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_ ABSTRACT o
We studythe robust estimationof missingregionsin imagesand

video usingadaptve, sparsereconstructionsWe assumehatwe
are given a linear transformthat is expectedto provide sparse
decomposition®ver missing regions suchthat a portion of the
transformcoefcients over missingregions are zero or closeto
zero. We adaptiely determinghesesmallmagnitudecoefcients
throughthresholding.establishsparsityconstraints and estimate
missing regions in imagesusing information surroundingthese
regions. We shaw that the region typeswe can effectively esti-
matein a meansquarecerror sensearethosefor which the given
transformprovidesa closeapproximatiorusingnonlinearapprox-
imation. We shav the natureof the constructedestimatorsand
how theseestimatorgelateto the utilized transformandits spar
sity over regionsof interest.For imagesthe developedalgorithms
areapplicableover locally uniform (smooth,high frequeng, tex-
ture, etc.) regions separatedy edgesor edge-lile singularities.
However, the developedestimationframevork is generalandcan
readily be appliedto other nonstationarysignalswith a suitable
choiceof linear transforms. Equationsare derived and extensive
simulationexamplesincluded.
1. INTRODUCTION

Mary applicationsnecessitat¢he estimation/receery of missing
regions of pixelsin animageor video frame usingthe informa-
tion provided by the remainingpixels. For example,in imageand
video compressiorapplicationsover unreliablechannelghe de-
coderhasto contendwith datacorruptedby channelerrors. With
macroblockbasedtoderq10, 11] theseerrorsleadto missingrect-
angularregionswhich needto be estimatedundera delity crite-
rion by appropriaterecovery and concealmenalgorithms. Sim-
ilarly failuresin captureand storagedevices or imperfectionsin
otherprocessem agenericsignal/image/videprocessingipeline
produceerrorswhich necessitat¢éhe applicationof restoratioral-
gorithmsthat predict missingregions. In this paperwe develop
techniqueshataregearedowardtherecovery of missingregions
usingthe minimum meansquarederror criterion and an implicit
statisticalmodel. While our main applicationswill bethe estima-
tion of missingregionsin imagesandvideo (usingonly the spatial
informationwithin thevideoframecontainingthe missingregion)
it will be clearthatthe developedtechniquesanbe generalized
to nonrectangularegions, regionscontainingpartial information,
andmostimportantlymissing“regions” in othertypesof signals.
Thereaderis referredto [18, 2, 9, 15] andreferenceshereinfor
someexampleprior work speci cally relatedto this paper

If weview recoveryalgorithmsasproviding estimate®f miss-
ing databasedon an assumedtatisticalmodel,we canassociate

availabletechniquesvith thestatisticalmodelsthatthey implicitly
or explicitly utilize. Loosely speakingfor imagesthesemodels
rangefrom the simple “imagesare composedf smoothlyvary-
ing pixels” (seefor example,[14, 1, 12]), to the moreintermedi-
ate“imagesarecomposedf locally smoothregionsseparatedby
edges’(e.g.,[2, 8, 16, 17]), and nally to the moregeneral‘im-
agesarecomposeaf locally uniform regionsseparatethy edges”
(e.g.,[9, 13]). Of course the exactde nitions of smooth,local,
and uniform dependon the particularmethod,with mary varia-
tionsproposedor speci ¢ applicationsandassociatedonstraints.
Typically smoothness de ned usingpolynomialsor in termsof
the frequeng (or transformcoefcient) contentof the estimates,
anduniform regionsareallowedto containeithersmooth texture
or otherstructurescontaininghigh frequencies.However, asthe
sophisticatiorof modelsincreaseso doesthe compleity of the
associatedechniquesandonehasto contendwith algorithmsthat
are not fully autonomoustechniqueghat dependon non-rolust
preconditioningor edgedetectionsteps,and other methodsthat
provide resultswhich arevisually acceptabléut which may devi-
atesigni cantly from the missingdatain termsof mean-squared-
error. Thegoalof this paperis to addresshesede ciencies.

