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ABSTRACT. This paper presents a new technique which analyti-
cally calculates the word, symbol, and bit error rates of a Reed-
Solomon (RS) coding system in a bursty (e.g., pulsed Radio Fre-
quency Interference (RFI)) environment with Poisson pulse arrivals
using a Markov Chain model to represent burst errors. It is faster
than the standard simulation method of analysis for low error rates,
since its runtime is independent of the desired bit error rate (BER)
whereas the runtime of a standard simulation is inversely propor-
tional to the desired BER.

The model is very flexible: it can analyze channels both with
and without ideal (infinite) RS interleaving; it can analyze RS or
shortenedRS codes of any len gth, rate, or number of bits per symbol;
and, most importantly, it can analyze a system which has a bursty
channel characterized by bursts with a fixed length, and Poisson
distributed arrival times.

The paper presents results for the commonly used RS (255,223)
code, which guarantees correction of any 16 symbol errors.

I. INTRODUCTION

The correlation of symbol errorsin adjacent symbolsinabursty
channel makes analytic analysis difficult. The following analysis
accomplishes this task through the use of a Markov Chain (0%(0))
modeling technique.

Reed-Solomon (RS) codes are the most powerful block codes
that are commonly used for satellite communications. The Consul-
tative Committee for Space Data Systems (CCSDS) Recommenda-
tion for “Advanced Orbiting Systems” of the 1990°s [1] specifies the
use of a RS (255,223) code.

Previous studies analyzed RS codes in a non-bursty environ-
ment, in which signal bit errors are evenly distributed over the
codewords [2,3]. However, many channel environments are bursty,
where errors tend to arrive in groups. Significant performance
degradation can result from this error correlation, but this model can
be difficult to analyze accurately.

This study analyzes a bursty channel that may be a result of
pulsed Radio Frequency Interference (RFI). Pulsed RFI often
causes satellite communication systems to experience burst errors,
and RS encoding, used in this analysis, is one possible mitigation
technique.

Performance analysis models are generally broken up into two
categories: simulation models and analytic models. Simulations
often have the advantage of simplicity, but they have the disadvan-
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tage of a runtime which is inversely proportional to the BER
calculated. This paper describes ananalytic model which makes use
of a MC to model burst error events in the RS codewords. In this
analytic model, the runtime is independent of the BER.

The system modeled here includes a data source/data decoder,
a RS encoder/decoder, an optional RS Interleaver/De-Interleaver,
and a bursty channel. See Figure 1.1,
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Fig. 1.1: ARS Coding System with a Bursty Channel

The analysis is summarized as follows: firsta MC representing
correlation between RS symbol errors is derived. From the MC, the
probability that i symbol errors occur in a RS code word is calcu-
lated. From this, the word, symbol and bit error rates after RS
decoding are found.

The paper is organized as follows: section II describes the
channel model; section III describes the MC analysis; section IV
describes the calculation of the error rates for RS codes; section V
gives results for the RS (255,223) code; and section VI summarizes
the capabilities of the model.

II. CHANNEL MODEL

The system is modeled as a binary symmetric channel (BSC).
The crossover (bit error) probability of the BSC may take on two
different values, corresponding to the two different states of the
system.

Each bit can either be in the burst state (when the channel is hit
by a burst) or the no burst state. The probability of bit error for the
no burst state is Pnp, and the probability of bit error for the burst state
is Pp. The analysis considers a bit to be in the burst state if any part
of the bit is overlapped by any part of a burst. It makes the
assumption that all burst hits are equally severe. It does not matter
ifaburst fully overlaps a bit, partially overlaps a bit, orif two or more
bursts overlap a bit. The probability of error is the same.

Bursts of errors are assumed to arrive with a Poisson distribu-
tion. It is a basic property of a Poisson process that the probability
of a burst arriving at any time is independent of the amount of time
since the previous burst arrival, so two or more bursts may overlap
in time. The Poisson distribution is defined as follows:
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P(‘C.<_t)=1-C'M,[ZO Q2.1
where © = random time between successive bursts (seconds)
A = duty cycle / At

At = deterministic length of RFI pulses (seconds)
duty cycle = proportion of time system is in burst state
= proportion of time RFI is present

1. ANALYSIS

The objective of this section is to detail the analysis that is
needed to compute AN(i), the probability that i symbol errors occur
in a received RS codeword with N symbols. AN() is used to
calculate the word, symbol, and bit error probabilities.

If symbol errors were randomly distributed, the analysis would
be relatively simple, as AN(i) could be determined through a
binomial distribution. For burst errors, an upper bound to AN(i)
could be found by assuming that errors do not overlap. However,
this may be not be a tight bound in some cases. The analysis here
uses a MC to accurately calculate AN().

Section III is separated into four subsections: section A
describes the development of the MC; section B analyzes the MC;
section C calculates AN(i) for the ideal interleaving case; and
section D calculates AN(i) for the no interleaving case.

A, The Markov Chain

The MC keeps track of the correlation of symbol errors. The
correlation arises when pulsed RFI hits several RS symbolsinarow.
The state of the MC represents the number of RS symbols which
remain to be hit (this includes the present symbol) by the most
recently arriving RFI pulse.

