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ABSTRACT

We considerthe familiar scenariowhereindependenand
identically distributed (i.i.d) noisein animageis removed
usingasetof overcompletdineartransformsandthreshold-
ing. Ratherthanthe standardapproachwvhereone obtains
thedenoisedsignalby ad hocaveragingof the denoiseces-
timates(correspondingo eachtransform)we formulatethe
optimalcombinatiorasalinearestimatiorproblemfor eath
pixel andsolve it for optimalestimatesOur approachs in-
dependenbf the utilized transformsand the thresholding
schemeandextendsestablishedavork by exploiting a sepa-
ratedegreeof freedomthatis in generahotreachableising
previoustechniquesSurprisingly our derivation of the op-
timal estimatesloesnotrequireexplicit imagestatisticsout
reliessolely on the assumptiorthat the utilized transforms
provide sparsedecompositionsYet it canbe seenthatour
adaptve estimatesutilize implicit conditionalstatisticsand
they male thebiggesimpactaroundedgesandsingularities
wherestandardsparsityassumptionsail.

1. INTRODUCTION

The signalin additive i.i.d. noiseproblemcontinuesto re-
ceive signi cant attentionasit provides a benchmarkfor
the accuratestatisticalmodelingandrepresentatiomwf sig-
nals. After the initial setof resultsin [4] using a single
transformandits extensionto overcompletebasisin [3], re-
searchin transformbasedenoisinghassofar concentrated
on obtainingbettertransformg(seefor e.g.,[5]) andbetter
thresholdingtechniquegseefor e.g.,[1, 6] andreferences
therein). In this progressionthe methodpresentedn this
paperbuilds on existing work and exploits a separatele-
greeof freedomthatis in generalnotreachablaisingthese
previousapproaches.

Denoisingusinglinear transformsandthresholdingre-
lies on sparsedecompositionsvith the utilized transforms.
Underi.i.d. noiseassumptionsit canbe shavn thattrans-
form coefcients with smallmagnitudeave verylow SNR
anda thresholdingnonlinearitythat effectively detectsand
removes (hard-thresholdingdr reduceqsoft-thresholding)

thesecoefcients canbe shovn to improve the noise per

formance[4]. Of coursethis improvementis con ned to

theclassof signalsoverwhichtheutilizedlineartransforms
provide sparsedecompositionsHowever, if oneimagines
typically utilized localizedtransformssuchas waveletsor

block DCTs over a particularimage, it is clearthat mary

of theDCT or waveletbasisfunctionscomprisingthetrans-
form will overlapedgesandothersingularities. It is well-

known that sparsitypropertiesdo not hold over suchfea-
tures[2], and denoisingperformancesuffers. Denoising
with overcompleteransformdriesto remedythis problem
by averagingseveral denoisedestimateqcorrespondingo

shiftedversionsof the sametransform)at every pixel. It is

hopedthatsomeof the estimatewill provide betterperfor

mancethanothers,which will thenberecti ed in anaver-

age.

This papertakesthe next stepandactively determines
and prefers the betterestimates.In addition, our formula-
tion doesnot losethe simplicity of averaginganddoesnot
requireary explicit statisticsor parametersWe derive three
estimatorsn orderof diminishingcomputationatomple-
ity. Our rst estimatoris alsothe mostpotentandimproves
denoisingperformancehroughoutevenwhenno singular
ities arepresenin the signal. Our secondestimatoris very
simpleandsolelyrequireshe amountof expectednoiseen-
ergy remainingin pixelsafterthe applicationof eachtrans-
form. For hard-thresholdingthis canbe approximatedoy
the numberof coefcients that survive thresholdingor the
numberof non-zerocoefcients with basisfunctionsover-
lappingthegivenpixel, to yield our third estimate.

After establishingnotationin Sectionl.1, we discuss
the mainideain Sectionl.2. Section2 includesour main
derivation followed by Section3 of simulation examples
andconclusion.

1.1. Notation

In this sectionwe establismotationandshav the main dif-
ferenceof this work from the familiar case(Equation(5) as
opposedo Equation(4)) beforewe discussour rationalein
Sectionl.2.



