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Abstract

We show that for a special class of probability distributions that we call contoured distributions,
information theoretic invariants and inequalities are equivalent to geometric invariants and inequalities
of bodies in Euclidean spaceassaiated with the distributions. Using this, we obtain characterizations
of contoured distributions with extremal Shannon and Renyi entropy. We also obtain a new reverse

information theoretic inequality for contoured distributions.
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I. Intr oduction

That there is a connectionbetweeninformation theory and geometrywas demonstrated
by Lieb [1] and later, unaware of Lieb's earlier work, proposedby Costa and Cover [2].
This connectionwas deweloped in detail by Cover, Dembo, and Thomas[3] (also, see[4]).
We shaw in this paper that an even closer connection can be made through the study
of a special classof probability distributions that we call contoured distributions. Known
geometricinequalitiescan be obtained by applying basicinformation theoretic inequalities
to contoured distributions. Conversely we shav that new reverseinformation theoretic
inequalities for corvex cortoured distributions can be obtained from recerily established
reversegeometricinequalitiesfor corvex bodies. An openquestionis whetherthesereverse
inequalities hold for a larger classof probability distributions.

Our work was originally motivated by ideasintroducedby Lieb [1] and Costaand Cover
[2] and deweloped further by Cover, Dembo, and Thomas [3]. Costa and Cover obsened
that the Brunn{Mink owski inequality, which is about the geometry of bodies, closely
resenbles the Shannonpower inequality, which is an information theoretic inequality for
probability distributions. They speculated that the similarity was not coincidertal. It
turned out that Lieb [1] had already showvn that the Brunn-Minkowski and Shannon
inequalities both followed from the sharp Young'sinequality proved by Bedner [5] (also,
seeBrascamp-Lieb[6]). Cover, Dembo, and Thomas [3] found other parallels between

information theory and geometry showving, among other things, that the isoperimetric
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inequality in geometryis analogousto an inequality relating the Fisher information and
entropy of a probability distribution.

The results obtained by Cover, Dembo, and Thomas apply to any probability distribu-
tion that satis es mild regularity assumptions.They alsoshow that inequalitiesinvolving
determinarts of positive de nite symmetric matrices can be proved by applying informa-
tion theoretic inequalities to Gaussiandistributions. We showv here that this approat
can be generalizedand that geometricinequalities for bodies in Euclidean spacecan be
obtained by applying information theoretic inequalities to the larger classof corntoured
distributions.

Roughly speaking, a distribution is called contoured, if there is a setin R" sud that
any level set of the probability density function is a dilate of this set. We call this setthe
contour body of the distribution. Any reasonablestar-shaped setin R" that corntains the
origin in its interior can be realizedas the the cortour body of a cortoured distribution.
Seexl| for precisestatemerts. Contoured distributions whosecorntour body is an ellipsoid
certered at the origin are known as elliptically cortoured distributions and have been
studied extensiwely (see,for example,[7]).

The probability distribution function of a cortoured distribution can always be repre-
sernted as the composition of two functions, one that dependsonly on the norm of the
random vector and the other that dependsonly on the direction. Using this obsenation
along with polar coordinateson R", any information theoretic invariant of the distribu-
tion that is de ned by an integral can be broken up into two parts, a radial pieceand an
angular piece. A closerexamination of the angular part shavsthat it is equalto a geomet-
ric invariant of the cortour body. This approad to studying natural integrals involving
contoured functions is not new; it has been, for example,also usedby Yamada, Tazaki,
and Gray [8] to obtain formulas and results for norm{baseddistortion functions that are
similar to those presened herel

We provide a precisede nition of a cortoured probability distribution and its assaiated
contour body in xII. Next, in xI11 we useintegration in polar coordinatesto obtain formulas
for the meanand erntropy of a cortoured distribution in terms of the certer of massand

We would like to thank the refereefor bringing this paper to our attention.
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volume of the cortour body. We also show that the covariance and Fisher information
matrices of a cortoured distribution are closelyrelated to geometrically natural ellipsoids
assaiated with the cortour body.

