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ABSTRACT
We considerthe familiar scenariowhereindependentand
identically distributed(i.i.d) noisein an imageis removed
usingasetof overcompletelineartransformsandthreshold-
ing. Ratherthanthe standardapproachwhereoneobtains
thedenoisedsignalby adhocaveragingof thedenoisedes-
timates(correspondingto eachtransform),weformulatethe
optimalcombinationasalinearestimationproblemfor each
pixel andsolve it for optimalestimates.Ourapproachis in-
dependentof the utilized transformsand the thresholding
scheme,andextendsestablishedwork by exploiting asepa-
ratedegreeof freedomthatis in generalnot reachableusing
previoustechniques.Surprisingly, our derivationof theop-
timal estimatesdoesnot requireexplicit imagestatisticsbut
reliessolelyon theassumptionthat theutilized transforms
provide sparsedecompositions.Yet it canbeseenthatour
adaptive estimatesutilize implicit conditionalstatisticsand
they makethebiggestimpactaroundedgesandsingularities
wherestandardsparsityassumptionsfail.

1. INTRODUCTION

Thesignalin additive i.i.d. noiseproblemcontinuesto re-
ceive signi�cant attentionas it provides a benchmarkfor
the accuratestatisticalmodelingandrepresentationof sig-
nals. After the initial set of resultsin [4] using a single
transformandits extensionto overcompletebasisin [3], re-
searchin transformbaseddenoisinghassofarconcentrated
on obtainingbettertransforms(seefor e.g.,[5]) andbetter
thresholdingtechniques(seefor e.g.,[1, 6] andreferences
therein). In this progression,the methodpresentedin this
paperbuilds on existing work and exploits a separatede-
greeof freedomthat is in generalnot reachableusingthese
previousapproaches.

Denoisingusinglinear transformsandthresholdingre-
lies on sparsedecompositionswith theutilized transforms.
Underi.i.d. noiseassumptions,it canbeshown that trans-
form coef�cients with smallmagnitudeshaveverylow SNR
anda thresholdingnonlinearitythateffectively detectsand
removes(hard-thresholding)or reduces(soft-thresholding)

thesecoef�cients canbe shown to improve the noiseper-
formance[4]. Of coursethis improvementis con�ned to
theclassof signalsoverwhichtheutilizedlineartransforms
provide sparsedecompositions.However, if oneimagines
typically utilized localizedtransformssuchaswaveletsor
block DCTs over a particularimage,it is clear that many
of theDCT or waveletbasisfunctionscomprisingthetrans-
form will overlapedgesandothersingularities.It is well-
known that sparsitypropertiesdo not hold over suchfea-
tures [2], and denoisingperformancesuffers. Denoising
with overcompletetransformstries to remedythis problem
by averagingseveral denoisedestimates(correspondingto
shiftedversionsof thesametransform)at every pixel. It is
hopedthatsomeof theestimateswill provide betterperfor-
mancethanothers,which will thenbe recti�ed in anaver-
age.

This papertakesthe next stepandactively determines
andprefers the betterestimates.In addition,our formula-
tion doesnot losethesimplicity of averaginganddoesnot
requireany explicit statisticsor parameters.Wederivethree
estimatorsin orderof diminishingcomputationalcomplex-
ity. Our �rst estimatoris alsothemostpotentandimproves
denoisingperformancethroughout,evenwhenno singular-
ities arepresentin thesignal.Our secondestimatoris very
simpleandsolelyrequirestheamountof expectednoiseen-
ergy remainingin pixelsaftertheapplicationof eachtrans-
form. For hard-thresholding,this canbe approximatedby
thenumberof coef�cients thatsurvive thresholding,or the
numberof non-zerocoef�cients with basisfunctionsover-
lappingthegivenpixel, to yield our third estimate.

After establishingnotationin Section1.1, we discuss
the main ideain Section1.2. Section2 includesour main
derivation followed by Section3 of simulationexamples
andconclusion.
1.1. Notation
In thissectionweestablishnotationandshow themaindif-
ferenceof thiswork from thefamiliar case(Equation(5) as
opposedto Equation(4)) beforewe discussour rationalein
Section1.2.



