
have3 million controlvariablesfor a100-nodenetwork with 300 links). As a result, distributedcomputationmight be
desirableto solvetheproblem. Theextensionof Gallager'swork maybeauseful startingpointalthoughit is necessary
for all routersto getderivative information for all TMs.
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VII . APPENDIX A

Proofof TheoremIV.1:
As we introducethesetof dummyvariablesr y , y 2 f 1; : : : ; ng, (5) becomes,

ty;k (i; j ) = 1(k = i )Ry(i ; j ) + r y;k (i ; j ) +
X

m
ty;m (i; j )� mk (i; j ) (41)
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Without loss of generality, for source-destinationpair (i , j ), take thesourcenodei to be the1st of the jV j nodes,
take thedestinationnodej to bethejV jth of thejV j nodes,anddroptheargument(i ; j ), we thusrewrite (41)as

ty;k = 1(k = 1)Ry + r y;k +
jV j� 1X

m=1

ty;m � mk (42)

Let Ty = (ty;1; : : : ; ty;jV j� 1), R y = (Ry + r y;1; r y;2; : : : ; r y;jV j� 1), andlet ' bethejV j � 1 � jV j � 1 matrix with
components� kl (1 � k; l � jV j � 1). Equation(42) for 1 � k � jV j � 1 is thenTy(I � ' ) = R y . From [4], weknow
thatI � ' must havean inverse. Following thesameprocedureas[4], wehave,

Ty = R y(I � ' ) � 1 (43)

@ty;k

@R y;m
= [(I � ' ) � 1]mk (44)

ty;k =
X

m

@ty;k

@R y;m
R y;m (45)

@ty;k

@� mq
=

@ty;k

@R y;q
ty;m (46)

Take into account that r is a set of dummyvariables. i.e., only derivative information whenr y = f 0; : : : ; 0g is
useful. For �x edRy , equation(44), (45)and(46)become,

@ty;k

@r y;m
=

@ty;k

@R y;m
= [(I � ' ) � 1]mk (47)

ty;k =
@ty;k

@r y;1
Ry;1 (48)

@ty;k

@� mq
=

@ty;k

@r y;q
ty;m =

@ty;k

@r y;q

@ty;m

@r y;1
Ry;1 (49)

Next, weshow that(23), repeatedbelow with thesourcenodeand destinationnodeagain takento be1 and jV j, has
auniquesolution.

@A
@r y;k

=
X

l

� kl

"

wyD
0

kl (f y;kl ) +
@A

@r y;l

#

(50)

Following thesameproofasin [4], wesolve theaboveequationsandget @A
@r y ;k

asacontinuousfunctionin � ,

@A
@r y;k

=
X

m

@ty;m

@r y;k

X

q
wy � mqD 0

mq(f y;mq ) =
X

m;q
wy

@f y;mq

@r y;k
D 0

mq(f y;mq) (51)

DifferentiatingA directlywith (7), (11)and (12), wegetthesameuniquesolution.
Finally wecalculate @A

@� y ;k
directlyusing(7), (11)and(12),

@A
@� kl

=
X

y;m; q
wyD 0

mq(f y;mq)� mq
@ty;m

@� kl
+

X

y
wyD 0

kl (f y;kl )ty;k (52)

=
X

y
ty;k

( � X

m;q
wyD 0

mq(f y;mq)� mq
@ty;m

@r y;l

�
+ wyD 0

kl (f y;kl )

)

(53)

=
X

y
ty;k

�
@A

@r y;l
+ wyD 0

kl (f y;kl )
�

(54)

We have used(49) and (51) to derive (54), which is the sameas (24). This is clearly continuousin � given the
continuityof ty;k and @A

@r y ;l
, andtheproof is complete.
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VII I . APPENDIX B

Proofof TheoremIV.2:
First weshow that(26) is anecessaryconditionto minimizeA by assumingthat� doesnotsatisfy (26). Thismeans

thatthereis somei ; j ; k; l ; andm suchthat

� kl (i ; j ) > 0;
@A

@� kl (i ; j )
>

@A
@� km (i; j )

(55)

Sincethesederivatives are continuous, a suf�ciently small increase in � km (i ; j ) and correspondingdecrease in
@� kl (i ; j ) will decreaseA, thusestablishing that � doesnotminimizeA.

Next weshow that(27), repeatedbelow, is asuf�cie nt conditionto minimizeA.

nX

y= 1

Ry(i ; j )

"

wyD
0

kl (f y;kl ) +
@A

@r y;l (i; j )

#

�
nX

y=1

Ry(i; j )
@A

@r y;k (i ; j )
(56)

Supposethat� satis�es (56) andhaslink dataratesFy andnodedataratesTy , y 2 f 1; : : : ; ng. Let � � beany other
setof routingvariableswith link dataratesF �

y andnodedataratesT �
y , y 2 f 1; : : : ; ng. De�ne

f y;kl (� ) = (1 � � )f y;kl + �f �
y;k l (57)

A(� ) =
nX

y=1

wy
X

(k;l )2 E

Dkl (f y;kl (� )) (58)

Sinceeach link costD kl is a convex, non-decreasingfunctionof thelink datarate, thereforeA, is convex in � , and
hence

dA
d�

�
�
�
�
� = 0

� A(� � ) � A(� ) (59)

Since� � is arbitrary, proving thatdA=d� � 0 at � = 0 will completetheproof. From(57)and(58),

dA
d�

�
�
�
�
� =0

=
X

y;(k;l )

wyD
0

kl (f y;kl )
�

f �
y;kl � f y;kl

�
(60)

