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ABSTRACT
We studythe robust estimationof missingregionsin imagesand
videousingadaptive, sparsereconstructions.We assumethatwe
are given a linear transformthat is expectedto provide sparse
decompositionsover missingregions suchthat a portion of the
transformcoef�cients over missingregions are zero or closeto
zero.We adaptively determinethesesmallmagnitudecoef�cients
throughthresholding,establishsparsityconstraints,andestimate
missing regions in imagesusing information surroundingthese
regions. We show that the region typeswe can effectively esti-
matein a meansquarederrorsensearethosefor which thegiven
transformprovidesacloseapproximationusingnonlinearapprox-
imation. We show the natureof the constructedestimatorsand
how theseestimatorsrelateto theutilized transformandits spar-
sity over regionsof interest.For imagesthedevelopedalgorithms
areapplicableover locally uniform (smooth,high frequency, tex-
ture, etc.) regionsseparatedby edgesor edge-like singularities.
However, thedevelopedestimationframework is general,andcan
readily be appliedto other nonstationarysignalswith a suitable
choiceof linear transforms.Equationsarederived andextensive
simulationexamplesincluded.

1. INTRODUCTION
Many applicationsnecessitatetheestimation/recovery of missing
regionsof pixels in an imageor video frameusing the informa-
tion providedby theremainingpixels. For example,in imageand
video compressionapplicationsover unreliablechannelsthe de-
coderhasto contendwith datacorruptedby channelerrors.With
macroblockbasedcoders[10,11] theseerrorsleadto missingrect-
angularregionswhich needto beestimatedundera �delity crite-
rion by appropriaterecovery andconcealmentalgorithms. Sim-
ilarly failuresin captureandstoragedevicesor imperfectionsin
otherprocessesin agenericsignal/image/videoprocessingpipeline
produceerrorswhich necessitatetheapplicationof restorational-
gorithmsthat predictmissingregions. In this paperwe develop
techniquesthataregearedtowardtherecovery of missingregions
usingthe minimum meansquarederror criterion andan implicit
statisticalmodel.While our mainapplicationswill betheestima-
tion of missingregionsin imagesandvideo(usingonly thespatial
informationwithin thevideoframecontainingthemissingregion)
it will be clear that the developedtechniquescanbe generalized
to nonrectangularregions,regionscontainingpartial information,
andmostimportantlymissing“regions” in othertypesof signals.
The readeris referredto [18, 2, 9, 15] andreferencesthereinfor
someexampleprior work speci�cally relatedto thispaper.

If weview recoveryalgorithmsasproviding estimatesof miss-
ing databasedon an assumedstatisticalmodel,we canassociate

availabletechniqueswith thestatisticalmodelsthatthey implicitly
or explicitly utilize. Looselyspeaking,for imagesthesemodels
rangefrom the simple “imagesarecomposedof smoothlyvary-
ing pixels” (seefor example,[14, 1, 12]), to the moreintermedi-
ate“imagesarecomposedof locally smoothregionsseparatedby
edges”(e.g.,[2, 8, 16, 17]), and�nally to the moregeneral“im-
agesarecomposedof locally uniformregionsseparatedby edges”
(e.g., [9, 13]). Of course,the exact de�nitions of smooth,local,
anduniform dependon the particularmethod,with many varia-
tionsproposedfor speci�c applicationsandassociatedconstraints.
Typically smoothnessis de�ned usingpolynomialsor in termsof
the frequency (or transformcoef�cient) contentof the estimates,
anduniform regionsareallowedto containeithersmooth,texture
or otherstructurescontaininghigh frequencies.However, asthe
sophisticationof modelsincreasesso doesthe complexity of the
associatedtechniquesandonehasto contendwith algorithmsthat
arenot fully autonomous,techniquesthat dependon non-robust
preconditioningor edgedetectionsteps,and other methodsthat
provide resultswhicharevisuallyacceptablebut whichmaydevi-
atesigni�cantly from themissingdatain termsof mean-squared-
error. Thegoalof thispaperis to addressthesede�ciencies.