Classicalwork in sparsereconstructiononsidersthe case
wherethe signal with the missinginformationis known apriori
to be bandlimitedor sparsej.e., a portion of the signal's Fourier
transformcoefcients are known to be zero. Then, using well-
known techniqueqseefor e.g., [6] and referencegherein)one
canattemptarecovery of the missinginformationunderthemean
squarecerror delity metric. Designedmainly with stationarysig-
nalsin mind, theseapproacheassumehatthetargetclassof sig-
nalshave sparseepresentationis termsof the Fouriertransform.
As suchthey encounteseriousproblemswhenappliedto images
andothernonstationangignalssinceit is well known thatFourier
transformsarenot goodat providing sparsdinearrepresentations
for suchsignals[3]. LocalizedbasissuchasDCTs,wavelets,etc.,
are much bettersuitedto this task. Anotherissuewith classical
work is the needto know apriori exactly which subsebf therep-
resentatiorcoefcients have to be zero. For generalimagesand
other nonstationarysignals,even with a well-designedocalized
basis,it is very dif cult to know in advancewhich portion of the
transformcoefcients thatyield a sparserepresentatiorare zero
or closeto zero. While “imagesarecomposeaf locally uniform
regions separatedy edges”’may be a reasonablenodel we do
not know in advancethe distribution of the edgesandthe types
andlocationsof thelocally uniformregions. This secondoroblem
canonly beavoidedby adaptvely determiningsparsityconstraints



over the particularimageunderexamination,

Forthepurpose®f thispaperalineartransformatiorprovides
asparsaepresentationver a classof N dimensionakignalsif it
is suchthat,in acertainaveragesensehatwill becomeclearin the
next sectionaboutZ (1 << Z < N) of thetransformcoefcients

somegivenT asj rangesn anindex setof cardinalityZ . In order
to meaningfullyaccommodat@onorthogonatransformswe will
alsoinsistthattheremainingN  Z coefcients areadequatén
forming a faithful approximationto the original signalunderthe
meansquarecerror delity criterion. In the next sectionwe will
morepreciselyseehow Z andT affect the quality of the formed
estimates.Obsere thatwe arenot particularaboutthe index set
that determineswhich of the transformcoefcients aresmall. In
fact,oneof thekey propertieof thiswork s its ability to allow this
index setto changefor ead signalin the classin orderto derive
substantiabene tsin adaptvity androbustnesshroughnonlinear
approximatiorprinciples[5].

In a nutshell,this work generalizesparsesignal reconstruc-
tion whereapriori sparsityconstraintsare replacedwith adaptve
constraintsallowing oneto replaceestimatesdasedon ensemble
statisticswith powerful estimatedasedon conditionalstatistics.
The adaptve determinationof sparsityconstraintsis handledin
a rohust way throughthe thresholdingof transformcoefcients
without requiring non-rolust preconditioningand edgedetection
steps. Our estimationframework incorporatesonlinearapproxi-
mationprinciplesandallows a singletransformto adaptvely gen-
eratea large family of estimatorghat canrecover low frequeng,
high frequeng, texture, etc., regions. Unlike mary estimation
paradigmsthe determinationof exact statistics,typically a dif -
cultanderrorproneprocedurén largedimensionsis notrequired,
andaswe shaw, our adaptve sparsityconstraintsmplicitly deter
mine the statisticsthat are necessaryo constructestimators.We
proposetwo algorithms,onebasedn thedirectsolutionof linear
equationgesultingfrom determinedsparsityconstraintsand the
otheraniterative versionof the rst. A substantiaportion of the
paperis devotedto Section2 which includesthe analyticaldevel-
opmentof the proposedestimationframenork. Section3 includes
simulationresultsandconclusion.

2. MAIN ANALYSIS

As we introducenotationwe derive two simple results,namely
thatsparsityconstraintgesultin linear estimatorof missingdata
(Propositior2.1),andconversely linearestimator®f missingdata
determinesparsity constraints(Proposition2.2). Since sparsity
constraintareestablishedhroughthe utilized transformthereex-
istsa correspondendeetweertransformgtogethemwith theindex
setof smalltransformcoefcients) andestimatorsA consequence
of thisis thatthe optimaltransformsntroducingthe sparsitycon-
straintsaretied to optimal estimatorsandvice versa,whereopti-
mality is in themeansquarecderrorsenseandmeansarecalculated
over ensembleor conditionalstatistics(Section2.1). We restrict
the discussionto orthonormaltransformationslue to spacerea-
sonsbut we notethatour resultsaregeneralizabléo othercases.