Wenow show that
X

y;(k;l )

wyD
0

kl (f y;kl )f �
y;k l �

X

y;i; j

Ry(i; j )
@A

@r y;i (i; j )
(61)

Notefrom(56) that

X

y;l

wyRy(i ; j )D
0

kl (f y;kl )� �
kl (i; j ) �

X

y
Ry(i; j )

�
@A

@r y;k (i; j )
�

X

l

@A
@r y;l (i; j )

� �
kl (i; j )

�
(62)

FromTheorem III.1 andequation(6), weknow thatfor sourceroutes� � , 9B � , so that

t �
y;k (i; j ) = Ry(i; j )

� X

m
B �

mk (i ; j ) + 1(k = i )
�

(63)

Multiplying both sidesof (62) by (
P

m B �
mk (i; j ) + 1(k = i )) , summingover i ; j ; k and recalling that f �

y;k l =
P

i;j t �
y;k (i; j )� �

kl (i; j ) (see(7)) , weobtain

X

y;k;l

wyD
0

kl (f kl )f �
kl �

X

y;i ;j ;k

t �
y;k (i ; j )

@A
@r y;k (i ; j )

�
X

y;i;j ;k;l

t �
y;k (i; j )� �

kl (i; j )
@A

@r y;l (i ; j )
(64)
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From (5),
P

k t �
y;k (i ; j )� �

kl (i ; j ) = t �
y;l (i; j ) � 1(i = l)Ry(i; j ). Substitutingthis into the rightmost term of (64)

andcanceling,we get (61). Note that theonly inequalityusedherewas(62), andthat if � is substituted for � � , this
becomesanequalityfor theequation(23). Thus

X

y;(k;l )

wyD
0

kl (f y;kl )f y;kl =
X

y;i; j

Ry(i; j )
@A

@r y;i (i; j )
(65)

Substituting(61) and(65) into (60), weseethatdA=d� � 0 at � = 0, completingtheproof.

IX. APPENDIX C

We presenta distributedgradient-based algorithm to minimizecostA. In our algorithm,a nodek is implemented
by a process k. All processeshave a copy of TMs Ry andweightswy , y 2 f 1; : : : ; ng. Besides, process k maintains
a set of local routing variablesf � kl (i; j ), (k; l ) 2 E , i ; j 2 Vg. Next, we usethe term “node” and “process”
interchangeably.

The algorithm breaks into two parts: a protocol between processes to calculate the
P

y Ry(i ; j )
h
wyD

0

kl (f y;kl ) + @A
@r y ;l (i ;j )

i
and an algorithm for modifying the local routing variables. We discuss

theprotocolpart �rs t.

In order to seehow process k cancalculate
P

y Ry(i; j )
h
wyD

0

kl (f y;kl ) + @A
@r y ;l (i; j )

i
, for traf�c originatingfrom i to

j , de�ne nodem be the downstreamfrom nodeq if thereis a routing pathfrom q to j throughm (i.e., a path with
positive routing variableson each link). Similarly, we de�ne q astheupstreamfrom m if m is downstreamfrom q. In
ouralgorithm,we focuson thesetof loop-free route-sets.

The protocolused to calculatethe
P

y Ry(i ; j )
h
wyD

0

kl (f y;kl ) + @A
@r y ; l (i;j )

i
is further divided into two rounds: in

the forward round, for each source and destinationpair i; j , each processk waits until it hasreceived the value
ty;m (i; j )� mk (i; j ), y 2 f 1; : : : ; ng from each of its upstreamneighborprocesses m. Then process k calculates
the node traf� c rate ty;k (i ; j ) using (5) and broadcasts this to all of its downstream neighborprocesses; in the
backward round, for eachsource and destinationpair i; j , eachprocess k waits until it has received the value

@A
@r y ;l ( i; j )

, y 2 f 1; : : : ; ng from eachof its downstreamneighborsl . Then process k calculatesthe @A
@r y ;k ( i;j )

andthe
P

y Ry(i ; j )
h
wyD

0

kl (f y;kl ) + @A
@r y ;l (i ;j )

i
using (7) and using (23). and broadcaststhe former to all of its upstream

neighbor processes.It is easyto see thattheprotocolis freeof deadlocksbecause � is loop-free.
Thealgorithm� , on eachiteration,mapsthecurrent routingvariableset� into a new set� 1 = �(�) . In order to

maintainloop-free property, for traf�c originatingfrom i destinedto j andeachnodek, thealgorithmmaintainsa set
H k (i; j ) of blockednodesk for which � kl (i; j ) = 0 andthealgorithm is not permittedto increase� kl (i; j ) from0. For
notationconveniencewe includel such that (k; l ) =2 E in thesetH k (i ; j ). We �rs t de�ne and discuss thealgorithm
andthen de�ne thesetsH k (i; j ).