Let x (N � 1) denotethesignal,y = x + w thenoise
corruptedsignal,andlet H i (N � N ); i = 1; : : : ; M denote
an overcompletesetof linear transforms.In overcomplete
denoising,the transformcoef�cients of eachtransformis
thresholdedto obtainan estimatex̂ i of x, given y. These
estimatesarethencombinedto arrive at anoverall estimate
x̂. Theindividual estimateŝx i correspondingto eachtrans-
form canbe obtainedin threestagesfor i = 1; : : : ; M as
follows.

ci = H i y; (1)

ĉi = T (ci ); (2)

x̂ i = H � 1
i (ĉi ); (3)

whereci (N � 1) arethetransformcoef�cients dueto H i ,
ĉi (N � 1) are the thresholdedcoef�cients, T (: : :) is the
thresholdingfunction,andx̂ i is the i th estimateof x. The
individualestimatesarecombinedateverypixel to arriveat
the�nal denoisedsignalvia

x̂(n) = 1=M
MX

i =1

x̂ i (n); n = 1; : : : ; N : (4)

In this paper, we would like to replacethe above equation
with

x̂(n) =
MX

i =1

� i (n)x̂ i (n); n = 1; : : : ; N : (5)

wherethe weights� i (n); i = 1; : : : ; M ; n = 1; : : : ; N ;
aredeterminedoptimally in Section2. Observethatfor nat-
urally overcompletetransformssuchas complex wavelets
[5], our techniquescorrespondto doinga pixel adaptive in-
versetransform.

As will becomeclearourwork canaccommodatealarge
varietyof thresholdingtechniques,however, for theexam-
ples in this paperthe thresholdingfunction will be taken
as a nonlinearity that implementsspatially uniform hard-
thresholdingoneachcoef�cient via

ĉi (k) =
�

ci (k) jci (k)j > T
0 jci (k)j � T

(6)

for k = 1; : : : ; N , whereci (k) is thekth transformcoef�-
cient of the i th transform,andT is a given threshold. To
helplaternotationwealsode�ne theindex sets

Vi = f kj jci (k)j > Tg (7)

andtherelateddiagonalselectionmatrices

Si (k; l ) =
�

1 k = l; jci (k)j > T
0 otherwise

(8)

Observethatwith thisnotationandhard-thresholding,Equa-
tion (3) becomes

x̂ i = H � 1
i Si H i y: (9)

1.2. Main Idea
Figure1 shows a noisecorruptedpiecewiseconstantsignal
andit is intendedasanintuitive examplethatillustratesthe
main ideaof this work. We utilize block DCT (4 by 1) de-
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Fig. 1. Noisecorruptedpiecewiseconstantsignal.

compositionsfor simplicity. The�gure depictsanovercom-
pletesystemof four transforms(DCT1; : : : ; DCT4) that
tile the signalasillustrated. Observe that the pixel identi-
�ed at ne has4 block DCTsoverlappingit, oneblock from
eachtransform.Of these4 blocksthe �rst two overlapthe
“edge” in the �gure (shown shaded)whereasthe latter two
overlapsmoothportionsof the signal. Using well-known
approximationarguments[2], we expect the block DCTs
overlappingthesmoothregionsto providesparsedecompo-
sitionsandyield goodindividualdenoisedestimatesfor the
pixel at ne. Whereastheblock DCTsoverlappingtheedge
will not give rise to gooddenoisedestimatesat ne. Hence
ratherthansetting� i (ne) = :25 for i = 1; : : : ; 4 in Equa-
tion (4), it is bene�cial to give moreweight to i = 3; 4 and
lessto i = 1; 2 whentheindividualestimatesarecombined.

In the caseof pixel ns, whetherthereshouldbe a dif-
ferencein the weightsis not clear. However, considerthe
examplecasewherethe hard-thresholdingoperationonly
retainsthe DCT-DC term in the four overlappingblocks,
i.e., except for the DC coef�cient, all coef�cients in each
block arethresholdedto zero. For this case,it canbeseen
thatwhile Equation(4) formstheequivalent�lter shown in
Figure1 (b) (seeSection2.1 for derivation), theoptimal is
givenby � 1(ns) = � 4(ns) = :5; � 2(ns) = � 3(ns) = 0 as
shown in Figure1 (c).

2. MAIN DERIVATION

For convenienceassumezeromeanquantitiesandorthonor-
mal transforms.In this sectionwe would like to derive the
optimal weightsin Equation(5) that minimize the condi-
tionalmeansquarederror, giventheindex sets
V1; : : : ; Vi ; : : : ; VM ,

E [jx(n) � x̂(n)j2jV1; : : : ; Vi ; : : : ; VM ]: (10)

Ourmainassumptionis thattheutilized transformsprovide
sparsedecompositions,thresholdingis successful,andthe



individualdenoisedestimatesremove mostlynoise,i.e.,

x̂ i ~= x + wi (11)

wherewi (N � 1) is theremainingnoisein thei th denoised
estimate. Note that E [xwT

i ] = 0, where(: : :)T denotes
transpose.For example,usinghard-thresholding,wi only
includesthetransformcoef�cients of w in theindex setVi .
In this sense,eachVi is assumedto identify the non-zero
coef�cients of the transformH i , which providesa sparse
decomposition.Observe that

wi = H T
i Si H i w; (12)

sincetheH i areorthonormal.
Let usfocusourattentiononthenth pixel. UsingEqua-

tions(5) and(11),wehave

x̂(n) =
MX

i =1

� i (n)(x(n) + wi (n)) : (13)

We would like to choosethe� i (n) sothat x̂(n) minimizes
Equation(10). It is easily seenthat this becomesa con-
ditional linearestimationproblemwherex(n) is estimated
usingobservedquantitiesx(n) + wi (n) with theestimation
weights� i (n).