In xIV we recall somewell-known inequalities relating the entropy of a probability dis-
tribution to its covariance and Fisher information. These results, along with the polar
decomposition of a cortoured distribution, leadto characterizationsof a cortoured distri-
bution with extremal ertropy in terms of its radial pro le and cortour body (seexl| for
the de nitions). These characterizations,in turn, imply two geometricinequalities, one
classicaland onerecerily discovered.

This naturally leadsto the question of whether new information theoretic inequalities
can be proved using geometric inequalities. We demonstrate one caseof this, where a
reverse geometric inequality recerly establishedby the authors implies a new reverse
information theoretic inequality for contoured probability distributions. We endthe paper

with animportant conjecturedgeometricinequality and its analoguein information theory.

1. Definitions
A. Preliminaries

Given an integern 1, we shall denote n{dimensional Euclidean spaceby R". The
standard Euclideannorm on R" will be denotedkxk, for any x 2 R".
The sphereof unit vectorsin R" will be denotedS. Recall that polar coordinates on

R" are given by the map

S [01) ! R"

(u;r) 7' x=ru;

wherer and u can be recoveredfrom x 2 R" using the formulas

X
= kxk; U= o
' XK kxk

Standard Lebesguemeasureon R" will be denoted dx. The standard surface area
measureon S will be denoted du. Using polar coordinates, Lebesguemeasurecan be
written as

dx = r" 1drdu:
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De nition: We shall denotethe kall of vectors with Euclideannorm at most 1 by B and
its volumeby v, ; note that 7 7
du: 1)

B. De nition of a contoured distribution

De nition: A probability density function f (x) de nes a contoured distribution, if using
polar coordinatesthere exists a decompsition of the probability density function f of the

following form:
fx)=rc (r (u); )

where

C = apositive constart;
St (0;1);
[0;1)! [O1):

The constart ¢ can, of course,be absorbed into the function , but it will be conveniert
to have the extra degreeof freedomin the normalizations discussedater. Given sud a

decompsition, we call the function a radial pro le and the set
C=fru2R"jr (u 1g 3)

a contour body of the distribution with density function f (x).
It is corveniert to extend to be a homogeneoudgunction on R" by setting (0) = 0
and for x 6 0,
X

(X) = kxk ﬁ

Using this de nition, is positive away from 0 and hom@en®us, which meansthat for
any x 2 R"andt2 R; t> 0,
(tx) =t (x):

With this de nition of , the decomposition in (2) can be written as

f(x)=c ( (x):
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C. The contour body and its shape function

De nition: We will call any function : R" ! R that is positive away from 0 and
homogeneous shage function.

De nition: A setC R" is saidto be star{shaped, if for any x 2 C, the line segmen
joining 0 to x liesin C.

De nition: We will call any compact star{shaped set that cortains a neighborhood of
0in R" a contour body.

Assciated to any shape function is the contour body
C =fx2R"j (x) 1g (4)

Conversely assaiated to any cortour body C is the shape function de ned by

n X (0]
c(x)=inf t>0j22C ; (5)

forany x 2 R".
Lemmal: Equations (4) and (5) de ne a one{to{one correspndencebetween cortour
bodies and shape functions.
For example,if the contour body C is a unit ball certered at the origin, then (x) = kxk:
For corveniencewe will restrict our attention to cortour bodieswith cortinuousshape
functions. Strongerassumptionson the cortour body will be stated explicitly asneeded.
The most basicinvariant of C is its volume V(C), and its formula in terms of the shape

function ¢ is neededthroughout. Using polar coordinates, it is given by

2
vi©) = o . c(u) "du; (6)

wheredu is the standard surfaceareameasureon the unit sphereS.
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D. The radial pro le

Let f be the density function of a cortoured distribution given by f (x) = ¢ ( (x)):

Sincethe total integral of f is equalto 1,
Z

1 = f (x) dx
i
= c (r (u)r" tdrdu
7870,
= c (s)( (u) 's)" ! (u) *dsdu
sz Z,
= ¢ = (u"du n (s)s" lds
n s 7 0
1
= ¢cV(C) n (s)s" lds (7)
0

whereV (C) is given by (6). It followsthat aradial prole must be a measurablefunction
:[0;1)! [0;1) sud that Z,

(r)r™ tdr< 1: (8)

Note that the radial prole can ei)/en be a generalizedfunction, sud as a Dirac delta

function, aslong as (8) holds. Stronger assumptionsabout the radial prole  will be

stated explicitly when needed.

