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On First-Order Markov Modeling for the Rayleigh
Fading Channel

Christopher C. TanMember, IEEEand Norman C. Beauligtrellow, IEEE

Abstract—Recent models for the received signal amplitude of the a stationary process whose first-order distribution is Rayleigh,
flat-fading channel that use first-order finite-state Markov chains  with ACF [4, p. 170]
are examined. The stochastic properties of a proposed first-order

model based on these recent models are examined. The limitations wbo 1 1 )

of using an information theoretic metric, which is sometimes used Rp(r) = N 21 Ty —5; 1; Rx(7) (1)

to justify a_first-order Markov _chain asa sufficient model for very

slowly fading channels, are discussed. A simple method of qualita- where,Fi (-, - -; -) is the hypergeometric function [3, ch. 15].

tively comparing autocorrelation functions is instead proposed. . . .
The usefulness of the first-order Markov chain in representing Such processes are called Rayleigh processes. We will call this

the flat-fading channel is examined by looking at two specific prob- fading model the isotropic scattering, omnidirectional receiving
lems in wireless system applications that represent two disparate antenna (ISORA) model and denote it by random pro¢&ss

cases. The first case involves analysis over a short duration of time, Other models with Ricean or Nakagamidirst-order den-
relative to the inverse of the normalized Doppler frequency, while Wi ! gami-i

the second involves analysis over a long duration of time. Con- Sities [5], or different ACFs [6], [7], have been used for the
trary to recent reports, the results indicate that first-order Markov  flat-fading channel. We use the ISORA model throughout this
chains are not generally suitable for very slowly fading channels. paper because of its widespread applicability and acceptance
Rather, first-order Markov chains can be suitable for very slowly g1 'hyt our analysis remains general enough in principle to be
fading applications, which require analysis over only a short dura-

tion of time. used for these other models as well.

Recently, finite-state Markov chains have been proposed to
model the flat-fading channel, with states representing discrete,
nonoverlapping intervals of the received signal envelope’s
amplitude. We call these models amplitude-based finite-state
I. INTRODUCTION Markov chains (AFSMCs).

Swarts and Ferreira [9] use a first-order AFSMC based on
mulation statistics to determine soft-decision statistical distri-

ceived signal amplitude of the flat-fading channel bas létions for slowly fading channels. They compare distributions
on scattering propagation. Gans [2] has further shown that in or a first-order AFSMC with a software simulator to show the

case of isotropic, two-dimensional scattering with an omnidirec- . . .

tional receiving antenna, the quadrature Gaussian processesg eral usgfuln:ass o(fj,T:FSM.Cs, n mf(t)dellng Fhe ;‘a::hng chlann:jal.

resenting the fading have autocorrelation function (ACF) giv WEVET, Swarls and Ferreiras software simuiator 1S already
nown to be a Markov process [10], [11] and is different from

by the ISORA model.
R (1) = boJo(2n fpr) Wang and Moayeri[12], [13] further the model in [9] by using
analytical first-order statistics to calculate model parameters.
S\é/ang and Chang [14] propose a mutual information metric to
mathematically demonstrate that a first-order AFSMC is suf-
a{icient to model very slowly fading channels for any applica-
jon, and that the improvements of a second- or higher-order

Index Terms—Fading channels, Markov processes, modeling,
Rayleigh channels.

LARKE [1] has proposed a statistical model for the re-.

whereb, is the variance of the underlying Gaussian proce
fp is the maximum Doppler frequency, adgl(-) is the Bessel
function of the first kind of order zero [3, eq. (9.1.12)]. Letn{
complex, stationary, Gaussian process have quadrature co - - ; . .
nents that are mutually independent, zero mean, with identi ISMC are negligible. Zorzet al. [15] derive the data-link

ACF, Rx (). The envelope of this complex Gaussian processﬁfrformance of ARQ protocols as an application of this binary
' arkov model, and use this mutual information metric to show

that a first-order binary Markov chain that models the received
) . i - signal amplitude is of sufficient order. Two other papers employ
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valid finite-state Markov chain [18]. Babich and Lombardi de-
velop Markov models for the indoor propagation channel based
in part on Wang and Chang'’s information theoretic metric [19].
They also verify a multi-threshold success/failure process for
the Rayleigh channel based in part on the same metric [20]. The
binary Markov model introduced by Zoret al.is used for error
modeling of the Network File System (NFS) protocol over wire-
less links by Dubeet al. [21] and in error control and energy
consumption analyses in nomadic computing systems by Zorzi
and Rao [22]. Li and Goldsmith use the first-order AFSMC to
help design a decision-feedback maximum-likelihood decoder
[23]. ]
A first-order AFSMC is analytically tractable, and may gen- \K