Classicalwork in sparsereconstructionsconsidersthe case
wherethe signal with the missinginformation is known apriori
to be bandlimitedor sparse,i.e., a portion of the signal's Fourier
transformcoef�cients are known to be zero. Then, using well-
known techniques(seefor e.g., [6] and referencestherein)one
canattempta recovery of themissinginformationunderthemean
squarederror�delity metric.Designedmainlywith stationarysig-
nalsin mind, theseapproachesassumethatthetargetclassof sig-
nalshavesparserepresentationsin termsof theFouriertransform.
As suchthey encounterseriousproblemswhenappliedto images
andothernonstationarysignalssinceit is well known thatFourier
transformsarenot goodat providing sparselinearrepresentations
for suchsignals[3]. LocalizedbasissuchasDCTs,wavelets,etc.,
aremuchbettersuitedto this task. Another issuewith classical
work is theneedto know apriori exactly which subsetof therep-
resentationcoef�cients have to be zero. For generalimagesand
othernonstationarysignals,even with a well-designedlocalized
basis,it is very dif�cult to know in advancewhich portionof the
transformcoef�cients that yield a sparserepresentationarezero
or closeto zero. While “imagesarecomposedof locally uniform
regions separatedby edges”may be a reasonablemodel we do
not know in advancethe distribution of the edgesand the types
andlocationsof thelocally uniformregions.Thissecondproblem
canonly beavoidedby adaptively determiningsparsityconstraints



over theparticularimageunderexamination,
For thepurposesof thispaper, alineartransformationprovides

a sparserepresentationover a classof N dimensionalsignalsif it
is suchthat,in acertainaveragesensethatwill becomeclearin the
next section,aboutZ (1 << Z < N ) of thetransformcoef�cients
c(i ) (i = 1; : : : ; N ) have small magnitudes,i.e., jc(j )j < T for
somegivenT asj rangesin anindex setof cardinalityZ . In order
to meaningfullyaccommodatenonorthogonaltransformswe will
alsoinsist that the remainingN � Z coef�cients areadequatein
forming a faithful approximationto the original signalunderthe
meansquarederror �delity criterion. In the next sectionwe will
morepreciselyseehow Z andT affect thequality of the formed
estimates.Observe that we arenot particularaboutthe index set
that determineswhich of the transformcoef�cients aresmall. In
fact,oneof thekey propertiesof thiswork is its ability to allow this
index setto changefor each signalin theclassin orderto derive
substantialbene�ts in adaptivity androbustnessthroughnonlinear
approximationprinciples[5].

In a nutshell,this work generalizessparsesignalreconstruc-
tion whereapriori sparsityconstraintsarereplacedwith adaptive
constraintsallowing oneto replaceestimatesbasedon ensemble
statisticswith powerful estimatesbasedon conditionalstatistics.
The adaptive determinationof sparsityconstraintsis handledin
a robust way throughthe thresholdingof transformcoef�cients
without requiringnon-robust preconditioningandedgedetection
steps.Our estimationframework incorporatesnonlinearapproxi-
mationprinciplesandallowsasingletransformto adaptively gen-
eratea large family of estimatorsthatcanrecover low frequency,
high frequency, texture, etc., regions. Unlike many estimation
paradigmsthe determinationof exact statistics,typically a dif�-
cult anderrorproneprocedurein largedimensions,is notrequired,
andaswe show, our adaptive sparsityconstraintsimplicitly deter-
mine the statisticsthat arenecessaryto constructestimators.We
proposetwo algorithms,onebasedon thedirectsolutionof linear
equationsresultingfrom determinedsparsityconstraintsand the
otheran iterative versionof the �rst. A substantialportionof the
paperis devotedto Section2 which includestheanalyticaldevel-
opmentof theproposedestimationframework. Section3 includes
simulationresultsandconclusion.

2. MAIN ANALYSIS
As we introducenotationwe derive two simple results,namely
thatsparsityconstraintsresultin linearestimatorsof missingdata
(Proposition2.1),andconversely, linearestimatorsof missingdata
determinesparsityconstraints(Proposition2.2). Sincesparsity
constraintsareestablishedthroughtheutilized transformthereex-
istsacorrespondencebetweentransforms(togetherwith theindex
setof smalltransformcoef�cients) andestimators.A consequence
of this is thattheoptimaltransformsintroducingthesparsitycon-
straintsaretied to optimalestimatorsandvice versa,whereopti-
mality is in themeansquarederrorsenseandmeansarecalculated
over ensembleor conditionalstatistics(Section2.1). We restrict
the discussionto orthonormaltransformationsdue to spacerea-
sonsbut wenotethatour resultsaregeneralizableto othercases.