E. Normalization of ¢, , and C

First, obsene that by (7) the constart c is uniquely determined by the radial pro le
and the contour body C. Second,the decompsition f (x) = ¢ ( ¢(x)) of the density

function f of a cortoured distribution is not unique. Given positive constarts a and b, if

Ny 0
€ = blc= Bszc;
e(X) = b c(x);
r) = a(b'r);
e = alc

it is clearthat f (x) = e e(X)):
The radial prole canbe partially normalizedby requiring the spherically symmetric

function
f (x) = (kxk) 9)
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to be a probability density function, sothat
Z Z,

(kxk) dx = nv, (r)r" tdr;
R" 0

1

wherev, is given by (1). If this holds, then by (7)

Vi

109 = Vi

( (x)) (10)

Throughout this paper, we will always usea decompsition of f that satis es (10).
Howewer, this normalization still doesnot uniquely determine , C, and ¢, becausewe

can still rescaleas follows:

“(x) = b(x)
r) = b" (b'r)
e = b'c

Ideally, there should be a natural unique normalized decompsition of f . Three possi-
bilities are described in the appendix. We do not nd any of them satisfactory, and our
results in the following sectionsare preserned without using any of the normalizations
discussedn the appendix.

I1l. Invariants of contoured distributions

In this sectionwe show that by usingpolar coordinatesto integrate over R", information
theoreticinvariants of a contoured distribution always split nicely into two factors, onethat
dependsonly on the radial pro le and the other only on the corntour body. In particular,
we obsene that for a cortoured distribution with zero mean the covariance and Fisher
information matrices are closely related to naturally de ned ellipsoids assaiated with
the cortour body. Here, by the Fisher information matrix we meanthe n  n Fisher

information matrix obtained by translating the probability distribution in R".
A. The mean
Recallthat abody C R" with constart massdensity hasa center of mass
Z
R = 1 X dx: (11)
V(IC) ¢
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Lemma2: Given a corntoured distribution on R" with probability density function f

given by (10), the meanof the distribution is given by

g= 1" Lan
n
where® is the certer of massof C andZ
r o= kxk (kxk) dx:

Rn
Proof: Using integratié)n in polar coordinates,

X = xf (x) dx
vozz,
= n ru (r (u)r" *drdu
V(C% . . (r (u) :
! 1 n 1d
= V, s" (s)ds —— u (u u
n 0 ( ) V(C) s ( )
On the other hand,
1 Z
2 = ———  xdx
V(C) ¢
1 fhcw T
= — r"udrdu
V(C) S 0 Z
— 1 n 1
© eV MW
and
Z
r = kxk (kxk) dx
VAN
= r" (r)drdu
S 9.
= nv, r" (r)dr

0
[

It follows that a cortoured distribution with bounded meanhas meanequalto 02 R"
if and only if the certer of massof its cortour body is at the origin.

De nition: A corntoured distribution is balanced if the certer of massof its cortour body
is at the origin.