Probability Density Function

erate closed-form results easily. Work has been done to examine
higher-order AFSMCs as well. Babictt al. look at variable-

order models for the fading channel for slowly to medium fading or o, e T M
channels [24]. Turin has similarly used hidden Markov models Received Signal Envelope's Amplitude

of greater order to model the fading channel [25]. As the order o oL J.z i
of the model increases, so does the complexity and intractability

of the model. As an example, for a first-order AFSMC all model OO E) ®

parameters can be analytically determined easily, which is ry?&. 1
the case for a second-order AFSMC [26]. As indicated above,
a majority of the literature focuses only on first-order AFSMCs
presumably because of their simplicity. This paper addresses'ﬁm
issue of the limitations of a first-order AFSMC fading model, The Rayleigh probability density function (pdf) is denoted
when used for bit-level models. fr(r) and the Rayleigh cumulative distribution function is
This paper has the following organization. We propose a firstenoted /' (r). Without loss of generality, we assume the
order AFSMC in Section II, based on some of the best aspectfRsfyleigh distribution has unit-variance. If our AFSMC has a
the models presented in [9]-[15]. In Section IIl, we determingiandard Rayleigh first-order distribution as does the ISORA
some limitations of using this first-order AFSMC to model thehannel, we expect the initial-state occupancy probabilities

lllustration of AFSMC notations and partitioning.

Initial-State Occupancy Probabilities

ISORA fading channel. We first examine the information thear;,, £ = 1, ..., N, to approach

retic metric of [14]. We then propose an alternate method of de- , T

termining when the AFSMC models the ISORA channel accu- T = / fr(r)dr
Th—1

rately. We test that our first-order AFSMC is stationary, then de-

termine the ACF of the underlying Gaussian process. We shihile satisfying

the ACF of the first-order AFSMC is markedly different from N

the ACF of the ISORA fading model. Section IV examines how Z —_— @)

useful this model is in representing the ISORA fading channel. —

We look at two specific problems in wireless system applica-

tions and compare results obtained using the AFSMC modene practical limitation of our finite-state model is that the re-

with results obtained using the ISORA fading channel. Our cogeived signal amplitude fronM to infinity is not represented

clusions are given in Section V. by a state. This introduces error in (2)if = 74, since

N M
fr(r)dr = fr(r)ydr = Fr(M) < 1.

k=17 Tk-1 0

II. A FIRST-ORDER MARKOV MODEL

A first-order Markov chain is defined by its initial-state oc- o _ _
cupancy probabilities and its transition probabilities [27]. Wi/e minimize this error by setting/ = 5 so thatF’r(M) >
denote our discrete-time Markov chain By, } for discrete 1 — 107°. To ensure that (2) is satisfied, we uniformly sczle

timesn = 0, 1, ..., oo. The received signal amplitude spac®Y the sum of its elements

from zero to finite maximum amplitudé/ is partitioned into Tk

N intervals. The thresholds of these intervals are denoted, by ="y ®3)

i=0,..., N, suchthaty = 0 andry = M. We assign the >

midpoint of the interval as the representative value of each state k=1

ri k=1,..., N.Fig. lillustrates these definitions. The states are partitioned such that the initial-state occupancy
probability of all states will be the same. Thus, we solverfor
such that

125 poi - : [ i = EO0
_ pointed out by a reviewer, the block-level Markov model can be accurate fR(7) dr = , i=1, , N.
if the block length is large. S_— N
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B. Transition Probabilities a first-order Markov chain is a sufficient model for the channel.