Supposehat the original imageis arrangedinto a vector x
(N 1), suchthat

- Xo
x= 0 (1)
wherexo (ng 1) constitutegheavailablepixelsandx; (n1 1)
denoteghe pixelsin the missingregion. We haveng + n; = N.
Giventhe imagecontainingthe missingregion, we would like to
form anestimateof theoriginalimagex by

y= @

whereR; is our estimateof the missingregion x ..

Withoutlossof generalityletG (N N ) denoteanorthonor
mal transformationactingon y to yield transformcoefcients ¢
(N 1)viac= Gy. Partitiontherowsof G intoG, (Z N)
andGs (N  Z) N) toindicatethe portionsof thetransform
that is known to produceinsigni cant and signi cant transform
G,

Gs

We startby recoveringx, subjectto theconstraintG,y = 0,
i.e., theinsigni cant transformcoefcients arezero. Partition the
columnsof G intoG ;0 (Z ng)andG,.1(Z n3)toindicate
portionsthatoverlapxo and®1 suchthatG, = Gy .o | G
andour constrainbecomess | .oXo + G.1%1 = 0.

In orderto avoid issuesrelatedto equationrankslet us re-
formulatethis constraintby consideringthe equivalentproblem
wherewe obtain®; thatminimizesjjG, yjj2. Thisresultsin

G.1Gi:0Xo+ G[1GiaR1 = O; (3)
where(:::)T denotesransposeDependingntherankof G . it
is clearthatEquation(3) canbesolvedeitherexactly to recoser®
or it canbe solvedwithin the positive eigenspacef G .T;lG| 1 to
recover the portionof R, lying in this subspaceln thelatter case
we assumehatthe componenbf R, orthogonatto the alludedto
subspacés setto zero.We thushave thefollowing result.

Proposition2.1 Theconstaint givenby Equation(3) resultsin a
linear estimateof x1 in termsof X, i.e.,
R1 = AXo (4)
whereA (n1  np) isamatrixdeterminedy G, .
Supposewe form a linear estimateof x; usinga matrix A
(n1  no)viari = AXo. Wehave
y= 3 = A X (5)
wherel is the ny dimensionaidentity. Thusy is constrainedo
lie in ang dimensionakubspacandwe have thefollowing result.
Proposition2.2 Any linear estimateof x1 givenby Equation(5)
resultsin estimatesconstainedto an no dimensionalinear sub-
spacewhich yieldsa sparsity constaint of theform
Giy=0 (6)
wheeG, (n1 N)isamatrixof orthonormalrowsdeterminedy
A uptoann; dimensionatotation.Eachrowof G, is orthogonal
totheconstainingsubspaceG, canbeaugmentedo a complete
orthonormaltransformatiorG (N N) viatheselectiorofa G s
of orthonormalrows(uptoan n, dimensionatotation).
2.1. Optimal Sparsity Constraints, Estimators, and Statistics
In ary estimationprocedureon stochastiadataonewould like to
form the optimal estimatesindera given delity criterion. In this
paperwe areinterestedn the bestestimatesn the meansquared
error sense.With the aid of Propositions2.1 and2.2 we canim-
mediatelyseethatthe optimalsparsityconstrain{G |y = 0) is es-
tablished(upto rotations)by the optimal linear estimator(A ) and
vice versa,whereoptimality is in the meansquarecderror sense.
We next look attheform of theseoptimalestimates.
It is importantto note that given a linear estimationmatrix
A we canobtain G, andthe compoundtransformG by alge-
braic operationsvithout requiringary further statisticalinforma-
tion (Propositior2.2). Similarly, givenG we canobtainthecorre-
spondindinearestimationmatrix without requiringfurther statis-
tical information (Proposition2.1). Hencethe sparsityconstraint