It is worth noting that if C is an ellipsoid certered at the origin or any other origin{
symmetric body ( ¢c( X) = c(x)), its certer of massis at the origin and therefore the

contoured distribution is balanced.
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B. Volume and entropy

De nition: The (di erential) Shannonentropy of a probability density function f on
R" is de ned by 7
h[f]= f (x) logf (x) dx:

R

More generally givenq2 R sud that q> 0and g6 1, the g{Renyi entropy is de ned by
Z

1
= adx:
hif]= =gl f(97dx

R
Note that limg 1 hg[f ] = h[f] and thereforewe can de ne h, = h. Furthermore, if f has

compactsupport, then the O{R enyi entropy hg[f ] is well{de ned and equalto
ho[f ] = logV (suppf);
where
suppf = fx jf(x)> Og:

Lemma3: Giveng 0 and a corntoured probability distribution with density function
f given by (10), the gfRenyi entropy of f is related to the g{Renyi entropy of f , de ned
by (9) and the volume of the cortour body C via:

helf] = hqlf 1+ log V\(/C):
Proof: Note that ’
z ZZ,
F(x)dx = —on (r (u)9" Ldrdu
Rn V(C) 75 0 7
Vi, q 1
= V(O) ()%s" *ds  (u) "du
¥ ; 10 7 . S
= : Voh s)s" ds
I n- (s)
VA 12
= V(r&:) f 9(x) dx;

where we have used (10), (9), and (1). The formula for h[f ] can be obtained either by
taking the limit q! 1 of the formula for hg[f ] or by a direct computation similar to the

one above. [ |
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C. Ellipsoids

Two of the most important invariants assaiated with a probability distribution are its
covariancematrix and its Fisherinformation matrix, which are positive de nite symmetric
matricesand thereforede ne ellipsoidsin R". A cortour body in R" alsohastwo naturally
de ned ellipsoidsasseiated with it. We shaw that for a balancedcontoured distribution,
the ellipsoidsassaiated with the corntour body coincidewith the ellipsoidsassaiated with
the distribution.

First, recall that a symmetric positive de nite n  n matrix A uniquely determinesan

ellipsoid E in R" certered at the origin:
E=fx2R"jx A x 1g (12)

Conversely givenanellipsoidE in R" certered at the origin, thereis auniquely determined
symmetric positive de nite n n matrix A sud that (12) holds.

De nition: Givenasymmetric positive de nite matrix A, we will denotethe correspnd-
ing ellipsoid by E5. Conversely givenan ellipsoid E ~ R" certered at the origin, we will
denotethe correspnding symmetric positive de nite matrix by [E].

We alsorecall that the volume of an ellipsoid is given by
p__
V(Ep) = detAvy; (13)
wherev, is given by (1).

D. Two ellipsoids asseiated with a setin R"

De nition: Given a measurableset K ~ R" with positive volume and certer of mass

located at the origin, considerthe following positive de nite symmetric matrix

n+ 2
i = V—(K) ) XiXj dx; (14)

and denotethe correspnding ellipsoid by
oK = Ea: (15)

The ellipsoid is normalizedsothat for the unit ballB  R", ,B = B. The ellipsoid ,K

is calledthe Legende ellipsoid or the ellipsoid of inertia in physics(see[9] for a discussion
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of its history). The matrix [ ,K] is, up to a scalefactor, the covariance matrix of the
uniform distribution on K.

More recerily, Lutwak, Yang, and Zhang [10] have introduced another ellipsoid that is
naturally assiated with a boundedcorvex setthat cortains the origin in its interior. It
is in somesensedual to the Legendreellipsoid and can be described as follows.

De nition: Given a cornvex cortour body K R" with shape function , let F be the

positive de nite symmetricn n matrix sud that for any vectorv 2 R",

Z
n
v Fv= (v r )%dx (16)
V(K) «
wherer denotesgradiert, and denote
oK = Ep 1 (a7)

Notethat ,K isde ned usingF !. Again,the de nition isnormalizedsothat ,B = B

for the unit ball B.