The most direct statistics used to calculate the transition pro-lr-ﬁffe authé)rs (,i]/luar;tify tr;]is.wi.th ml#ugl inf(f)rmation. They Claidm
abilities are based on the bivariate Rayleigh distribution [17], |rs|t-or terl . E]tr ov f[: a'rt') ItS Slééc'entd'R € ayera%e condi-
[14]. The bivariate Rayleigh distribution depends only on th o}r;a. T{u uaRln ormlz ;gnchelevli thgnatrr]\e an(;rQagI(\a/(rar? tna]%élfor-
correlation between adjacent samples. Defin® be the sam- ( e n—2|Rn_1),iSMU verage mutuall

. : . ; : ._mation betwee?,, and{R,_1, Rn_2}, I(Ry; R_1, Rp_2).
pling period for the discrete-time fading process. In practlcg?\/e find problems with this argument
problems,fDT ranges from O t'o about 0,'4 [26]. TV.VO consecu- an important problem is that small mutual information is
tive samplc_es ofthe ISORA. fading model’s underlying GaussmH’bt a sufficient condition to indicate a process is Markov. In-
process will have correlation tuitively, one sees the ambiguity in that two samples may have

J1 = Jo(2nfpT). (4) little information about each other if they are either independent
The transition probability matrix of the AFSMCP = or h'?hg f:(;;relat;d; ihe averagehcondltlo_neilhmutl:al 'gfotr.m‘i'
llps, jll1<i, j<, has stationary transition probabilities (ignorindﬁ'on’ (Bn; Bon—a| K1), approaches zero in these two distinc

- 7 . ases. IfRz,, is indeed a first-order Markov process, then the
the truncation due to the finite amplitude represented by t ; . :
irst and third samples are independent given the second sample,

model) andI(R,; R,—2|R,,—1)is zero. Howeved (R,,; R,—2|R,—1)
Pi,j = Pr{R, = j|R,_1 =i} (5) also approaches zero if the first, second, and third samples are
e highly correlated. This is the case in the very slowly fading chan-
= / / TRy ry (2]r1) dry dirg nels Wang and Chang study, where the normalized Doppler fre-
Ti-1 /Tt guency is less than 0.002. Since the ISORA fading process is
T[T strictly bandlimited, we expeck,, to be very close taR,,_;
/ fry, Ro (71, 12) drydra andR,,_.. Note that as the three envelope samples become very
=Dt ha (6) close
/ Tr(r)dr I(Rp; Rya|Rpy)
Ti—1
for 1 < 4,j < N, wherefgr, r,(r1,72) is the bivariate _ E{10g< fr(Bny Bn—2|Rp—1) )}
Rayleigh joint pdf described in [4], with underlying Gaussian FrR(Ru|Ry—1) frR(Ri—2|Ri—1)

correlation matrix

1 J

.]1 1

The integral in (6) can be computed using the infinite series

derived in [28]. We generalize the model in [9] by notrestricting Wang and Chang correctly state that the first-order Mar-

the number of transitions from a state. kovian assumption implies that, given the information of the
Similar to our adjustments to the initial-state occupancy probtate immediately preceding the current one, any other previous

ability vector due to the finite amplitude represented by tteate should be independent of the current state. However, they

model, we must adjust the transition probability matrix such thtiten proceed to consider

the rows sum to one. We uniformly scale each row by its sum I(Ri; Ri_1, Ri—s) = I(Ri—1; R)+1(Ri—o; Ri|[Ri)  (7)

n {log <6(Rn — Ry 1) (B2 - Rnl))}

A H SR — Roy) 6(Rp—z — Rury)

— 0.

Dij

Pij = rather than

N
Zﬁm I(Ri; Ri—y, Rioa, Ria, 0, Rooo). (8)

=1

’ Consideration of (7), and in particular, showing that
I(R;,_o; R;|R;_1) is significantly smaller thad (R;_1; R;),
may have some validity in justifying whether a second-order

In this section, we examine the information theoretic metridlarkov chain is marginally better than a first-order Markov
of [14]. We then propose an alternate method of determining tbkain. It cannot, however, be concluded on this basis that a

I1l. M ODEL ASSESSMENT

limitations of the AFSMC. higher-order Markov chain may not perform significantly better
than a first-order Markov chain. Note that (8) can be written as
A. Information Theoretic Metric Analysis [29, p. 22]