coefcients respectiely, i.e.,G =



usedto generatethe estimatesummarizeghe requiredstatistics
andthe manneiin which this sparsityconstrainiis obtaineddeter
minesthe type of statisticsutilized. Considerzero meansignals
andlet E[: : ;] denoteexpectation.
Apriori Sparsity Constraints and Ensemble Statistics: When
the utilized sparsityconstraintis determinedapriori for a classof
signalsj.e.,whenthesparsityconstrainis notallowedto adaptto
eachsignal,the optimal estimateminimizes
Elix  yi’] (7)
wherey is giventhroughEquation(5), with A x edfor theclass
of signals. In this case,assumingthat the covarianceof xq is
full rank, it is well known thatthe optimal A is givenby A =
E[x1xd (E[xoxd 1) !, i.e.,theoptimalsparsityconstrainshould
be chosensuchthat one forms the optimal linear estimateusing
secondrderensemblestatistics.
Adaptive Sparsity Constraints and Conditional Statistics: If
the utilized sparsityconstraintis allowed to adaptto eachsignal
in the class the optimal estimatds onethat minimizesthe condi-
tional meansquarecerrorgiventhatwe have obseredxg
Efix  yii*jxo] 8)
wherey is again giventhroughEquation(5), E[: : : jXo] indicates
thattheexpectatioris conditionenx, andthistimeA ischosen
tovaryfor eachrealization.TheoptimalA is foundby minimizing
Efix:  Axojj’jxo] ©)
andthe optimal sparsityconstrainis choserto vary for eachreal-
izationto resultin this valueof A .

For nonstationarysignalslike images,edgesand otherlocal-
ized singularitiesplay importantroles. It is well-known thaten-
semblestatistics*hide” the in uence of edgesandestimationor
approximatiorbasedon ensemblestatisticshaspoor performance
on imagesandsimilar nonstationarysignals[3]. Indeed,the per
formancedifferencebetweerestimatordasecdn ensemblestatis-
tics and thosebasedon conditionalstatisticsis in generalover-
whelmingly in favor of estimatorsbasedon conditionalstatistics
on images. In this paperwe will be constructingsparsitycon-
straintsconditionedon xo with the ultimate aim of constructing
estimatorf x; thatminimize Equation(9).

2.2. Adaptive Sparsity Constraints

As outlinedin Section2.1 andearlier thereis a fundamentahd-

vantagen usingconditionalstatisticsin the estimationof missing
regionsonimagesandsimilar nonstationargignals.Thisrequires
the determinatiorof appropriatesparsityconstraintasingthe in-

formation provided by the available pixelsin xo. It is clearthat,

dependingon the utilized transformatiorandthe classof signals
on which estimationis to be done,the determinatiorof the cor

rectsparsityconstraintdrom xo canbeavery dif cult estimation
taskin itself. In this papemnwe areinterestedn the classof signals
that are composedf locally uniform regions separatedby edges
or edge-lile singularities. Over suchsignalswe utilize localized
transforms(DCTs of varioussizes)and proceedwith the estima-
tion taskby decomposinghe missingpixelsinto “layers” (Figure
1). Oncethe missingregion is decomposeéhto L layerswe start
by choosinganinitial valuefor thepixelsin themissingregion (say
themeanvalueobtainedfrom the pixelsimmediatelysurrounding
the missingregion). We determinethe sparsityconstraintanddo

thetransformcoefcients dueto basisfunctionsthathave limited
spatialoverlapwith layersj i arehard-thresholdedith agiven
thresholdT . The basisfunctionsthat correspondo thosecoef-
cientsthathave magnitudedessthanT arethenusedto establish

Image Image = Layer 0

o Layer 1

Layer 2
Layer 3

lLost Block

Fig. 1. The missingregion composedf a lost block is grouped
into layers(layer0 incorporateshe availablepixelsin xo).

the sparsityconstraintfor layeri andthe pixelsin layeri arees-
timated. The operationis repeatedsequentiallyfor all layersto
estimateall missingregion pixels. Figure 2 illustratesa tiling of
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Fig. 2. Thek™ block DCT coefcients are hard-thresholdedtb
determinesparsityconstraintsf the spatialoverlapwith layersP
throughL is limited.