Supposethat the original imageis arrangedinto a vector x
(N � 1), suchthat

x =

�
x0

x1

�
(1)

wherex0 (n0 � 1) constitutestheavailablepixelsandx1 (n1 � 1)
denotesthepixels in themissingregion. We have n0 + n1 = N .
Given the imagecontainingthemissingregion, we would like to
form anestimateof theoriginal imagex by

y =

�
x0

x̂1

�
(2)

wherex̂1 is ourestimateof themissingregionx1 .
Without lossof generalitylet G (N � N ) denoteanorthonor-

mal transformationacting on y to yield transformcoef�cients c
(N � 1) via c = G y. Partition therows of G into G I (Z � N )
andG S ((N � Z ) � N ) to indicatetheportionsof thetransform
that is known to produceinsigni�cant and signi�cant transform

coef�cients respectively, i.e.,G =

�
G I

G S

�
.

We startby recoveringx1 subjectto theconstraintG I y = 0,
i.e., the insigni�cant transformcoef�cients arezero. Partition the
columnsof G I into G I ;0 (Z � n0) andG I ;1 (Z � n1) to indicate
portionsthatoverlapx0 andx̂1 suchthatG I =

�
G I ;0 G I ;1

�

andourconstraintbecomesG I ;0x0 + G I ;1 x̂1 = 0.
In order to avoid issuesrelatedto equationranks let us re-

formulatethis constraintby consideringthe equivalentproblem
whereweobtainx̂1 thatminimizesjjG I yjj 2 . This resultsin

G T
I ;1G I ;0x0 + G T

I ;1G I ;1 x̂1 = 0: (3)

where(: : :)T denotestranspose.Dependingontherankof G I ;1 it
is clearthatEquation(3) canbesolvedeitherexactly to recover x̂ 1

or it canbesolvedwithin thepositive eigenspaceof G T
I ;1G I ;1 to

recover theportionof x̂1 lying in this subspace.In the lattercase
we assumethat thecomponentof x̂1 orthogonalto thealludedto
subspaceis setto zero.We thushave thefollowing result.
Proposition2.1 Theconstraint givenby Equation(3) resultsin a
linear estimateof x1 in termsof x0 , i.e.,

x̂1 = A x0 (4)
whereA (n1 � n0) is a matrixdeterminedbyG I .

Supposewe form a linear estimateof x1 using a matrix A
(n1 � n0) via x̂1 = A x0 . Wehave

y =

�
x0

x̂1

�
=

�
1
A

�
x0 (5)

where1 is the n0 dimensionalidentity. Thusy is constrainedto
lie in an0 dimensionalsubspaceandwehavethefollowing result.
Proposition2.2 Any linear estimateof x1 givenby Equation(5)
resultsin estimatesconstrainedto an n0 dimensionallinear sub-
spacewhich yieldsa sparsity constraint of theform

G I y = 0 (6)
whereG I (n1 � N ) is a matrixof orthonormalrowsdeterminedby
A uptoann1 dimensionalrotation.Each rowof G I is orthogonal
to theconstrainingsubspace. G I canbeaugmentedto a complete
orthonormaltransformationG (N � N ) via theselectionof a G S

of orthonormalrows(uptoann0 dimensionalrotation).
2.1. Optimal Sparsity Constraints, Estimators, and Statistics
In any estimationprocedureon stochasticdataonewould like to
form theoptimalestimatesundera given�delity criterion. In this
paperwe areinterestedin thebestestimatesin themeansquared
error sense.With the aid of Propositions2.1 and2.2 we canim-
mediatelyseethattheoptimalsparsityconstraint(G I y = 0) is es-
tablished(uptorotations)by theoptimal linearestimator(A ) and
vice versa,whereoptimality is in the meansquarederror sense.
Wenext look at theform of theseoptimalestimates.

It is important to note that given a linear estimationmatrix
A we can obtain G I and the compoundtransformG by alge-
braicoperationswithout requiringany furtherstatisticalinforma-
tion (Proposition2.2).Similarly, givenG wecanobtainthecorre-
spondinglinearestimationmatrix without requiringfurtherstatis-
tical information(Proposition2.1). Hencethe sparsityconstraint



usedto generatethe estimatesummarizesthe requiredstatistics
andthemannerin which this sparsityconstraintis obtaineddeter-
minesthe type of statisticsutilized. Considerzeromeansignals
andlet E [: : :] denoteexpectation.
Apriori Sparsity Constraints and EnsembleStatistics: When
theutilized sparsityconstraintis determinedapriori for a classof
signals,i.e.,whenthesparsityconstraintis notallowedto adaptto
eachsignal,theoptimalestimateminimizes

E [jj x � yjj 2 ] (7)

wherey is giventhroughEquation(5), with A �x edfor theclass
of signals. In this case,assumingthat the covarianceof x0 is
full rank, it is well known that the optimal A is given by A =
E [x1xT