Zorzi et al. [15] and Babich and Lombardi [19], [20] use  p(R.: R,_;, R;_5, Ri_s, ..., R_oo)
an information theoretic metric developed by Wang and Chang = I(Ri; Ri 1)
[14] to verify that a first-order Markov chain is sufficient in o b Thl
representing the ISORA fading model for the applications they + I(Ri; Rio|Riy)
consider. LetR,, be the discrete-time continuous state Markov +I(R;; Ri_s|Ri—1, Ri_2)
process’s received amplitude at thid time step. The first-order + I(R;; Ri_4|Ri_1, Ri_o, Ri_3)
Markovian assumption implies that givé, 1, R, is indepen- I(Ry; Ri_s|Ri1, Ri_a, Ri—3, Ri_s) +---
dent of any other previous symb&l, &k < n — 2.

Wang and Chang state that if the information remaining,in
given the information corresponding £, _; is negligible, then

I(R;; Ri—x|Ri—1, ..., Rik—1). 9

x>

=1
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Even whenI(R;_»; R;|R;—1) is small and the subsequent
terms in (9) are monotonically decreasing, the sum of tr
subsequent terms can in general be significantly larger th
zero, indeed even infinite. Nor is it necessarily true that th ~ 2}% e A
terms would be monotonically decreasing in magnitude. F
example, letfpT = z./2 wherez, is the first zero-crossing of _ 19}
the Bessel functiony(272). Then, the first and third samples %
of the underlying Gaussian processes have zero correlation ¢~ 18k

++ 4
21F +++++++++++++++++++++++++++¢++++++++++++++++++-

k . . ISORA Fading Model
are, hence, independent. The corresponding Rayleigh samg AFSMC, N=50 +
are also independent, since they are related to the underlyi  _| ARSME N =200 o
Gaussian samples by a memoryless transformation. Thi Qggﬁg,xfggg °
I(Ri,Q; R1|szl) is zero WhileI(Rifg; Ri|Ri717 Ri,Q) is AFSMC, N= 1000
1.6}

not zero (the zero-crossings &f(-) are not uniformly spaced).

0 5 10 15 20 25 30 35 40 45 30
B. Stochastic Analysis m
We compare our first-order AFSMC to the ISORA fadingrig. 2. Autocorrelation functions for a first-ordely -state AFSMC with
model. Instead of using information theory to test our model, we ' = 0.002.
look at a stochastic description of the model. Stochastic process
theory gives a more complete description of the AFSMC, whic s1h.
allows for a clearer comparison with the ISORA fading mode
We compare our AFSMC and the ISORA fading model, firs STt
by comparing first-order distributions to test whether both prc
cesses are Rayleigh distributed, then by comparing the defini
parameter for each Rayleigh process, the ACF. = o7
1) Comparison of First-Order DistributionsTo calculate
the first-order distribution of the first-order AFSMC, we must 18}
find the limiting probability vector. If the limiting probabilities
are equal to the initial-state occupancy probabilities, then tt 1.7}
AFSMC is stationary, and we define the first-order distributiol
to be the stationary distribution. Otherwise, the limiting prob  ;¢| /\
ablllty .vector is c'allculatec.i by solv!ng an elggnproblem of .th< T T T
transition probability matrix [27] using the stationary transitior m
probabilities (6). This has been carried out numerically for
a number of values of normalized Doppler frequency ard@:3- ACFs for afirst-orderV-state AFSMC with/pT" = 0.02.
Markov chain states. The initial-state probability vector agreed
with the limiting probability vector for all normalized DopplerV = 50, 100, 200, 300, 500, and 1000 states, forfp7” = 0.002
frequencies examined and for all numbers of states in tieFig. 2 andfpT" = 0.02 in Fig. 3. In both figures, the
Markov chain examined. Thus, we establish confidence ttiftape of the ACF is clearly different from that of the ISORA
the Markov chain is indeed stationary. fading model. The AFSMC ACF appears to be a mono-

2) Comparison of ACFs:To calculate the ACF, we use tonic decreasing exponential-like function. For larye the
only AFSMC sample points that consistently agree with