Thealgorithmis describedasfollows. For l 2 H k (i; j ),

� 1
kl (i ; j ) = 0; � kl (i; j ) = 0: (66)

For l =2 H k (i ; j ), de�ne

a0
kl (i; j ) =

X

y
Ry(i ; j )

"

wyD
0

kl (f y;kl ) +
@A

@r y;l (i; j )

#

� min
m =2 H k (i ;j )

(
X

y
Ry(i; j )

"

wyD
0

km (f y;km ) +
@A

@r y;m (i ; j )

#)

(67)

akl (i; j ) =
a0

kl (i; j )
P

y wyRy(i ; j )
(68)

� kl (i; j ) = minf � kl (i; j );
� akl (i; j )

P
y wy ty;k (i ; j )

g (69)
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where� is a scaleparameterof � to bediscussedlater. Let l M
k (i ; j ) bea valueof m that achievestheminimizationin

(69). Then

� 1
kl (i; j ) =

(
� kl (i ; j ) � � kl (i; j ) l 6= lMk (i; j )
� kl (i ; j ) +

P
l6= lM

k (i; j ) � kl (i; j ) otherwise: (70)

The algorithm reducesthe fraction of traf�c senton non-optimallinks andincreasesthe fractionon the bestlink.
Theamount of reduction,given by � kl (i; j ), is proportional to akl (i; j ), with the restriction that � 1

kl (i ; j ) cannotbe
negative. In turnakl (i; j ) is thedifferencebetweenthemarginal costof thetraf�c originatingfromnodei to nodej at
nodek usinglink (k; l ) andusing thebestlink. Notethatasthesuf�cie nt condition(27) is approached,thechangesget
small,asdesired.Theamountof reductionis also inversely proportional to

P
y wy ty;k (i ; j ). Thereasonfor this is that

thechangein link traf�c underTM Ry is relatedto wy � kl (i ; j )ty;k (i; j ). Thuswhen
P

y wy ty;k (i ; j ) is small, � kl (i; j )
canbechangedby a largeamountwithout greatlyaffectingthemarginal link cost.Finally thechangesdependon the
scalefactor � . For � very small, convergenceof the algorithmis guaranteed,asshown in TheoremIX.2, but rather
slow. As � increases,thespeedof convergencesincreasesbut thedangerof noconvergenceincreases.

Wenow completethede�nition of algorithm� by de�ning thesetsH k (i; j ). Firstde�ne aroutingvariable� kl (i; j )
to be improper if � kl (i ; j ) > 0 and

P
y Ry(i; j )@A=@r y;k (i ; j ) �

P
y Ry(i; j )@A=@r y;l (i ; j ). We have alreadysaid

thatH k (i; j ) includesonly k for which � kl (i; j ) = 0, andthus,from(23),

min
l =2 H k (i; j )

X

y
Ry(i; j )

"

wyD
0

kl (f y;kl ) +
@A

@r y;l (i ; j )

#

�
X

y
Ry(i ; j )

@A
@r y;k (i; j )

(71)

Assuming weighted positive marginal link costs,
P

y Ry(i; j )@A=@r y;k (i ; j ) <
P

y Ry(i ; j )
h
wyD

0

kl (f y;kl ) + @A=@r y;l (i ; j )
i

if � kl (i; j ) is improper, and we see that the algorithm always re-

duces improperrouting variables. In fact, since
P

y Ry(i ; j ) @A
@r y ;k (i; j ) is the weighted marginal cost for the traf�c

originatingfrom i to j at nodek, we would expect weightedmarginal cost to decrease aswe move downstream,and
improperroutingvariablesshouldberatheratypical.

For a given sourceand destinationpair (i; j ), the set of weightedmarginal costs
P

y Ry(i; j ) @A
@r y ;k (i ;j ) forms an

orderingof the nodesk. Note that if thereare no improperrouting variables, this ordering is consistent with the
downstreamingpartial ordering.

Similar to [4], if � is loop-free and � 1 = �( � ) containsa loop for some sourcedestination pair i ; j , then the
following two conditionsmust hold.

1) The loop containssomelink (k; l ) for which � kl (i ; j ) = 0, � 1
kl (i; j ) > 0, and

P
y Ry(i ; j )@A=@r y;k (i; j ) >

P
y Ry(i ; j )@A=@r y;l (i; j ).

2) Theloopcontainssomelink (l ; m) for which � lm (i ; j ) is improperandfor which � 1
lm (i ; j ) > 0.

The �r st condition reiteratesthat some routing variablesmust be increasedfrom 0 to form a loop and that the
algorithmonly increases routingvariableson links to nodeswith smallermarginal cost. Thesecondmake useof the
factthat if nodesareranked by marginal cost,

P
y Ry(i; j )@A=@r y;k (i ; j ), thenit is impossibleto movearounda loop

of nodesandhavemarginal cost monotonically decrease.
De�nition: Theset H k (i; j ) is thesetof nodesl for which either� kl (i ; j ) = 0 andl is blockedrelative to (i; j ) or

(k; l ) =2 L . A nodel is blockedrelative to (i; j ) if for traf� c originating from i destined to j , nodel hasa routingpath
to j containingsomelink (m; q) for which � mq(i; j ) is improperand

� mq(i ; j ) � �

P
y Ry(i ; j )[wyD

0

mq(f y;mq ) + @A
@r y ;q (i ;j ) � @A

@r y ;m (i ;j ) ]

[
P

y wy ty;m (i ; j )][
P

y wyRy(i; j )]
(72)

Thereason for (72) canbeseenfrom (69) and(71). � mq(i ; j ) = � mq(i; j ) and� 1
mq(i; j ) = 0, so that (m; q) can

notbepart of a loop for traf�c originatingfrom i destinedto j .
TheoremIX.1: If themarginal link costsD

0

kl arepositiveand� is loop-free, then� 1 = �(� ) is loop-free.
Proof: Following similar proof in [4].
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Theprotocol requiredfor a processk to determinethesetH k (i; j ) is asfollows. Eachprocess k, whenit calculates
@A=@r y;k , determines,for each downstreaml, if � kl is improper and satis�e s (72). If any downstreamneighbor
satis�es theseconditions,nodek addsa specialtagto its broadcastof @A=@r y;k . Thenodek also addsthe special tag
if thereceivedvalue @A=@r y;l from any downstreaml containeda tag. In this way all nodesupstreamof k also send
thetag. ThesetH k (i ; j ) is then theset of nodes l for with either (k; l ) =2 E or thereceived@A=@r y;l wastagged.