E. Two ellipsoids asseiated with a prokability distribution

De nition: The covarianae matrix of a probability distribution with density function f

on R" with nite varianceand zeromean,is given by
z

Aj = XiX; f (x) dx: (18)
Rn

Denote the assaiated ellipsoid by
2f = Ea: (19)

Lemmad4: Given a contoured distribution having density f given by (10) with nite
varianceand zeromean,
of =7 G

where 7
A2 = % kxk? (kxk) dx: (20)

Rn
In particular, if the decomposition (10) is normalized as in Lemma 17, then the two

ellipsoids ,f and ,C coincide.
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Proof. First, obsene that using polar coordinateson (14), givenany v2 R",

v [ ,Clv = n+2 (v x)?dx
V(C) ¢
Z Z 1
n+2 W ( )2 n+ld d
= v u)r rdu
V(C) ZS 0
1 2 n 2
= —— (vu u du:
Vo VWt
Therefore,
Z
v [ f]v = (v x)%f (x) dx
Nzz,
= n r" (r (u)(v u)?drdu
VG 5 O
— Vn n+1 2 n 2
= S s)ds (v u u du
Vo L, S @ds v uT W
= A%y [ ,Cv

|

Note that if f is elliptically cortoured, then the ellipsoid ,f is, up to a scalefactor,
equalto the cortour body C itself.

De nition: A probability distribution having density f (x) on R", hasann n Fisher
information matrix F assaiated with the family of distributions obtained by translating
f (x). The componerts of F are given by

@ogf @ogf
rn @ @;

and the correspnding Fisher information ellipsoid by

Fij = (x) (x)f (x) dx (21)

of = Ef 1 (22)

Obsene that Fisher information is well{de ned only if the gradiert of the squareroot of
density function f is L2.
Lemmab: The Fisherinformation ellipsoid ,f of a cortoured probability distribution

with probability density function f is given by

of = ~ LG
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where 7
o2 17 (Axk)?
N oge (kxk) T

~

(23)
Proof: Givenany v2 R",

v [ Zf] v
= (v r f(x)(f(x)) *dx

RN
W 25 2
V(C% S 0 (r (u)
A ! O(S)an ldS
07 (s)

1w w)? () "du

V@ s
\Y/

(v r (u)?" *drdu

— (v r (ru)?" drdu

- - (v r (x)%dx

wherewe have used(10) and (16). [ |
Again, obsene that if f is elliptically cortoured, then the ellipsoids ,f, ,f,andC

are, up to scalefactors, the same.

IV. Extremal contoured distributions
A. Maximum entropy contoured distributions

It is wel{lknown that amongall probability distributions with a given covariancematrix,
the unique distribution with maximum ertropy is the Gaussian.In particular,
Theorem 6: (Theorem9.6.50f [4], usingour notation in Equations(19) and (13).) Given

a probability density function f on R",

hif] log (2 e)%@ ;

n
with equality holding if and only if f is a Gaussiandistribution function.

This theorem combined with Lemma 3 implies the following.
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Proposition 7: The ertropy of a contoured probability distribution with density function

f given by (10) satis es the inequality

hif] log (2 er?)s Y (C) .

n

where *? is given by (20) and equality holdsif and only if the radial pro le of f is

r2:2/\2 .

1
(I’) = (2 /\2)n=2e
In other words, amongall cortoured distributions with givencortour body C and radial

variance,the entropy is maximal if and only if the radial pro le is Gaussian.

B. Minimum entropy contoured distributions

It is wel{known that the isoperimetric inequality for bodiesin R" can be proved by
di erentiating the Brunn{Mink owski inequality. Stam [11]and Dembo [12] shoved that a
similar argumert applied to Shannon'sentropy power inequality results in the following
sharp lower bound for ertropy in terms of Fisher information.

Theorem 8: Given a probability distribution with density function f onR",

h[f] log (2 e)%@ ; (24)

n
with equality holding if and only if f is a Gaussiandistribution.

Again, note that we have used(22) and (13) to state the theoremin terms of the quartities
of this paper.

This inequality has many di erent equivalert forms and has beenproven many times
in its di erent guises. The 1{dimensional caseis due to Stam [11] in 1959. The higher
dimensionalcasewas rst proved by Weissler[13]in 1978. On the other hand, Bedkner{
Pearson[14] prove that (24) is equivalert to the logarithmic Sololevinequality proved by
Gross[15] in 1975. The logarithmic Sololev inequality cortinuesto be studied actively
[16],[17],[18]. The equality condition in Theorem 8 was establishedby Carlen [19].