ISORA Fading Model
AFSMC, N=50 -+
AFSMC,N=100 x
AFSMC,N=200 =
AFSMC,N=300 o
v

AFSMC, N = 500
AFSMC, N = 1000

N N
_ . — — the ISORA fading model's ACF are the first two sample
Rnlm] = ;;“” Priftn =4 o =i} points, Re[0] = oFi(—(1/2), —(1/2);1;1) = 2 and
’ Rg[1] = oF1(—(1/2), —(1/2); 1; J?). This is reasonable,
N S given that the only information about the ACF input into the
= 221 Ty 2 iP5 10 Mmarkov model, through the transition probability matrix, is the
i= i=

value of J;.
As we have partitioned the states such that= 1/N, the ex- Several examples [26] indicate that as the number of states in
pression for the ACF can be also put into matrix form [25] the AFSMC increases, the envelope ACF converges toward

1 T/ BM\T— v 1 1 m
Rg[m] = NT (P (11) Rg[m] = §2F1 <—§7 —§§ 1; J12 ) (12)
where the state assignment vectoris defined by7"™ = which from (1) is the ACF of an envelope with underlying
lr1, ..., r||. Unfortunately, a general closed-form solutiorGaussian process with ACF
for the ACF in (11) seems unfeasible owing to the intractability Ryfm] = J7
X = J1 -

of the Rayleigh joint pdf [26]. Therefore, we have tested the

AFSMC ACF by empirically examining a number of examples. We call a Rayleigh process with the ACF in (12jrat-order
The ISORA fading model's ACF in (1) is compared graphifading model, following [17]. Note that we can arbitrarily set

cally with the ACF of the AFSMC computed empirically forone parameterRz[1], in the first-order model. Two different
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0.1

first-order models obtained by different choices of values @ (SORA Model

Rg[1] are examined in the next section. Iy Firo S Model —
3 dB First-Order Model -------

IV. M ODEL APPLICATIONS

ock Error

We explore the validity of modeling the mobile radio channez
with first-order fading by examining two wireless applications
and comparing the results obtained from first-order fadiniz
models to the results obtained from the ISORA fading mode £
First-order fading with 3-dB cutoff frequency equal to the™
Doppler frequency is denoted the “3-dB exponential model.
First-order fading with the autocorrelation poinfis:[0] = 1
and Rx[1] = J; set equal to the ACF of the ISORA fading 00017 e T 0 or 05 03 o o4
model is denoted the/; exponential model.” Normalized Doppler Frequency

The two applications considered are error correction code
block-error rates and fade duration distributions. The perfdrig- 4. Probability of a 7-bit block error with a repetition code.
mance of an error correction code represents a discrete-time
sampled application that requires analysis over a small to mo~ , 4
erate number of consecutive samples. The analysis of fade du
tion distributions represents a continuous-time application thi

001k

= o =R 1

ISORA Fading Model, fpT = 0.005 —

requires analysis over a long period of time. We use simulatic 195} % e 3 on First-Order Model, /pT = 0.005 @
H . - i 51~ , =0.005 +
to obtain results for testing the results obtained from the Marka 19} R irst-Order Model. /p |
models. 185} o
ERTI ’ ° ]
A. Short Duration Application & ISORA Fading Model, fp7 = 0.07 .

175 .. _ Ji First-Order Model, fpT=0.07 o |
Error correction coding is commonly used to reduce the ra\ , 3 B FistOrder Model, fpT =0.07 ¢
channel-error rate on a fading channel from an unacceptat | & o Mast Brod L
high value to a value acceptable to an end user. We consic '3[ ¥ FistOterModel pT=04
two classes of codes in our examples: repetition codes and pr 1.6} Y
fect error correcting codes. These classes are chosen in orde | 55 -y b o
facilitate the study, but give nonetheless meaningful results. 0 1 2 3 4 3 6
Repetition codes are useful on fading channels and are em-
ployed in, for example, the North American Advanced Mobileig. 5. Comparison of ACFs of the ISORA fading model and the
Phone Service (AMPS) Control protocol [30]. Multiple iden#xponential model afp 1" = 0.005, fpT' = 0.07, andfpT" = 0.4.
tical bits are sent in series over the mobile radio channel and the

receiver decision is based on majority logic. We consider 7-Rikannel whenfpT = 0.005, the J; exponential model's ACF
and 15-bit repetition codes. The following analysis assumes Bjyq the ISORA fading model's ACF are very close over seven
nary phase-shift keying modulation with unit variance Gaussiagmple separations. The number of sample separations are small