Let �( n) = [� 1(n) : : : � M (n)]T , � 2
x (n) = E [x2(n)],

andz(n) = [x(n) + w1(n) : : : x(n) + wM (n)]T . Equation
(13)becomes

x̂(n) = z(n)T �( n): (14)

Usingthisform in Equation(10)andtakingderivativeswith
respectto componentsof �( n) weobtain

� 2
x (n)

2

6
4

1
...
1

3

7
5 = (� 2

x (n)

2

6
4

1 : : : 1
...

...
1 : : : 1

3

7
5 + W (n))�( n) (15)

whereW (n)p;q = E[wp(n)wq(n)jV1; : : : ; VM ] andwehave
observedthatE [xwT

i ] = 0.
Let un (N � 1) denotetheunit vectorthatis 1 in then th

componentand0 otherwise.Using(12),andunderthei.i.d.
noiseassumption,thematrix elementsof W (n) (M � M )
canbewrittenas

W (n)p;q = E[wp(n)wq(n)jV1; : : : ; VM ] (16)

= uT
n H T

p SpH pE[wwT ]H T
q SqH qun (17)

= � 2
w uT

n H T
p SpH pH T

q SqH qun (18)

= � 2
w G(n)p;q (19)

where� 2
w is thenoisevarianceandG(n) (M � M ) is ama-

trix that is solelydependenton theovercompletetransform
setandtheindex setsVi .

It canbeseenthatEquation(15) reducesto

�

2

6
4

1
...
1

3

7
5 = G(n)�( n) (20)

where� isascalingfactor. Undertheassumption� 2
x (n) >>

� 2
w , we have

P
i � i (n) = 1, which determines� and re-

movesexplicit dependenceto statisticalparameters� 2
x (n),

� 2
w , etc. Note however that the form of G(n) dependson

theindex sets,andthereis animplicit dependenceonimage
statistics.

SinceG(n) is positive semide�nite,Equation(20) can
be solved within the positive eigenspaceof G(n) to yield
�( n) whenever the rank of G(n) is nonzero.For the zero
rankcasewe assumethat �( n) is setto its standardvalue.
Let usreferto thesolutionof Equation(20)asthefull solu-
tion.

Thefull solutionis complicatedasit requirestheforma-
tion andthe inversionof G(n) at every pixel. Looking at
the form of G(n) throughEquation(16), we observe that
thematrix element(p;q) representsthecrosscorrelationof
noiseremainingat pixel n afterdenoisingwith thepth and
qth transforms(dividedby � 2

w ). Assumingthesecrossterms
arenegligible in comparisonto otherquantitiesandthereby
settingthe off-diagonalelementsof G(n) to zeroyields a
diagonalmatrixD (n) where

D (n)p;q =
�

G(n)p;p p = q
0 otherwise

: (21)

We will referto thesolutionof (20) with G(n) replacedby
D (n) via

�

2

6
4

1
...
1

3

7
5 = D (n)�( n) (22)

asthediagonalsolution.
While much simpler, this solution still requiresus to

keeptrackof theactualvaluesof thetransformbasisfunc-
tionsateverypixel since

D (n)p;p = uT
n H T

p SpH pun : (23)

This is straightforward for block transformsbut oneneeds
to computethe actualbasisfunctions for transformslike
waveletsobtainedthroughiterated�lter banks. If we as-
sumethatthetransformbasisfunctionshaveconstantvalues
in their spatialsupportwecanobtainanevensimplerequa-
tion. Considerthemth basisfunctionof thepth transform
givenby themth row of H p via H p(m; n) n = 1; : : : ; N .
Let cp(m) determinethenumberof nonzeroentriesin
H p(m; : : :). For thegivenm andfor n = 1; : : : ; N , de�ne

Fp(m; n) =
�

1=
p

cp(m) H p(m; n) 6= 0
0 otherwise

: (24)



We obtainwhatwe refer to asthesigni�cant-only solution
by replacingthediagonalmatrixD (n)p;p with

~D (n)p;q =
�

uT
n FT

p SpFpun p = q
0 otherwise

(25)

in Equation(22). Observe that for block transformsthedi-
agonalentry ~D (n)p;p is determinedby thenumberof non-
zerocoef�cients (thetotalnumberof coef�cients in ablock
minusthenumberof coef�cients hard-thresholdedto zero)
producedby thepth transformwith basisfunctionsoverlap-
ping the nth pixel. The weight for the pth transformat a
given pixel will thusbe proportionalto the inverseof the
numberof non-zerocoef�cients producedby thetransform
with basisfunctionsoverlappingthepixel.