Letx (N 1) denotethesignal,y = x + w the noise
anovercompletesetof linear transforms.In overcomplete
denoising,the transformcoefcients of eachtransformis

thresholdedo obtainan estimate®; of x, giveny. These
estimatesrethencombinedo arrive at anoverall estimate
R. Theindividual estimate; correspondingo eachtrans-

form canbe obtainedin threestagedori = 1;:::;M as
follows.
6 = Hiy; @
& = T(c); 2)
% = H;Y(e); €)
wherec; (N 1) arethetransformcoefcients duetoH,

¢ (N 1) arethethresholdedcoefcients, T (:::) is the
thresholdingfunction, and®; is thei" estimateof x. The
individual estimatesrecombinedat every pixel to arrive at
the nal denoisedignalvia

R(n)=1M  Ri(n); n=L::N: @)
i=1
In this paper we would like to replacethe above equation
with

R(n) = i(NRi(n); n=1;:::;N: (5)
i=1
wheretheweights ;(n); i = 1;:::;M; n = 1;:::;N;
aredeterminedptimallyin Section2. Obsere thatfor nat-
urally overcompletetransformssuchas complex wavelets
[5], ourtechniquesorrespondo doinga pixel adaptve in-
versetransform.

Aswill becomeclearourwork canaccommodatalarge
variety of thresholdingtechniqueshowever, for the exam-
plesin this paperthe thresholdingfunction will be taken
as a nonlinearity that implementsspatially uniform hard-
thresholdingon eachcoefcient via
- Gk ja(ki>T
0= 0 Jagj T ©

cientof thei" transform,and T is a given threshold. To
helplaternotationwe alsode ne theindex sets

Vi = fkjjci(k)j> Tg (7
andtherelateddiagonalselectionrmatrices

1 k=1hLjcK)j>T

Siki) =" 4 Gtherwise

®)

Obsenrethatwith thisnotationandhard-thresholdindgzqua-
tion (3) becomes

Ri = Hi 1SiHiyZ (9)

1.2. Main Idea

Figurel shawvs a noisecorruptedpiecavise constantsignal
andit is intendedasanintuitive examplethatillustratesthe
mainideaof this work. We utilize block DCT (4 by 1) de-
Equivalent linear
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Fig. 1. Noisecorruptedpiecavise constansignal.

compositiongor simplicity. The gure depictsanovercom-

tile the signalasillustrated. Obsere that the pixel identi-
ed atne has4 block DCTsoverlappingit, oneblock from
eachtransform. Of these4 blocksthe rst two overlapthe
“edge” in the gure (shovn shadedwhereaghe lattertwo
overlap smoothportionsof the signal. Using well-knovn
approximationarguments[2], we expectthe block DCTs
overlappingthe smoothregionsto provide sparselecompo-
sitionsandyield goodindividual denoisecestimatedor the
pixel atne. Whereagheblock DCTsoverlappingthe edge
will not give riseto gooddenoisedestimatesat n.. Hence

tion (4), it is bene cial to give moreweighttoi = 3;4 and
lesstoi = 1; 2 whentheindividual estimatesrecombined.
In the caseof pixel ng, whetherthereshouldbe a dif-
ferencein the weightsis not clear However, considerthe
example casewherethe hard-thresholdingperationonly
retainsthe DCT-DC term in the four overlappingblocks,
i.e., exceptfor the DC coefcient, all coefcients in each
block arethresholdedo zero. For this case;it canbe seen
thatwhile Equation(4) formsthe equivalent lter showvnin
Figurel (b) (seeSection2.1 for derivation), the optimalis
givenby 1(ns) = 4(ns) = :5; 2(ns) = 3(ns) = Oas
shavn in Figurel (c).

2. MAIN DERIVATION

For corvenienceassumeeromeanquantitiesandorthonor
mal transforms.In this sectionwe would like to derive the
optimal weightsin Equation(5) that minimize the condi-
tional meansquarecerror, giventheindex sets

Efx(n)  RM)JjVaiiVisi Wl (10)

Ourmainassumptioris thatthe utilized transformsprovide
sparsedecompositionsthresholdingis successfulandthe



individual denoisedestimatesemore mostly noise,i.e.,

Ri=X+ W (11)
wherew; (N 1) istheremainingnoisein thei™™ denoised
estimate. Note that E[xw] = 0, where(:::)T denotes
transpose.For example,using hard-thresholdingw; only
includesthetransformcoefcients of w in theindex setV;.
In this sensegachV; is assumedo identify the non-zero
coefcients of the transformH , which provides a sparse
decompositionObsenre that
wi = H SiHw; (12)

sincetheH; areorthonormal.