TheoremIX.2: Assumethat for all (k; l ) 2 E , D kl (f y;kl ) hasa positive �rs t derivative andnonnegative second
derivative for 0 � f y;kl < ckl andthat limf y ;k l ! ck l = 1 . For every positive numberA0 there existsa scale factor �

for � suchthatif � 0 satis�es A(� 0) � A0, then

lim
m!1

A(� m ) = min
�

(A(� )) (73)

This is proved in Appendix D. Note that � dependson someupperboundA 0 to A; this is natural,sincewhenthe
link dataratesare very closeto capacity, small changesin the link dataratescauselarge changesin marginal cost.
Theproof use a ridiculously smallvalueof � to guarantee convergenceunder all conditionsand experimentalwork is
necessaryto determinepracticalvaluesfor � .

X. APPENDIX D

Proofof TheoremIX.2:
We prove TheoremIX.2 through a sequenceof sevenlemmas. The�rst � ve establishthedescent propertiesof the

algorithm,thesixth establishesa typeof continuity condition,showing that if � doesnot minimizeA, thefor any � �

in a neighborhoodof � , A(� m (� � )) < A(� ) for somem. Theseventhlemmais a new globalconvergencetheorem
whichdoesnot requirecontinuity in thealgorithm� ; LemmasX.6 andX.7 togetherestablish TheoremIX.2.

Let � be an arbitrary set of routing variablessatisfying A(�) < A0 for some A0. Let � 1 = � (�) and let
Ty ; Fy ; T1

y ; F 1
y , y 2 f 1; : : : ; ng be the nodeand link dataratescorrespondingto � and � 1, respectively. Let F �

y ,

(0 � � � 1),y 2 f 1; : : : ; ng bede� ned by f �
y;kl = (1 � � )f y;kl + �f 1

y;kl , andlet

A(� ) =
X

y;k;l

wyDy;kl (f �
y;k l ) (74)

FromtheTaylor remaindertheorem,

A(� 1) � A(� ) =
dA(� )

d�

�
�
�
�
� =0

+
1
2

d2A(� )
d� 2

�
�
�
�
� = � �

(75)

where� � is somenumberbetween0 and1. Thecontinuityof thesecondderivative above will beobvious from the

proofof LemmaX.4, whichupperboundsthatterm.The�rst threelemmasdeal with dA(� )
d� j � =0 .

Lemma X.1:
dA(� )

d�

�
�
�
�
� =0

=
X

i;j ;k;l

� � kl (i ; j )akl (i; j )
X

y
wy t1

y;k (i ; j ) (76)

Proof: Usingthede�nitions of akl (i ; j ) and� kl (i; j ) in (68)and(69),

X

l

� k l (i; j )ak l (i; j ) =
1P

y wy Ry (i ; j )

X

l 6= l M
k

( i;j )

[� k l (i ; j ) � � 1
k l (i ; j )]

(
X

y

Ry (i ; j )

�
wy D

0

k l (f y ;k l ) +
@A

@r y ;l (i ; j )

�

� min
m =2 H k ( i;j )

(
X

y

Ry (i; j )

�
wy D

0

k m (f y ;k m ) +
@A

@r y ;m (i; j )

� ) )

=
1P

y wy Ry (i ; j )

X

l

[� k l (i; j ) � � 1
k l (i ; j )]

(
X

y

Ry (i ; j )

�
wy D

0

k l (f y ;k l ) +
@A

@r y ;l (i; j )

� )

(77)

=
1P

y wy Ry (i ; j )

(
X

y

Ry (i; j )
@A

@r y ;k (i ; j )
�

X

l;y

� 1
k l (i; j )Ry (i; j )

�
wy D

0

k l (f y ;k l ) +
@A

@r y ;l (i ; j )

� )

(78)
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In (77),we have used(70) to extendthesum over all l andin (78), we have used (23). Multiplying bothsidesof (78)
by

P
y wy t1

y;k (i; j ), summingover i ; j ; k, andusing (5), (6) and(7), weget

X

y;i ;j ;k;l

� kl (i ; j )akl (i; j )wy t1
y;k (i ; j ) =

X

y;i;j ;k

t1
y;k (i ; j )

@A
@r y;k (i; j )

�
X

y;k;l

f 1
y;kl wyD

0

kl (f y;kl )

�
X

y;i ;j ;l

�
t1
y;l (i; j ) � 1(l = i )Ry(i; j )

� @A
@r y;l (i; j )

= �
X

y;k;l

f 1
y;kl wyD

0

kl (f y;kl ) +
X

y;i;j

Ry(i ; j )
@A

@r y;i (i; j )
(79)

=
X

y;k;l

(f y;kl � f 1
y;kl )wyD

0

kl (f y;kl ) (80)

= �
dA(� )

d�

�
�
�
�
� = 0

(81)