noise, so that the probability of bit error is relative to the first zero-crossing of the Bessel function. This is
o reflected in Fig. 4 as thd; and ISORA models’ block-error
Pr{Bit n in error} = Q (\/ 233) rates converge for slowly fading channels. The block-error rates

converge to that of a 7-bit repetition code system with com-
whereQ(-) is the Q-function [5, eq. (2-1-97)]. A block error pletely correlated fading

occurs for repetition codes when a majority of the bits in a block

are in error. The variance of the Rayleigh process is set such tf%at /°° : :
- L Block E = Pr{Block E I h
the probability of a block error is in the range of 0.1-0.001. r{Block Error} o r{Block Error given all bits have

Fig. 4 shows the probability of 7-bit block errors, for the three -amplituder} fr(r) dr
unit-variance Rayleigh processes as a function of the Doppler o Mo "
spread normalized to the sampling period (bit duration). The :/ Z < b)Q (\/27—2)
three processes’ 7-bit block-error rates are not equivalent for 0 p=m, N7
every Doppler frequency. For very slowly fading and fast fading Ny—n ¢ 72
channels, the three processes’ block-error rates converge. The : (1_Q (\/27—2)) bo P <_ 2_(,0> dr
block-error rate of the/y model is closer to the error rate of the
ISORA model than the error rate of the 3-dB model. where for 7-bit blocks}y, = 7 andm, = 4.
The ACFs over seven sample separations£ 0 to 6) of For fast fading channels, the ACF for both models approaches

the three fading models are plotted in Fig. 5 fgyI" = 0.005, that of an uncorrelated model over any fixed sample separation
fpT = 0.07, and fpT" = 0.4. For the very slowly fading as the fading rate increases, which is again reflected in the ACF
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0.1 T T — T T T T 0.1 T T v v T T T
 ISORA Model — ISORA Fading Model ——
Jy First-Order Model ———- 3 dB Exponential Model --—-
3 dB First-Order Model - J1 Exponential Model -.......
g
& 2
-
g <
= ‘ E 001}
= 001} -
= ) g
= <
;§ =]
=)
£
0.001
0.001 L . ) " L L 2
0 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4

Normalized Doppler Frequency

) . . . . Fig. 7. Probability of a 23-bit block error with a perfect code.
Fig. 6. Probability of a 15-bit block error with a repetition code.

0.1

ISORA Fading Model, t=3 ——
ISORA Fading Model, t=4 -
3 dB Exponential Model, t=3 -
3 dB Exponential Model, t=4 -
Jy Exponential Model, t=3 .
J1 Exponential Model, t=4 -......

in Figs. 4 and 5 wherfp 7" = 0.4. The block-error rates con-
verge to that of a 7-bit repetition code system with independe
fading

No 3

Pr{Block Error} = < nb>Pg?(1 — Py E
St 2 N e T

=

whereP, is the probability of bit error given the bit has ampli-
tuder

00 . .2 / — ./
P, :/ Q (\/27)2)7_ exp <_7_> dr = M_
0 bo 2b0 2\/2()0 +1 0.001

Although a first-order fading model sufficiently describes a fas 0 ) ) ' T
fading channel, an uncorrelated model is even simpler to ana-

lyze. Thus, we conclude that a first-order fading model is not &g. 8. Probability of a 63-bit block error with a perfect code.

useful as an uncorrelated model for fast fading.

For medium rate fading gfp7” = 0.07, the models exhibit latency, and has been used in mobile communications and deep
greater ACF differences, which mirrors the difference in bloclspace applications [33, vol. II, ch. 25]. To look at codes of larger
error rates at that Doppler frequency. A comparison of the ACBie, we contrive hypothetical triple- and quadruple-error per-
of the exponential and ISORA fading model over the number @dct codes of length 63, 127, and 255. Note that the performance
consecutive bits required for the application’s analysis helps ofa practical triple-error correcting code of one of these lengths
predict whether the results from the two models will be closecan be estimated to be between the performance bounds given