0 ](E [x0xT
0 ]) � 1 , i.e., theoptimalsparsityconstraintshould

be chosensuchthat one forms the optimal linear estimateusing
secondorderensemblestatistics.
Adaptive Sparsity Constraints and Conditional Statistics: If
the utilized sparsityconstraintis allowed to adaptto eachsignal
in theclass,theoptimalestimateis onethatminimizesthecondi-
tional meansquarederrorgiventhatwehaveobservedx0

E [jj x � yjj 2 jx0 ] (8)

wherey is again given throughEquation(5), E [: : : jx0 ] indicates
thattheexpectationis conditionedonx0 , andthistimeA is chosen
to varyfor eachrealization.TheoptimalA is foundby minimizing

E [jj x1 � A x0 jj 2 jx0 ] (9)

andtheoptimalsparsityconstraintis chosento vary for eachreal-
izationto resultin this valueof A .

For nonstationarysignalslike images,edgesandotherlocal-
ized singularitiesplay importantroles. It is well-known that en-
semblestatistics“hide” the in�uence of edges,andestimationor
approximationbasedon ensemblestatisticshaspoorperformance
on imagesandsimilar nonstationarysignals[3]. Indeed,theper-
formancedifferencebetweenestimatorsbasedonensemblestatis-
tics and thosebasedon conditionalstatisticsis in generalover-
whelmingly in favor of estimatorsbasedon conditionalstatistics
on images. In this paperwe will be constructingsparsitycon-
straintsconditionedon x0 with the ultimateaim of constructing
estimatorsof x1 thatminimizeEquation(9).
2.2. AdaptiveSparsity Constraints
As outlinedin Section2.1 andearlier, thereis a fundamentalad-
vantagein usingconditionalstatisticsin theestimationof missing
regionson imagesandsimilarnonstationarysignals.This requires
thedeterminationof appropriatesparsityconstraintsusingthe in-
formationprovided by the availablepixels in x0 . It is clearthat,
dependingon the utilized transformationandthe classof signals
on which estimationis to be done,the determinationof the cor-
rectsparsityconstraintsfrom x0 canbea very dif�cult estimation
taskin itself. In this paperwe areinterestedin theclassof signals
that arecomposedof locally uniform regionsseparatedby edges
or edge-like singularities.Over suchsignalswe utilize localized
transforms(DCTs of varioussizes)andproceedwith the estima-
tion taskby decomposingthemissingpixels into “layers” (Figure
1). Oncethemissingregion is decomposedinto L layerswe start
bychoosinganinitial valuefor thepixelsin themissingregion(say
themeanvalueobtainedfrom thepixelsimmediatelysurrounding
themissingregion). We determinethesparsityconstraintsanddo
thecorrespondingestimationin stages.At stagei (i = 1; : : : ; L )
thetransformcoef�cients dueto basisfunctionsthathave limited
spatialoverlapwith layersj � i arehard-thresholdedwith agiven
thresholdT . The basisfunctionsthat correspondto thosecoef�-
cientsthathave magnitudeslessthanT arethenusedto establish

Layer 1
Layer 2
Layer 3

...

Image = Layer 0

Lost Block

Image

Fig. 1. The missingregion composedof a lost block is grouped
into layers(layer0 incorporatestheavailablepixelsin x0).
the sparsityconstraintfor layer i andthe pixels in layer i arees-
timated. The operationis repeatedsequentiallyfor all layersto
estimateall missingregion pixels. Figure2 illustratesa tiling of
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Fig. 2. The k th block DCT coef�cients arehard-thresholdedto
determinesparsityconstraintsif thespatialoverlapwith layersP
throughL is limited.

the imagein termsof M by M DCT basisfunctions. In estab-
lishing thesparsityconstraintfor layerP , we only hard-threshold
the DCT basisfunctionsthat have limited overlapwith layersP
throughL . This is doneto ensurethattheestablishedsparsitycon-
straintis mostlydeterminedby theavailablepixelsin x0 andpixels
thathavealreadybeenestimatedin thepreviouslayers.
2.3. OvercompleteTransforms
In denoisingapplicationsit is well-known thatusinganovercom-
pletebankof transformsprovides translationinvariantoperation
and signi�cantly improves performance[4]. In order to obtain
similar performancebene�ts we allow all M 2 shifts of an M by
M DCT to establishsparsityconstraintsin theestimationof each
layer. Givenovercompletesparsityconstraintsestablishedthrough
G l