Wehaveused (65) to get(80),and(81) from (74), completingtheproof.
Lemma X.2:

dA(� )
d�

�
�
�
�
� =0

� �
1

� (jV j � 1)3

X

i ;j ;k

� 2
k (i ; j )

� X

y
wy ty;k (i; j )

� 2

� �
1

� (jV j � 1)3

X

y;i;j ;k

w2
y � 2

k (i; j )t2
y;k (i ; j ) (82)

where
� k (i; j ) =

X

l

� kl (i; j ) (83)

Proof: Fromthede�nition of � in (69), � akl (i; j ) � �
P

y wy ty;k (i; j )� kl (i; j )=� . Substitutingthis into (76)
yields

dA(� )
d�

�
�
�
�
� = 0

� �
1
�

X

i;j ;k;l

� 2
kl (i; j )

X

y
wy ty;k (i; j )

X

y
wy t1

y;k (i ; j )

� �
1

(jV j � 1)�

X

i; j ;k

� 2
k (i; j )

X

y
wy ty;k (i; j )

X

y
wy t1

y;k (i ; j ) (84)

where(84) follows from Cauchy's inequality, (
P

l � l � l )2 � (
P

� 2
l )(

P
� 2

l ), with � l = 1, � l = � kl (i ; j ), andthesum
over l 6= k.

Now de�ne t �
y;k (i; j ) asthenodetraf�c rateoriginating fromi destinedto j atnodek if theroutingvariables� kl (i; j )

(for l 6= lMk (i ; j )) arereduced by � kl (i; j ) but � kl (i ; j ) for l = lM
k (i; j ) is not increased.Mathematicallyt �

y;k (i; j )
satis�es

t �
y;k (i ; j ) =

X

l

t �
y;l (i; j )[� lk (i; j ) � � lk (i; j )] + 1(k = i )Ry(i; j ) (85)

Thishasauniquesolutionbecauseof theloop-freedomof � . Subtracting(85) from(5) resultsin

ty;k (i; j ) � t �
y;k (i; j ) =

X

l

[ty;l (i; j ) � t �
y;l (i ; j )]� lk (i ; j ) +

X

l

t �
y;l (i; j )� lk (i; j ) (86)

From(45), using
P

l t �
y;l (i; j )� lk (i; j ) for R y;m (i; j ), andfrom(47),

ty;k (i; j ) � t �
y;k (i; j ) =

X

l

@ty;k (i; j )
@r y;l (i ; j )

X

m
t �
y;m (i; j )� ml (i; j ) (87)

Since� is loop-free,@ty;k (i; j )=@r y;l (i ; j ) � 1. Also if @ty;k (i ; j )=@r y;l (i; j ) > 0, thenl is upstream of k for traf�c
originatingfrom i destinedto j and� kl (i ; j ) (andhence� kl (i; j )) is zero.Thus

ty;k (i; j ) � t �
y;k (i; j ) �

X

l

X

m6= k

t �
y;m (i; j )� ml (i ; j ) =

X

m6= k

t �
y;m (i ; j )� m (i; j ) (88)
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Multiplying theleft sideby � k (i; j ) � 1 preservestheinequality, yielding

ty;k (i ; j )� k (i; j ) �
X

m
t �
y;m (i; j )� m (i ; j ) (89)

Multiplying wy andsummingupovery,
X

y
wy ty;k (i ; j )� k (i; j ) �

X

m

X

y
wy t �

y;m (i; j )� m (i ; j ) (90)

Sincetheright-handsideof (87) is nonnegative, we alsohave t y;k (i; j ) � t �
y;k (i; j ). Multiplying wy and summing

upovery, X

y
wy ty;k (i; j ) �

X

y
wy t �

y;k (i ; j ) (91)

Thefollowing lemmaprovedby [4] will beusedfor furtherproof.
Lemma X.3: Let � k , � k (1 � k � m) benonnegative numberssatisfying � k �

P
l � l ; � k � � k for 1 � k � m.

Then
mX

k=1

� k � k �
1

m2

X

k

� 2
k (92)

Now let � k =
P

y wy ty;k (i ; j )� k (i; j ) and� k =
P

y wy t �
y;k (i; j )� k (i ; j ). Since thesetermsarenonzero only for

k 6= j , wecantakem = jV j � 1. Sincetheconditionsof thelemmaaresatis�ed for this choice,

X

k

� 2
k (i ; j )

X

y
wy ty;k (i; j )

X

y
wy t �

y;k (i; j ) �
1

(jV j � 1)2

X

k

� 2
k (i ; j )

"
X

y
wy ty;k (i ; j )

#2

: (93)

Sincet1
y;k (i ; j ) � t �

y;k (i; j ), wecansubstitute (93) into (84), andprovedthe�r st inequalityof Lemma2.

dA(� )
d�

�
�
�
�
� =0

� �
1

� (jV j � 1)3

X

i;j ;k

� 2
k (i ; j )

"
X

y
wy ty;k (i; j )

#2

(94)

Additionally, sincewy ty;k (i; j ) � 0, wehave
"

X

y
wy ty;k (i; j )

#2

�
X

y
w2

y t2
y;k (i ; j ) (95)

Thesecondinequality of LemmaX.2 is derivedby substituting (95) into (94). Proof is thencompleted.
Lemma X.4: LetM bean upperboundof D

00

kl (f
�
y;k l ) overall y; k; l andover 0 � � � 1. Then for any � , 0 � � � 1,

d2A(� )
d� 2 � M (jV j + 2)(jV j � 1)2jV j

X

y;i; j ;k

wy � 2
k (i; j )t2

y;k (i ; j ) (96)