Let usfocusour attentiononthen™ pixel. Using Equa-
tions(5) and(11), we have

R(n) =
i=1

i(n)(x(n) + wi(n)): (13)

We would like to choosethe j(n) sothat®(n) minimizes
Equation(10). It is easily seenthat this becomesa con-
ditional linear estimationproblemwherex(n) is estimated
usingobsenedquantitiesx(n) + w; (n) with the estimation
weights j(n).

Let (n) = [ «(n)::: m(N]T, %(n) = EX*(n)],
andz(n) = [x(n) + wy(n) :::x(n) + wy (N)]T. Equation
(13) becomes

#(n) = z(n)" ( n): (14)
Usingthisformin Equation(10) andtakingderivativeswith
respecto component®f ( n) we obtain

2 3 2 3
1 1 01

23 d=(2mi: : &+ w(n)(n)@5)
1 1 001

obseredthatE [xw] = 0.

Letu, (N 1) denotetheunitvectorthatis 1in thent™
componenandO otherwise Using(12),andunderthei.i.d.
noiseassumptionthe matrixelementof W (n) (M M)
canbewrittenas

W (N)pq E[wp(n)wg(n)jVe; i V] (16)
= upH} SpHpE[wwT H g SqH qun (17)
= GuiH[SpHH g SqH qup (18)
= 2G(N)pg (19)

where 2 isthenoisevarianceandG(n) (M M) isama-
trix thatis solely dependenbn the overcompletdransform
setandtheindex setsV,.

It canbe seenthatEquation(15) reducego
1
§:E=cm(n
1

(20)

where is asqglingfactor Undertheassumption 2(n) >>
2,wehave  i(n) = 1, which determines andre-
movesexplicit dependenceo statisticalparameters 2(n),
2 etc. Note however thatthe form of G (n) dependson
theindex sets,andthereis animplicit dependencenimage
statistics.

SinceG (n) is positive semide nite, Equation(20) can
be solved within the positive eigenspacef G (n) to yield
( n) whenever therankof G (n) is nonzero.For the zero
rank casewe assumehat ( n) is setto its standardvalue.
Let usreferto thesolutionof Equation(20) asthefull solu-
tion.

Thefull solutionis complicatedasit requiregheforma-
tion andthe inversionof G (n) at every pixel. Looking at
the form of G (n) throughEquation(16), we obsere that
the matrix element(p; ) representshe crosscorrelationof
noiseremainingat pixel n afterdenoisingwith thep™ and
g" transformgdividedby 2). Assumingthesecrossterms
arenggligible in comparisorto otherquantitiesandthereby
settingthe off-diagonalelementsf G (n) to zeroyields a
diagonalmatrix D (n) where

G(N)pp

D(Mpg= p=d

otherwise (21)

We will referto the solutionof (20) with G (n) replacecby
D (n) via
2 3
1

8:5=p(n(n)
1

(22)

asthediagonalsolution.

While much simpler this solution still requiresus to
keeptrack of the actualvaluesof the transformbasisfunc-
tionsat every pixel since

D(N)pp = Uy H SpH pun: (23)

This is straightforvard for block transformsbut one needs
to computethe actual basisfunctionsfor transformslike
waveletsobtainedthroughiterated Iter banks. If we as-
sumethatthetransformbasisfunctionshave constanvalues
in their spatialsupportwe canobtainanevensimplerequa-
tion. Considerthem™ basisfunction of thep transform

1:p Cp(m) Hp(m;n)6 0 :

Fp(m; n) = 0 otherwise

(24)



We obtainwhatwe referto asthe signi cant-only solution
by replacingthe diagonalmatrix D (n),;, with

P=Qq (25)

D (M)pq = otherwise

us Fp SpFpun
0

in Equation(22). Obsene thatfor block transformsthe di-
agonalentry D (n);, is determineddy the numberof non-
zerocoefcients (thetotal numberof coefcients in ablock
minusthe numberof coefcients hard-thresholdetb zero)
producedby thep transformwith basisfunctionsoverlap-
ping the n™ pixel. The weight for the p' transformat a
given pixel will thus be proportionalto the inverseof the
numberof non-zerocoefcients producedby thetransform
with basisfunctionsoverlappingthe pixel.

Fig. 2. Testimagesvoronoi(256 256)andteapot(960
1280).