This theorem combined with Lemma5 implies the following.

Proposition 9: The entropy of a contoured probability distribution with density function
f given by (10) satis es the inequality

] log (2 e )
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where ~ is given by (23). Equality holdsif and only if the radial prole of f is

r2=p~2,

1
(r) = (2 ~2)nzze
In other words, amongall cortoured distributions with givencorntour and radial Fisher

information, the ertropy is minimal if and only if the radial pro le is Gaussian.

V. Geometric inequalities and applica tions to Renyi entr opy
A. A volumebound for the Legende ellipsoid

Theorem6 immediately implies the following well{known elemenary geometricinequal-
ity.
Proposition 10: Given any cortour body C R",

V(C) V( 20);

with equality holding if and only if C is an ellipsoid certered at the origin.

Proof: Let
- 1 2=2.
(0= Gyt

f begivenby (10), andf by (9). By Lemma3, Theorem6, and Lemma4,

logV(C)

logv, + h[f] h[f ]
logV( »f)

logV( 2C)

Moreover, equality holdsif and only if f is a Gaussianwith meanzero, which implies that
C is an ellipsoid certered at the origin. [ |
This result leadsto the following characterization of cortoured distributions with max-
imum Reryi ertropy.
Corollary 11: Givenq 0, the gfRenyi entropy of a corntoured probability distribution

with density function f given by (10) satis es the inequality
V( of).

/\nvn !

holf 1 hqlf 1+ log

with equality holding if and only if C is an ellipsoid, wheref is given by (9) and " is

given by (20).
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In other words, amongall cortoured distributions with a givenradial pro le and covari-
ancematrix, the g{Renyi entropy is maximal if and only if the distribution is elliptically

conoured.

B. A volumeboundfor ,C

Theorem 8 can be usedto prove the following inequality that was recerily established
by Lutwak, Yang, and Zhang[10].
Proposition 12: Given any cortour body C R",

V( 2C) V(C);

with equality holding if and only if C is an ellipsoid certered at the origin.
Proof: Let ,f,andf beasin the proof of Proposition 10. By Lemma3, Theorem8,

and Lemmab,

logV(C) = logv,+ h[f] h[f ]
logV( f)
= logV( C):

By the equality condition of Theorem 8, equality holdsif and only if f is Gaussianwith
meanzeroand therefore C is an ellipsoid certered at the origin. [ |
This result leadsto the following characterization of cortoured distributions with given
Fisher information and radial pro le and minimal Reryi ertropy.
Corollary 13: Givenq 0, the gfRenyi entropy of a cortoured probability distribution

with density function f given by (10) satis es the inequality

nlf] helf 1+ log ¥ 2,

n
with equality holding if and only if C is an ellipsoid, wheref is given by (9) and ~ is
given by (23).

In other words, amongall corntoured distributions with a givenradial pro le and Fisher
information matrix, the gfRenyi entropy is minimal if and only if the distribution is

elliptically cortoured.
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VI. Reverse inf ormation theoretic inequalities

Lutwak, Yang, and Zhang[10] shaw that if a cortour body C is assumedto be origin{
symmetric and corvex, the following reverseinequality holds:

Theorem 14: Given any origin{symmetric corvex cortour body C R",
V( 2C) 2 ",V(C);

with equality holding if and only if C is a parallelotope certered at the origin.

We call a probability density function f (x) origin{symmetric, if for every x 2 R",
f( x)=1(X):

Note that a corntoured distribution is origin{symmetric if and only if its cortour body is
origin{symmetric and that an origin{symmetric cortoured distribution is always balanced.

We will call a cortoured distribution convex if its cortour body is corvex.

Theorem 14, along with Lemma 3 and Lemma 5, immediately implies the following
remarkable reverseinequality:

Theorem 15: Let f be the density function of an origin{symmetric convex corntoured
probability distribution, f be given by (9), and ~ be given by (23). Then given any
qg O,

helf1  helf 1+ I09M+ Iogg ;
<y, .
with equality holding if and only if the cortour body of f is a parallelotope.