As the number of sample separations increases, it becorbgshe corresponding hypothetical triple-error and quadruple-
increasingly difficult to approximate the Bessel function by aarror correcting perfect codes, as practical triple-error correcting
exponential function. Fig. 6 shows the probability of a 15-bitodes correct some but not all combinations of quadruple errors.
block error with the three Rayleigh processes with the varianceFig. 7 shows the Golay code block-error rate as a function of
of the Rayleigh process set such that, for fast fading, the proltae Doppler spread normalized to the sampling period as pre-
bility of block error is equal to that in Fig. 4. There is a greataticted by the three models. The differences between the block-
difference between the block-error rates of the first-order prefror rates of the ISORA model and the Markov models are
cesses and the ISORA channel due to the increased numbegrefiter than for the length 7 and length 15 codes. For example,
consecutive samples used in the decision. Again/theodel's at fp T = 0.2, the error rate of the/; model is 2.1 times the
15-bit block-error rate is closer than the 3-dB model's rate &rror rate of the ISORA model, and 5.5 times the error rate of
the ISORA model’s rate. Accurate modeling of the error depetiie 3-dB model.
dencies for moderate rate fading will thus require higher-orderThe discrepancies of the three models generally (though not
Markov chains or hidden Markov models. strictly) increase for the longer codes. Fig. 8 shows the proba-

Some wireless systems use longer codes, for which the t#dity of block error for 63-bit triple-error and quadruple-error
coding is more computationally intensive. A convenient deviamrrecting perfect codes. Note that the mode of fhenodel
to faciliate discussion is to simulate perfect error correctingp longer coincides with the mode of the ISORA model. Fig. 9
codes, which have much simpler decoding algorithms. Perfattows the block-error rate of 127-bit triple-error and quadruple-
codes are those which attain the Hamming bound [32]. We caarror correcting perfect codes, and Fig. 10 shows the block-error
sider four perfect codes. The perfect (23, 12) Golay code has loate of similar 255-bit codes. The discrepancies between the
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0.1 g T " ment between the models in Table | for codes longer than 15
ISORA Fading Model, t=3 ——~ .
ISORA Fading Model, t=4 ——_ bits (m > 15).
3 OB Bl Model, 04 One further trend observed as the code length is increased
5; Eigggggg:} Mggg{: :j - is that the code performances as predicted by the three models
é diverge at smaller values g¢f,7". Since longer codes capture
5 more of the fading (are subject to more signal fluctuations across
LE the length of the code), it is to be expected that they will show
£ greater discrepancies than shorter codes, until the code length
A is long enough that close to full averaging of the fading takes
place and the performances converge again.
B. Long Duration Application
0'0010 02 ) 035 04 The fade duration distribution problem shows how correla-

T tion over a long period of time can affect system analysis. The
fade duration is the period of time a Rayleigh process’s received
signal power spends below a threshéldwhereR is the fading
margin. The probability distribution of the fade duration is of in-
" ISORA Fading Model, t=3 — terest for developers of coding and modulation techniques [34],
ISORA Fading Model, t=4 ———— [35]. Currently, there are no general theoretical expressions for
3 dB Exponential Model, t=3 ------ f L . . .
3 dB Exponential Model, t=4 the fade duration distribution. Expressions have only been given
B el Model 1t o that approximate the distribution for very shallow and very deep
fades [36]. An analytical expression for the fade duration distri-
bution would accelerate design time, give greater insight into
the relationships between channel and transmission parameters,
and simplify further analysis. A Markov model may yield an
analytical expression for the fade duration distribution based
on Mason’s rule [37]. Prior to using an AFSMC model and
Mason'’s rule to determine a fade duration distribution, we test
) the validity of such a solution through simulation.
03 035 04 Determining fade duration distributions by computer
simulation requires discrete-time approximations of a con-
tinuous-time phenomena. The bandwidth of the simulation
must be great enough that the average length of each fade in
discrete-time units approaches the theoretical average fade

Fig. 9. Probability of a 127-bit block error with a perfect code.

0.1

0.01

Block Error Rate

0.001

Fig. 10. Probability of a 255-bit block error with a perfect code.