I y = 0 (l = 1; : : : ; M 2), we canmodify equation3 to yield

thex̂1 thatminimizes
P M 2

l =1 jjG l
I yjj 2 . We incorporatetranslation

invariantsparsityconstraintsin this fashionto further the perfor-
manceof ourestimates.
2.4. Family of Estimators for a GivenTransform
It is clearthatwe canobtaina family of estimatorsdependingon
which basisfunctionscomprisingtherows of thetransformG es-
tablishthesparsityconstraintin Equation(3), i.e.,which rows are
usedto form G I . Supposewe constructa setV to determinethe
row indexesin G of thebasisfunctionsthat form G I . Let Z de-
note cardinality of this set. Then it is clear that the numberof
estimationmatricesA thatwecanadaptively constructis givenby
P N

Z =0

�
N
Z

�
= 2N . As our simulationexamplesindicatethis

allows a singletransformto successfullyestimatea large variety
of regionsfrom edgesto high frequency regionsandtextures.
2.5. SuccessfulEstimation and Nonlinear Approximation
With theindex setV constructedin Section2.4theclassof signals
we canperform“successful”estimationunderthe meansquared
errormetriccanreadilybeestablishedastheclassfor whichE [jj x1 �
x̂1(V )jj 2 ] << E [jj x1 jj 2 ]. Note the changeof notationto show
the dependenceof the formedestimateson the setV sinceV is
expectedto vary for eachestimate.While Z alsovariesfor each
estimate,we canadjustour techniqueto performestimationonly



whenZ exceedsa predeterminedvalueZ0 . The resultingclass
of signalscanthenbetied1 to nonlinearapproximationclassesfor
which onecanperformsuccessfulapproximationusingthegiven
transformbasisby keepingnomorethanN � Z0 coef�cients [5].
2.6. Algorithms
Weproposetwoalgorithmsthatusethelayerdecomposition.Given
T , the �rst algorithm�lls layerswith an initial value,establishes
adaptive constraintsfor eachlayer throughthresholding,and �-
nally solvesfor themissingpixelsin eachlayerasoutlinedin Sec-
tion 2.2. Theinitial thresholdT is determinedsayby thestandard
deviation of pixels immediatelysurroundingthe missingregion.
However, thisvalueof T maynotbeableto establishsparsitycon-
straintsfor detailedimagefeatures. The algorithm thus hasthe
optionto reduceT by � T andreestimatethelayersby essentially
usingthepreviousestimateasaninitial value.

The secondalgorithm converts the �rst algorithm to a fully
iterative algorithmwhereinsteadof solving for the missingpix-
els throughthe linear equationsresultingfrom the sparsitycon-
straints(asis donewith the �rst algorithm),the equationsin our
notationarereplacedwith projectionsby in turnestablishingw =
H nT

S H n
S yn andx̂n +1

1 = [0j1]w, where1 is the n1 dimensional
identity, andyn +1 = [xT

0 jx̂n +1 T
1 ]T . Note that if sparsitycon-

straintsremain�x ed(H n
S = H S ), theestablishedprojectionsare

justaniterativewayof solvingthelinearequations.In thelayered
casewestartwith thresholdT andcarryoutonesuchiterationfor
eachlayer. Onceall the layersareprocessed,the thresholdis re-
ducedby � T andanothersetof iterationsarecarriedout. Prior to
eachiterationhowever, we reestablishsparsityconstraintsfor the
particularlayer, i.e.,we reestablishsparsityconstraintsfor layer i
beforedoing thenext iterationfor layer i . This procedurecanbe
seenasaniterateddenoisingalgorithm[7].

3. SIMULA TION RESULTS AND CONCLUSION
All simulationresultsin Figure3 arewith the secondalgorithm.
The utilized fully overcompleteDCT basisis indicatedwith the
estimatedimage.� T = :1 andtheiterationsareterminatedonce
T reachesTF = 5. Results1; 2; 5; 6; 8 arefrom thestandardim-
ageBarbara.Theremainingresultsareon128� 128imagesfrom
the Vistex database[19]. All resultsimprove PSNRsigni�cantly
over an estimatebasedon the local meanexceptresult7, where
surroundingregionsdonotoffer enoughinformationto predictthe
missingregion. It shouldbe observed how a single transforma-
tion suchasthe 16 by 16 DCT is capableof predictinga variety
of regionsasexpectedthroughour formalism. Dependingon the
typeof region however, for exampleresult9, onehasto establish
sparsityconstraintsby usingbiggerDCTssincetheportionof x0

overlappedby theDCTsshouldbesuf�cient for prediction.Dueto
spacereasonstheroleof thetransformin relationto thestochastic
modelsof themissingregionswill beanalyzedin anotherpaper.
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