Proof: The boundM must exist because D
00

kl (f
�
y;kl ) is a continuousfunction of � over the compactregion

0 � � � 1. Takingthesecondderivative,weget

d2A(� )
d� 2 =

X

y;k;l

wyD
00

kl (f
�
y;kl )[f

1
y;kl � f y;kl ]2 �

X

y;k;l

wyM [f 1
y;kl � f y;kl ]2 (97)

We now upperboundjf 1
y;kl � f y;kl j by �rs t upperboundingjt1

y;k (i; j ) � ty;k (i ; j )j. As in theproof of LemmaX.2,
wehave

t1
y;k (i; j ) � ty;k (i; j ) =

X

l

[t1
y;l (i ; j ) � ty;l (i ; j )]� 1

lk (i; j ) +
X

l

ty;l (i; j )[� 1
lk (i ; j ) � � lk (i; j )]

=
X

l

@t1
y;k (i; j )

@r y;l (i; j )

X

m
ty;m (i; j )[� 1

ml (i ; j ) � � ml (i ; j )] (98)
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Since0 � @t1
y;k (i ; j )=@r y;l (i; j ) � 1, wecanupperboundthisby

t1
y;k (i ; j ) � ty;k (i ; j ) �

X

m
ty;m (i; j )� m (i; j ) (99)

Wecanlowerbound(99) in thesameway, consideringonly termsin which � 1
ml (i; j ) � � ml (i; j ) < 0, and this leads

to
jt1

y;k (i ; j ) � ty;k (i ; j )j �
X

m
ty;m (i ; j )� m (i; j ) (100)

f 1
y;kl � f y;kl =

X

i ;j

[t1
y;k (i; j ) � ty;k (i; j )]� 1

kl (i; j ) + ty;k (i; j )[� 1
kl (i ; j ) � � kl (i; j )]

jf 1
y;kl � f y;kl j �

X

i;j

X

m
ty;m (i ; j )� m (i; j )� 1

kl (i; j ) +
X

i;j

ty;k (i; j )j� 1
kl (i ; j ) � � kl (i; j )j (101)

Thedoublesum in (101)has at most(jV j � 1)3 nonzeroterms(i 6= j , k 6= j , m 6= j ) andthesecondsum at most
(jV j � 1)2 terms. UsingCauchy's inequalityonbothtermstogether, weget

jf 1
y;kl � f y;kl j2 � jV j(jV j � 1)2

8
<

:

X

i; j ;m

t2
y;m (i; j )� 2

m (i ; j )[� 1
kl (i ; j )]2 +

X

i;j

t2
y;k (i ; j )[� 1

kl (i ; j ) � � kl (i; j )]2

9
=

;

X

l

jf 1
y;kl � f y;kl j2 � jV j(jV j � 1)2

8
<

:

X

i; j ;m

t2
y;m (i ; j )� 2

m (i; j ) + 2
X

i;j

t2
y;k (i ; j )� 2

k (i; j )

9
=

;
(102)

Summingoverk, weget

X

k;l

jf 1
y;kl � f y;kl j2 � jV j(jV j � 1)2(jV j + 2)

X

i; j ;k

t2
y;k (i; j )� 2

k (i ; j ) (103)

Multiplying by wy , summingovery, andsubstitutingtheresult in (97),weget(96)completingtheproof.
Lemma X.5: For givenA0, de�ne

M = max
k;l

max
f :D k l (f )� A 0=min wy

D
00

y;kl (f ) (104)

� = [M jV j7]� 1 min
y

wy : (105)

Thenfor all � suchthatA � A0,

A(� 1) � A(�) � �
M jV j7

2(jV j � 1)3

X

y;i ;j ;k

wy � 2
k (i; j )t2

y;k (i ; j ): (106)

Proof: Temporarilylet M beasde�ned in LemmaX.4. CombiningLemmaX.2 andLemmaX.4,

A(� 1) � A(� ) �

"

�
M jV j7

(jV j � 1)3 +
M (jV j + 2)( jV j � 1)2jV j

2

#
X

y;i;j ;k

wy � 2
k (i ; j )t2

y;k (i; j ): (107)

Thesecondterm in bracketsabove is less thanhalf themagnitudeof the �rs t term,yielding (106). It follows that
A(� 1) � A(�) � A0. By convexity thenD kl (f �

y;k l ) � A0=wy � A0=min wy for 0 � � � 1. ThusM as given in
(104)satis�es theconditiononM in LemmaX.4, completingtheproof.

Lemma X.6: Let thescalefactor� satisfy (105)for agivenA0 andlet � beanarbitrarysetof routingvariablesthat
doesnot minimize A andsatis�es A(�) � A0. Given this � , 9� > 0 and anm, 1 � m � jV j, such that for all � �

satisfying j� � � � j < � ,
A(� m (� � )) < A(� ) (108)
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Proof: We consider threecases.The�rst is thetypical casein whichno blockingoccursandA(�(� )) < A(� ),
thesecondis thecasein which blockingoccurs,andthethird is thecase in whichA(� (�)) = A(� ).