2.1. Equivalent Linear Filters

Using Equationg(5) and(9) we canconstructthe nal de-
noisedestimateas

R(n)

i(n)&i(n)

i=1

hd

[ i(NuaHSiHily

i=1

L(n)Ty (26)

P M
whereL(n) = [uf (2, i(MHTSH)T (N 1).L(n)
canbethoughtof asanequialenttime varyinglinear Iter
thatis appliedto the noisy signaly to obtainthe denoised
output. Figure 3 illustratesthe computedequivalent lters
for the full, diagonal,and standardsolutionsat three pix-
elsin theimagevoronoi. Thethreepixel areprogressiely
situatedaway from the edgein the gure. Sincea piece-
wise constantmodelis appropriatefor this image,we ex-
pectL (n) to averagepixelsin the black voronoiregion to
obtainthe denoisedesult. As canbe seenin the gure, the
standardolutiondoesverylittle spatialaveragingn thisre-
gion. The spatialsupportof the lter is restrictedto a very
local neighborhoodbf the respectre pixel, andit doesnt
broaderappreciablyevenwhenthe pixel movesaway from
theedge.Ontheotherhand thediagonalsolutionproduces
Iters that are broaderin the black voronoi region, which
resultsin betterspatialaveragingandimproved denoising
performancaroundedgesFor thisexample the Iters that
arethe broadestn the black voronoi region are produced

pixel 1. | (n)

pixel 2 . | (n)

pixel 3. | (n)

full 5
solution 10750

L(n)
dlagonk/ v 0 o

solution 10710 10 10

L(n)

standardﬂv

solution 10710 10 10
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Fig. 3. Equivalent lters for threepixels that are situated
closeto anedgein theimagevoronoi(usingfully overcom-
plete8 8DCTs, ,, = 5). The45°=13% axisin theplots
arein column/rav dimensionsof the image. Point (0; 0)
is on top of the respectie pixel, andit indicatesthe factor
thatis usedby the equivalent Iter to multiply that pixel.
All solutionsareusingthe thresholdthat achiezesthe best
respectie image-widePSNRperformance.

by the full solution,which performssigni cant spatialav-
eragingevenfor pixel 1, the pixel closestto the edge. All

solutionsdoagoodjob of notcrossingheedge but only the
solutionsproposedn this papermproducelters thatperform
signi cantly broadaveragingin the correctregion.

3. SIMULATION RESULTS AND CONCLUSION

We presentdenoisingresultson two testimages(Figure
2) underGaussiamoise. All techniquesare shavn at the
thresholdhatachievespeakPSNR.Theutilized8 8DCTs
andthe 3 level, orthonormal,Daubechied 8 waveletsare
fully overcomplete. The PSNRv.s. thresholdcurves for
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Fig. 4.8 8DCT resultsonvoronoi, = 5.

the standardand optimized systemsare shavn in Figures
4,5, and6. Figures7 and8 illustrate noisy and denoised
portionsof theimages. Obsene the improved PSNRper

formanceandtheimproved denoisingperformancearound
edgeqthereademay considewiewing theimageshrough
magni cation of theelectroniccopy). In Figure4, it canbe
seenthat the PSNRfor the full solutionpeaksat a much
smaller thresholdwhen comparedto the other solutions.
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Fig.5.8 8DCT resultsonteapot, ,, = 10.

The full solutionis the mostaggressie in exploiting the
modelof Equation11, andis alsothe mostsusceptibleo
modelingfailures. Sincewe are using hard-thresholding,
modelfailuresinevitably happerat higherthresholdsvhich
limit the performancef thefull solution. Betterthreshold-
ing techniquesare expectedto improve the optimizedso-
lutions' relative performance. For wavelets, the obtained
resultsare about0:2 dB better than the standardsystem
(on the standardmageLena,improvementsover the stan-
dardsystemarearound0:1 dB at ,, = 10). Usinghard-
thresholding the overcompletetransformsassociatedvith
the utilized wavelet banksproducecomparableentriesin

betterthresholdingechniquego improve performance.
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Fig. 6. Orthonormab 8 resultsonteapot, ,, = 10.
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(@) Noisy, 34:11dB

(c) Full, 40:83dB

(b) Standard39:54 dB

(d) Diagonal 42:08 dB

(e) Signi cant only, 41:99dB
Fig. 7.8 8DCT resultsonvoronoi, = 5.

(a)Noisy, 2813dB

(c) Diagonal,41:30dB

(b) Standard40:12dB

(d) Signi cant only, 41:14dB

Fig. 8.8 8DCT resultsonteapot, ,, = 10.