TABLE | . :
RATIO OF PREDICTED ERROR RATES FOR duration [8’ eq' (13_43)E[T]' glven by
PERFECTCODES AT fpT' = 0.02 R2
ex —_— ] —
27 P\ 21,
Code Errors Ratio between Ratio between E[T] =bpy| — ————— (13)
Length Correctable ISORA and J; model ISORA and 3 dB model b2 R
7 3 11 27 wherely, is the variance of the underlying Gaussian procéss,
15 7 1.5 28 is the fade threshold, artd is the second moment of the power
23 3 21 55 spectral density
63 3 2.0 3.1 92
63 4 30 70 by = ——— Rx(7).
or
127 3 24 32
127 4 16 76 For the ISORA ACF ,
0 2
255 3 26 3.0 by = 5 (27 fp)
255 4 40 7.0

and a normalized Doppler frequency f57 = 0.001 allows
sufficient bandwidth. However, for the exponential ACF

block-error rates predicted by the Markov models and those pre- g

dicted by the ISORA model, expressed as a ratio greater than 1, by = (2m)* /700 FRx(T)}Hf* df

at fpT' = 0.02 are given in Table I. This is the value ¢f7T o )

used in Fig. 3. We observe in Fig. 3 that for adequate quantiza- — (27()2/ Anfp f df = .

tion of the fading amplitude{ > 200), the autocorrelation of —oo (27fp)? + (27 f)?

the AFSMC model is “reasonably close” to that of the ISORAhus, if the first-order fading model is used to calculate the av-
model form = 0 to aboutn = 10. Form > 15 there is poor erage fade duration, one obtains the resijt] = 0 [from (13)],
agreement in Fig. 3, and we note that there is also poor agredich is incorrect.
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Fig. 11. Fade duration distribution for-a10-dB fading margin. Fig. 13. Comparison of autocorrelation functions for the ISORA fading mode|
and theJ, exponential model af, 7 = 0.001.
0 ’ : _

~ _ ISORA Model — model and of the ISORA fading model fgi, 7" = 0.001 are

B 5N J1 First-Order Model -~ 4 . .

= . 3 dB First-Order Model plotted for a large number of consecutive sample separations.
o3 . - .
&-l0t - The ACFs for the ISORA fading model and the first-order fading
£ s models do not agree in Fig. 13. Again, a comparison of the ACFs
A of the first-order and ISORA fading models over the number of
§ 20¢ consecutive bits required for the application’s analysis is more
& s significant an indicator of the usefulness of the first-order fading
L33 . . . . .

2 » model than the information theoretic metric. A word of caution
“i’ I is appropriate here. Our examples indicate that ACF compar-
£ 35t isons are useful as indicators of the validity of the first-order
£ 0 ~._| fading model. In some problems where the behavior of higher-
A ) order moments significantly influences system behavior, com-

e 5 10 s 5o  parisons of the ACFs alone may be inadequate. In such cases,
Fade Duration Normalized to Average Fade Duration more complicated methods may be required.

Fig. 12. Fade duration distribution for-al5-dB fading margin. V. CONCLUSION
The validity of first-order AFSMCs for the Rayleigh, flat-
fading wireless channel has been examined. For applications
uiring fewer consecutive samples, a first-order AFSMC can

Fade duration distributions for the ISORA;, and 3-dB
models are presented for fades 10 dB below the mean sig

level in Fig. 11 and for fades of 15 dB below the mean SI9NFe useful only in modeling very slowly fading channels. For

level in Fig. 12. The ordinate of both figures is the fad : .
duration, normalized by the observed mean fade durati(‘%&}wSt fading, an uncorrelated model may be simpler and more

of each model [38]. For the 3-dB model, the bandwidth qunable than a first-order AFSMC. For applications requiring a

the system is so high that the majority of the fades are opf[)?saﬂ;T::Ligbﬁgnsecuwe samples, a first-order AFSMC is

discrete-time unit long, giving it a coarse distribution curve: To judge when an AFSMC model is valid, a test based on
CIear_Iy, th_e f_|rst-_order models are unsunable_ t(.) model faq:%mparing ACFs over the number of consecutive samples re-
duration distributions, as all three curves are distinct.

! L SN uired for an application appears more effective than the infor-
Th_e fade_duratlon d|str_|but|on appllcanon |Ilust_rates the eﬁe%ation theoretic metric of Wang and Chang.
of using a first-order fading model instead of using the ISOR
fading model for wireless applications involving analysis over R
a large number of consecutive samples. Interestingly, whereas EFERENCES
the .J; model is closer to the ISORA model for the repetition [1] R.H. Clarke, “A statistical theory of mobile-radio receptioBgIl Syst.
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