Case 1: No blocking; � k (i ; j )tk (i ; j ) > 0 for somey; i ; j ; k: If no nodesare blocked for � , thenby de� nition of
blocking(72), thereis aneighborhoodof � � around� for whichnoblockingoccurs. In thisneighborhood,

a0
k l (i ; j ) =

X

y

Ry (i; j )
�
wy D

0

k l (f y;k l ) +
@A

@r y;l (i; j )

�
� min

m =2 H k ( i ;j )

(
X

y

Ry (i ; j )
�
wy D

0

km (f y;k m ) +
@A

@r y;m (i ; j )

� )

(109)

which is continuousin � . It follows from (68) and (69) that � kl (i ; j ) is continuousin � , andthe upperboundto
A(� (�)) � A(�) in (106) is continuousin � . Sinceby assumptiontheboundin (106) is strictly negative, thereis a
neighborhoodof � � around� for which

A(�(� � )) � A(� � ) < �
M jV j7

4(jV j � 1)3

X

y;i;j ;k

wy � 2
k (i ; j )t2

y;k (i; j ) (110)

where� k (i ; j ) andty;k (i; j ) correspondto thegiven� . Choose� smallenoughsothat(110)is satis�ed for j� � � � j <
� andalso sothat

jA(� � ) � A(� )j <
M jV j7

4(jV j � 1)3

X

y;i; j ;k

wy � 2
k (i; j )t2

y;k (i ; j ) (111)

Combiningthiswith (110),wehave (108)for m = 1.
Case2: Blocking occurs. For any � , wecanuse(23) to lowerbounda0

kl (i ; j ) by

a0
kl (i ; j ) �

X

y
Ry(i; j )

"

wyD
0

kl (f y;kl ) +
@A

@r y;l (i ; j )
�

@A
@r y;k (i; j )

#

(112)

� k l (i; j )
X

y

wy ty;k (i; j ) � min

8
<

:
� k l (i ; j )

X

y

wy ty;k (i; j );
�

P
y Ry (i ; j )

h
wy D

0

k l (f y;k l ) + @A
@r y ; l ( i;j ) � @A

@r y ;k ( i ;j )

i

P
y wy Ry (i; j )

9
=

;
(113)

The lower boundsabove arecontinuousfunctionsof � . Sinceblockingoccurs in � , thereis somei; j ; k; l suchthat
both

X

y
Ry(i; j )

"
@A

@r y;l (i; j )
�

@A
@r y;k (i ; j )

#

� 0 (114)

and

� kl (i; j )
X

y
wy ty;k (i ; j ) �

�
P

y Ry(i; j )
h
wyD

0

kl (f y;kl ) + @A
@r y ;l (i;j ) � @A

@r y ;k (i; j )

i

P
y wyRy(i ; j )

(115)

Combining(113) to (115)

� kl (i ; j )
X

y
wy ty;k (i ; j ) �

�
P

y Ry(i; j )wyD
0

kl (f y;kl )
P

y wyRy(i ; j )
(116)

Sincetheright-handsideof (113) is continuousin � , thereis aneighborhoodof � � around� for which

� �
kl (i ; j )

X

y
wy t �

y;k (i; j ) �
�
2

P
y Ry(i; j )wyD

0

kl (f y;kl )
P

y wyRy(i; j )
(117)

And thus,for somey,

� �
kl (i; j )t �

y;k (i ; j ) �
�
2

P
y Ry(i; j )wyD

0

kl (f y;kl )
P

y wyRy(i ; j )
(118)

Equation(108),for m = 1, now follows in thesamewayasin case1.
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Case 3: � kl (i ; j )ty;k (i; j ) = 0 for all y; i; j ; k; l . Let � 3 be the setof � for which � kl (i; j )ty;k (i ; j ) = 0 for all
i; j ; k; l . Let � (l ) = � l (� ) for thegiven� andlet m � 2 bethesmallestintegersuchthat � (m� 1) =2 � 3. We�r stshow
thatm � jV j. Note�rs t thatfor any � 2 � 3, � changes� kl (i; j ) only for y; i ; j ; k such thatty;k (i; j ) = 0 andthusthe
nodedataratesandlink dataratescannotchange.

P
y Ry(i; j )@A=@r y;k (i; j ) canchange,however, and aswe shall

seelater, must changefor somey; i; j ; k if � doesnotminimizeA.

Now consider � (q) (0 � q � m � 2), where� (0) denotestheoriginal � . Since� (q) 2 � 3, � (q)
kl (i; j ) > 0 implies

thatty;k (i; j ) = 0. From(69), � (q)
kl (i; j ) = � (q)

kl (i; j ) and� (q+1)
kl (i; j ) = 0. For agiveni ; j ; k, all � (q)

kl (i; j ) arereduced

to 0 except for thel whichminimizes
P

y Ry(i ; j )[wyD
0

kl (f y;kl ) + @A=@r y;l (i ; j )]. Thus, using (23),

X

y
Ry(i ; j )

@A(� (q+1 ) )
@r y;k (i ; j )

= min
l

 
X

y
Ry(i ; j )

�
wyD

0

kl (f y;kl ) +
@A(� (q) )
@r y;l (i; j )

� !