The MC has L+1 states, where L is the maximum number of RS
symbols which a single burst can hit. One state transition corre-
sponds to the arrival of one RS symbol.

It is possible that a burst will only hit L-1 symbols, so two
different types of bursts are defined. A Type A burst hits the
maximum number of symbols (L) and a Type B burst hits one less
than the maximum number of symbols (L-1).

The state of the MC corresponds to one more than the number
of RS symbols which remain to be hit by the most recent burst
arrival. For example, the state of the system is L if a Type A burst
arrives during the present symbol. The state of the system is L-1 if
a Type B burst arrives during the present symbol. The state is then
reduced by one if the next symbol is not hit by another burst. It
continues to be reduced after each symbol until it is either in the zero
state or it is hit with another burst. An example, with L=3, is shown
in Figure 3.1, and should clarify the relationship between burst
arrivals and the state of the MC.

Type B

Type A Type B ——

burst

—3 | mae—
smool_11 2] 3] 4] s] 6] 7] 8] o[ 10]

Notice that in the example, a Type A burst arrival results in a
transition to state three, and a Type B burst arrival results in a
transition to state two. Also, bursts can overlap one another, as
happens in symbol seven.

The actual MC, including transition probabilities, is shown in
Figure 3.2. The relevant parameters are L, o, B, and y. These are
defined in the following paragraphs.

Fig. 3.2: The L State Markov Chain

The maximum number of RS symbols that a single burstcan hit,
L,is:

L=[AyS]+1 @3.1)
where [x] is the largest integer such that [x} < x
S = the length of a coded RS symbol (seconds)

The probability of having at least one burst arrival in‘any part
of acoded RS data symbol, ¥, (a data symbol is composed of several
data bits) is: )

'Y=P("E<S)=1'C')‘s (3.2

The probability that at least one Type A burst arrives is.ocand

the probability that at least one Type B burst arrives is B. Note that

y=0+B. Assuming that burst arrivals are uniformly distributed
within a symbol, . and P are given by:

=1 - e-MS[1 + MOD(BL - 2k)I/k

ﬁ (1- e-AS[k-1-MOD(BL - 2,k)]/k)e -AS[1
) +MOD(BL - 2,k)I/k
= e-AS[1 + MOD(BL - 2,K)J/k - eAs

where k = the number of bits per RS symbol
BL = the length of an RFI pulse in RS codeword bits

(3.3)

34

B._Analysis of the Markov Chain

s Q0 3 2 1 02 2 1 0 0
Fig. 3.1: The States of the Markov Chain

AN() is calculated as a function of Pus Q(1), and Q(j i1). Pys:
is the symbol error prior to decoding, Q(i), fori =0,....L, are the MC
stationary probabilities and Q(j | i) is the probability that the previous
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state was j, given that the present state is i, for 1,j =0,...,L.

Pysli, fori=0.....L, is the probability of symbol error prior to
decoding conditioned upon being in a certain state of the MC. Pys
is the unconditioned probability of symbol error prior to decoding.
These values are given by:

Pysio =1 - (1 - Py )k

(3.5)
Pusli =1- (1- Pb)k, i= 1,....L
L
Pus= Y, PugiQ(i)
i=0 3.6)

The stationary (unconditional) probabilities of each state in the
MC are as follows:

QL) =«
QL-1)=B+a(l-vy)

Qi) =Qi+1)1-9y),i=1, ..,
Q0 =Q()(1 -y)/ v

3.7

L-2

The conditional probabilities are given below. The analysis
calculates these values from the transition probabilities shown in
Figure 3.2 and Equation (3.7).

Q010)=Q(0)/[Q(0) + Q(1) ]

Q1 10)=Q(1)/[ Q) +Q(1)]
Q(1L)=Q(),j=0,..,L
QLIL-1)=(1-a)QL)/[B+o(l-7)]

(3.8)

QGIL-1)=BQG) /[B+a(l-7)],j=0,..,L-1
QG+1i)=1,i=1,..,L-2
Q( i) =0, otherwise

C. Calculation of AN(i) for 1 Interleavin

AN(i) is the probability that i symbol errors occur in a RS
codeword with N symbols. When ideal interleaving is used, the
symbol errors are assumed to be independent and identicaily distrib-
uted. For a bursty channel, this will improve performance, as a
single long burst or a small number of medium size burstsina single
codeword will not occur. Therefore AN(i) may be calculated using
the standard Bernoulli distribution as follows:

An(@) =( T )Phs(1 - Pyg)™ 39

D._Calculation of AN() for the No Interl

The no interleaving case makes use of a recursion technique to
calculate AN(i). We mustcalculate A(ilj), the probability of i errors
in the first t symbols of a codeword conditioned on the t’th symbol
being in state j.