Fig. 2. Testimagesvoronoi(256� 256)andteapot(960�
1280).

2.1. Equivalent Linear Filters
Using Equations(5) and(9) we canconstructthe �nal de-
noisedestimateas

x̂(n) =
MX

i =1

� i (n)x̂ i (n)

= [
MX

i =1

� i (n)uT
n H T

i Si H i ] y

= L(n)T y (26)

whereL(n) = [uT
n (

P M
i =1 � i (n)H T

i Si H i )]T (N � 1). L (n)
canbethoughtof asanequivalenttime varyinglinear�lter
that is appliedto the noisy signaly to obtainthe denoised
output. Figure3 illustratesthe computedequivalent�lters
for the full, diagonal,andstandardsolutionsat threepix-
els in the imagevoronoi. Thethreepixel areprogressively
situatedaway from the edgein the �gure. Sincea piece-
wise constantmodel is appropriatefor this image,we ex-
pectL (n) to averagepixels in the black voronoi region to
obtainthedenoisedresult.As canbeseenin the�gure, the
standardsolutiondoesverylittle spatialaveragingin thisre-
gion. Thespatialsupportof the �lter is restrictedto a very
local neighborhoodof the respective pixel, and it doesn't
broadenappreciablyevenwhenthepixel movesaway from
theedge.Ontheotherhand,thediagonalsolutionproduces
�lters that arebroaderin the black voronoi region, which
resultsin betterspatialaveragingand improved denoising
performancearoundedges.For thisexample,the�lters that
are the broadestin the black voronoi region areproduced
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Fig. 3. Equivalent �lters for threepixels that aresituated
closeto anedgein theimagevoronoi(usingfully overcom-
plete8 � 8 DCTs,� w = 5). The450=1350 axisin theplots
are in column/row dimensionsof the image. Point (0; 0)
is on top of the respective pixel, andit indicatesthe factor
that is usedby the equivalent �lter to multiply that pixel.
All solutionsareusingthe thresholdthat achievesthe best
respective image-widePSNRperformance.

by the full solution,which performssigni�cant spatialav-
eragingeven for pixel 1, the pixel closestto the edge.All
solutionsdoagoodjobof notcrossingtheedge,but only the
solutionsproposedin thispaperproduce�lters thatperform
signi�cantly broadaveragingin thecorrectregion.

3. SIMULA TION RESULTS AND CONCLUSION

We presentdenoisingresultson two test images(Figure
2) underGaussiannoise. All techniquesareshown at the
thresholdthatachievespeakPSNR.Theutilized8� 8 DCTs
andthe 3 level, orthonormal,DaubechiesD8 waveletsare
fully overcomplete. The PSNRv.s. thresholdcurves for
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Fig. 4. 8 � 8 DCT resultsonvoronoi,� w = 5.

the standardand optimizedsystemsare shown in Figures
4, 5, and6. Figures7 and8 illustratenoisy anddenoised
portionsof the images. Observe the improved PSNRper-
formanceandthe improveddenoisingperformancearound
edges(thereadermayconsiderviewing theimagesthrough
magni�cationof theelectroniccopy). In Figure4, it canbe
seenthat the PSNRfor the full solution peaksat a much
smaller thresholdwhen comparedto the other solutions.
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Fig. 5. 8 � 8 DCT resultson teapot,� w = 10.

The full solution is the most aggressive in exploiting the
modelof Equation11, and is also the mostsusceptibleto
modelingfailures. Sincewe are using hard-thresholding,
modelfailuresinevitably happenathigherthresholdswhich
limit theperformanceof thefull solution.Betterthreshold-
ing techniquesareexpectedto improve the optimizedso-
lutions' relative performance.For wavelets, the obtained
resultsare about 0:2 dB better than the standardsystem
(on the standardimageLena,improvementsover the stan-
dardsystemarearound0:1 dB at � w = 10). Using hard-
thresholding,the overcompletetransformsassociatedwith
the utilized wavelet banksproducecomparableentriesin
D (n)p;p for p = 1; : : : ; M , which limits gains. We expect
betterthresholdingtechniquesto improve performance.
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Fig. 6. OrthonormalD8 resultson teapot,� w = 10.
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Fig. 7. 8 � 8 DCT resultsonvoronoi,� w = 5.
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Fig. 8. 8 � 8 DCT resultson teapot,� w = 10.