theimagein termsof M by M DCT basisfunctions. In estab-
lishing the sparsityconstraintfor layerP, we only hard-threshold
the DCT basisfunctionsthat have limited overlapwith layersP
throughL . Thisis doneto ensurahattheestablishedparsitycon-
straintis mostlydeterminedy theavailablepixelsin xo andpixels
thathave alreadybeenestimatedn the previouslayers.
2.3. OvercompleteTransforms
In denoisingapplicationst is well-knowvn thatusingan overcom-
plete bank of transformsprovidestranslationinvariant operation
and signi cantly improves performance[4]. In orderto obtain
similar performancebene ts we allow all M 2 shiftsof anM by
M DCT to establishsparsityconstraintsn the estimationof each
layer. Givenovercompletesparsityconstraintestablishedhrough
Gly=0(= 1;:: :I5M 2), we canmodify equation3 to yield
the®, thatminimizes l“ilz jiG|yiji2. Weincorporatetranslation
invariantsparsityconstraintdn this fashionto further the perfor
manceof our estimates.
2.4. Family of Estimators for a Given Transform
It is clearthatwe canobtaina family of estimatorsdependingon
which basisfunctionscomprisingtherows of thetransformG es-
tablishthe sparsityconstrainin Equation(3), i.e., whichrows are
usedto form G,. Supposeve constructa setV to determinethe
row indexesin G of the basisfunctionsthatform G, . LetZ de-
note cardinality of this set. Thenit is clearthat the numberof
estimatiormatricesA thatwe canadaptvely construcis givenby
Py N
z=0 Z
allows a singletransformto successfullyestimatea large variety
of regionsfrom edgedo high frequeng regionsandtextures.
2.5. SuccessfuEstimation and Nonlinear Approximation
With theindex setV constructedn Section2.4theclassof signals
we can perform*“successful’estimationunderthe meansquared
errormetriccanreadilybeestablishe@stheclassfor which E [jjx1
21(V)jj%] << E[jjx1jj®]. Note the changeof notationto shov
the dependencef the formed estimateson the setV sinceV is
expectedto vary for eachestimate.While Z alsovariesfor each
estimate we canadjustour techniqueto performestimationonly

= 2N | As our simulationexamplesindicatethis



whenZ exceedsa predeterminedialueZo. The resultingclass
of signalscanthenbetied! to nonlinearapproximatiorclassegor
which one canperformsuccessfubpproximatiorusingthe given
transformbasisby keepingnomorethanN  Z, coefcients [5].
2.6. Algorithms

We proposéwo algorithmsthatusethelayerdecompositionGiven
T, the rst algorithm lls layerswith aninitial value,establishes
adaptve constraintsfor eachlayer throughthresholding,and -
nally solvesfor the missingpixelsin eachlayerasoutlinedin Sec-
tion 2.2. Theinitial thresholdT is determinedsayby the standard
deviation of pixels immediatelysurroundingthe missingregion.
However, thisvalueof T maynotbeableto establistsparsitycon-
straintsfor detailedimagefeatures. The algorithmthus hasthe
optiontoreduceT by T andreestimatehelayersby essentially
usingthe previousestimateasaninitial value.

The secondalgorithm convertsthe rst algorithmto a fully
iterative algorithmwhereinsteadof solving for the missingpix-
els throughthe linear equationsresultingfrom the sparsitycon-
straints(asis donewith the rst algorithm),the equationsn our
notationarereplacedwith projectionsby in turn establishingv =
HI H2y" and®]*" = [0j1]w, wherel is then; dimensional
identity, andy"** = [x{jR]™ T]". Notethatif sparsitycon-
straintsremain x ed(H2 = Hs), theestablishegrojectionsare
justaniterative way of solvingthelinearequationsin thelayered
casewe startwith thresholdT andcarryoutonesuchiterationfor
eachlayer Onceall the layersareprocessedthe thresholdis re-
ducedby T andanothersetof iterationsarecarriedout. Priorto
eachiterationhowever, we reestablistsparsityconstraintdor the
particularlayer, i.e., we reestablistsparsityconstraintdor layeri
beforedoing the next iterationfor layeri. This procedurecanbe
seerasaniterateddenoisingalgorithm[7].

3. SIMULATION RESULTS AND CONCLUSION

All simulationresultsin Figure 3 arewith the secondalgorithm.
The utilized fully overcompleteDCT basisis indicatedwith the
estimatedmage. T = :1 andtheiterationsareterminateconce
T reachedls = 5. Resultsl; 2; 5; 6; 8 arefrom the standardm-
ageBarbara Theremainingresultsareon 128 128imagesrom
the Vistex databas¢19]. All resultsimprove PSNRsigni cantly
over an estimatebasedon the local meanexceptresult7, where
surroundingegionsdo not offer enoughnformationto predictthe
missingregion. It shouldbe obsered how a single transforma-
tion suchasthe 16 by 16 DCT is capableof predictinga variety
of regionsasexpectedthroughour formalism. Dependingon the
type of region hawever, for exampleresult9, onehasto establish
sparsityconstraintdy usingbiggerDCTs sincethe portion of xo
overlappedy theDCTsshouldbesufcient for prediction.Dueto
spaceaeasongherole of thetransformin relationto the stochastic
modelsof the missingregionswill beanalyzedn anothempaper
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