This is done recursively for t = 0,..., N. We have:

ApOlj) =1,j=1,..L
Al =0,i=1,..N;j=1,..L

(3.11)

L
Ai) = Y { PugiQUAc1(i-11) + (1 - Py QEHjAL1 (ilh) );

h=1
j=1,.L;i=0,..N;t=1,..N

The unconditional probability AN(i) is found through probabi-
listic summation as follows:

L
AN = Y, QAN
=1 (3.12)
VI. PROBABILITY OF BIT ERROR AFTER RS DECODING

The probabilities of codeword error, symbol error, and bit error
are functions of three values: AN(), N, and 1. The equations
developed in this section are therefore valid for both the interleaved
and the non-interleaved cases.

An (n,m) RS error correcting code can correct any 1 = (n-m)/2
symbol errors which occurin acodeword [4]. A symbol erroroccurs
if one or more bits in a symbol are in error. Correction is not
guaranteed if more than 1 symbol errors occur.

The probability of aRS word error, Py, is equal to the probabil-
ity that more than 1 symbol errors occur:

N
= Y ANG)

i=l+1

@.1)

The probability of a RS symbol error, Pg, is equal to the
weighted average of the proportion of symbol errors which occur:

4.2)

The probability of a RS bit error, Pg, is equal to half of Pg, since

on average half the bits in an erroneous symbol are in error.
=Pg/2 4.3)

V. RESULTS

This section presents results fora RS (255,223) code, which has
eight bits per symbol and can correct any 16 of 255 symbols. Each
run is a function of four values: Pp, Ppp, the duty cycle (the
proportion of time that date is hit by RFI pulses), and the burst length
(BL). The value of Py is .5 for all runs, corresponding to the case of
“infinite” noise. There is a one-to-one relationship between Ppp and
Ep/Np for a BSC with Gaussian noise and an antipodal signal set.
Results are given here in terms of Ep/Np, since this is generally
useful for communications applications. Results are given for a
channel both with and without ideal RS symbol interleaving.

Figure 5.1 plots the BER vs. Ep/Np, with an interference duty
cycle of .005. Note that when there is no interleaving, a larger burst
length corresponds to a greater BER, since bursts of symbol errors
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tend to occur in a single codeword.

When there is interleaving, a larger burst length corresponds to
a smaller BER, as shown in figure 5.1. This effect occurs because
the average number of bits which are in error remains constant for
any burst length, so longer bursts result in a larger number of bit
errors per symbol and a smaller number of symbols in error.
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Fig. 5.1: RS BER vs. Eb/No; dc = .005, BL Measured inRS
Coded Bits

Interleaving makes almost no difference when the burst length
is shortrelative to the error correction capability of the code (BL=5),
but results in a large improvement when the burst length is long
(BL=20,50).
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Fig. 5.2: RS BER vs. Eb/No; BL = 20 RS Coded Bits

Figure 5.2 plots the BER vs. the channel Ep/No, with a burst
length of 20. Interleaving results in an improvement for all duty
cycles since the burst length is relatively long. Also, the greater the
duty cycle, the greater the BER, as expected.

Figure 5.3 plots the BER vs. BL, with a channel Ep/No of 8.0
dB. Interleaving always results in an improvement, and larger duty
cycles have a higher BER, as in the other graphs. Longer bursts
decrease the BER, as before. However, when there is no interleav-
ing, decreasing the burst length reduces the BER (as before) until the
BER reaches a minimum, and then the BER increases. This is
because bursts are either L or L-1 symbols long and with shorter

bursts there are more opportunities for L length bursts and more
symbols will be effected.
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Fig.5.3: RS BER vs. BL; Eb/No=8.0dB

VI. CONCLUSION

This paper presents an analytical algorithm which can calculate
the BER of a RS coding system in a burst error channel using a
Markov Chain model for burst events. This algorithm is very
efficient, as the BER can be calculated in a few seconds on an HP
9000 series 735 workstation computer. It is more efficient than a
simulation, as the run time is independent of the BER, and it is more
flexible than previous analytic models, in that it can calculate the
BER for the no interleaving case without assummg infinite noise
during a burst and/or no noise at other times. ‘The model confirms '
that RS interleaving often results inasignificantimprovementin the
BER and that a non-interleaved RS decoder working in a bursty -
environment is most effective in correcting moderate length bursts.

ACKNOWLEDGMENT
The authors would like to acknowledge the support provnded
by Robert Godfrey of NASA/GSFC.

REFERENCES

{1] CCSDS 701.00-R-3, “Recommendation for Space Data Sys-
tems Standards. Advanced Orbiting Systems, Networks and
DataLinks: Architectural Specification,” CCSDS Recommen-:-
dation, Red Book, Issue-3, June 1989.

[2] Wu, W.W., Haccoun,D.,PeileR., andleataY “Coding for
Satellite Communication,” IEEE Trans. on Selected Areas in
Comm., vol. Sac-5, No. 4, pp. 724:48, May 1987.

[3] Torrieri,D.J., “Information-Bit, Informauon-Symbol andDe
coded-Symbol Error Rates for Linear Block Codes," IEEE
Trans. Comm., vol. 36, no. 5, pp. 613-17, ‘May 1988. ‘

[4] Lin,S. ,and Costello, D.J. , “Error Control Coding: Fundamen-
tals and Applications,” p. 171., Prentice-Hall, Englewood K
Cliffs, NJ, 1983. .

25.3.4

0583