�
X

y
Ry(i ; j )

@A(� (q) )
@r y;k (i; j )

(119)

Sincethis equationis satis�ed for all q, 0 � q � m � 2, we seethat
P

y Ry(i; j )@A(� (q) )=@r y;k (i; j ) can be

reducedon iteration q only if
P

y Ry(i; j )@A(� (q� 1))=@r y;l (i ; j ) is reducedon iterationq � 1 for somel suchthat
P

y Ry(i ; j )@A(� (q� 1) )=@r y;l (i ; j ) <
P

y Ry(i ; j )@A(� (q) )=@r y;k (i; j ). This reductionat nodel however impliesa
reductionat somenodel0of smallerdifferential cost at iterationq � 2 and soforth. Sincethissequenceof differential
cost is decreasing with decreasing q and since (from (119)) the differential cost at a given nodeis nondecreasing
with decreasingq, each node in the sequencemustbe distinct. Sincethereare jV j � 1 nodesother thanthe given
destinationavailablefor such a sequence, the initial q in sucha sequencesatis�es q � jV j � 2. On theotherhand,
if

P
y Ry(i; j )@A(� (q) )=@r y;k (i; j ) is unchanged for all y; i ; j ; k, we see from (119) that � (q) satis�es the suf�cient

conditionsto minimizeA andthen� also minimizesA contrary to ourhypothesis; thuswemusthavem � jV j.
Now observe that the middle expression in (119), for q = 0, is a continuous function of � and consequently

@A(� (1) )=@r y;k (i; j ) is a continuousfunctionof � for all y; i; j ; k. It follows by inductionthat @A(� (l ) )=@r y;k (i; j )
is a continuousfunction of � for all y; i ; j ; k and for l � m � 1. Finally � (m� 1) =2 � 3, so it must satisfy the
conditionsof case1 or 2; it will beobserved thattheanalysisthere applyequallyto � (m� 1) becauseof thecontinuity
of @A(� (m� 1))=@r y;k (i; j ) asa functionof � . Thiscompletestheproof.

Our last lemmawill bestatedin greatergeneralitythan required since it is a global convergencetheorem for algo-
rithms that avoids the usual continuity constraint on the algorithm. (SeeLuenberger [18]) for a gooddiscussion of
globalconvergence).

Lemma X.7: Let � bea compact region of EuclideanN space.Let � bea mappingfrom � into � andlet A bea
continuousrealvaluedfunction in � . AssumethatA(�(�) ) � A(�) for all � 2 � . Let A O be theminimumof A
over � andlet � O bethesetof � 2 � suchthatA(� ) = AO . Assumethat for every � 2 � � � O , thereis an� > 0
andaninteger m � 1 suchthat for all � � 2 � satisfying j� � � � j � � , we have A(� m (� � )) � A(�) . Thenfor all
� 2 � ,

lim
m!1

A(� m (�)) = AO : (120)

Proof: See[4].
Proof of TheoremIX.2: Let � be theset of loop-free routingvariable � suchthat A(�) � A 0. We have veri�ed

that � mapsloop-freeroutingvariablesinto loop-free routingvariables, andfrom LemmaX.5, A(� (�) ) � A(� ) for
� 2 � . Thus� is mappingfrom � into � . It is obviousthat � is boundedandeasy to verify thatany limit of loop-free
variableswith A(�) � A0 is alsoloop-free with A(� ) � A0. Thus� is compact.The �nal assumptionof Lemma
X.7 is establishedby LemmaX.6. ThusLemmaX.7 asserts theconclusionof TheoremIX.2.

XI . APPENDIX E

Weshow anexamplewheretheratiobetweenthecost of localminimaandthecost of globaloptimacanbearbitrarily
large.
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Fig. 9. A topologyto illustratethearbitraryratiobetween local minimaandglobal optima

Givenintegerk � 100, Figure9 showsanetwork G. Therearetwo TMs R1 andR2 with weightsw1 = w2 = 0:5,

R1 =

2

6
6
6
4

0 0 0 k � (100k) � 0:5

0 0 0 0
0 0 0 100� k � 1

0 0 0 0

3

7
7
7
5

R2 =

2

6
6
6
4

0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

3

7
7
7
5

(121)

Notethat � 14(4) and � 23(4) determinepacket forwarding,thusdeterminecostA. Given(� 14(4), � 23(4)), thelink
dataratef y;kl is,

f 1;12 = R1(1; 4)(1 � � 14(4))

f 1;14 = R1(1; 4)� 14(4)

f 1;23 = R1(1; 4)(1 � � 14(4))� 23(4)

f 1;24 = R1(1; 4)(1 � � 14(4))(1 � � 24(4))

f 1;34 = R1(1; 4)(1 � � 14(4))� 23(4) + R1(3; 4)

f 2;12 = f 2;14 = 0

f 2;23 = f 2;34 = R2(2; 4)� 23(4)

f 2;24 = R2(2; 4)(1 � � 23(4)) (122)

When� 14(4) = 1, � 23(4) = 1, we have @A
@� 14 (4) > 0, @A

@� 23 (4) > 0. Therefore,(� 14(4) = 1, � 23(4) = 1) is a local

minimal. Thecostof therelativeminimal (� 14(4) = 1, � 23(4) = 1), ARE L , satis�es

ARE L > p2D14(f 1;14) = 5k1:5 � 0:5 (123)

When� 14(4) = 1
k� (100k) � 0:5 , � 23(4) = 0, wehave

f 1;12; f 2;12 � 1

f 1;14; f 2;14 < k � 1

f 1;23; f 2;23 = 0

f 1;24; f 2;24 = 1

f 1;34; f 2;34 � 100� k � 1

Therefore,

A < D12(1) + D14(k � 1) + D23(0) + D24(1) + D34(100� k � 1)

= 1=999+ (k � 1) + 0 + 1=19+ (100k � 1) < 101k � 2 (124)

Combining(123)and (124),

lim
k!1

ARE L

AOP T = 1 (125)