This theorem, along with Theorem 8, shows that it is possibleto bound the erntropy
of an origin{symmetric corvex cortoured distribution from belony and alove using the
distribution's Fisher information. An interesting question is whether there is a larger
classof probability distributions that can be called convex in somesenseand that also
satisfy Theorem15. It is worth noting, howeer, that the classof origin{symmetric corvex
cortoured distributions already cortains most, if not all, commonlyusedexplicit examples
of multidimensional probability distributions.

Given Theorem 14, it is natural to ask what is the best possibleconstart ¢ sud that

any origin{symmetric convex cortour body C R" satis es

V( ,C) c"V(C):

ZA set R" is origin{symmetric , if forany x 2 , x2 .
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Neither this nor the equality condition is understood. In particular, animportant unsoled
conjecturein convex geometryis that cis a boundedfunction of the dimensionn (see[20]
for details). This conjecture hasthe following information theoretic formulation.
Conjecture 1: For eadh q O there exists a constart ¢ (independent of the dimension
n) suc that the following holds: Any density function f of an origin{symmetric corvex

contoured probability distribution on R" satis es

V( 2f)

/\nv

holf ] hqlf ]+ log

nlogc;
n

wheref s given by (9).

VI I. Conclusion

We have demonstratedhow basicinformation theoretic invariants of a cortoured prob-
ability distribution are closelyrelated to geometricinvariants of its contour body and how
known information theoretic inequalitiesimply known geometricinequalities. On the other
hand, a recertly establishedreversegeometricinequality yields a new reverseinformation
theoretic inequality for origin{symmetric corvex contoured distributions. An outstanding
conjecturein corvex geometryimplies another newreverseinequality for origin{symmetric
corvex cortoured distributions.

Given the closerelationship betweenthe information theoretic properties of contoured
distributions and geometric properties of the assaiated cortour bodies, we beliewe that
further study of cortoured distributions would have signi cant impact in both information
theory and geometry

We alsobeliewe that the obsenations and resultsestablishedin this paper shouldextend
in someform to more general probability distributions. In particular, there should be
a generalnotion of a convex probability distribution for which the reverseinequalities
descriked here hold.

Appendix

Three di erent normalized represemations of a cortoured distribution are presered
below. The proofs are straightforward and therefore omitted.

The normalization given by Lemma16 below is perhapsthe most natural. It normalizes
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the contour body uniquely, sothat information about the variance or the spreadof the
distribution is completely cortained in the radial prole. Although this is perhapsa
reasonableapproad), it may be preferableto have the geometry of the cortour body
re ect the spreadof the distribution. The decompsitionsdescritedin Lemmas17 and 18
normalizethe radial pro le uniquely, allowing sizeof the corntour body to re ect the spread
of the distribution. Howeer this is at the expenseof requiring additional assumptionson
f. Lemma 19 takesan approat basedon robust statistics. It normalizesthe percertile
assaiated with a corntour body. The size of the cortour body therefore doesre ect the
spread of the distribution, while no assumptionson f are required. It does, howe\er,
require xing the value of a constart usedin the normalization.

Normalizing the volume of the cortour body C leadsto the following result on the
cortoured distribution:

Lemmal6: Given a contoured density function f, there is a unique decompsition of
the form

f(x)= ( c(x):

With this normalization, the volume of the cortour body is equalto the volume of a unit
ball.

Another possibility is to normalize the variance of the assaiated spherically cortoured
density function f :

Lemmal7: Given a cortoured density function f sud that

z
kxk?f (x)dx < 1 ; (25)
Rn
there exists a unique decomposition
0= s (cO);
= V(C) C ,

wherev, is given by (1), sud that the assaiated spherically cortoured density function
f , asgivenby (9) satis es 7
kxk?f (x)dx = n:
We shawv in xlIlI-A that the megnn of a contoured distribution is proportional to the
certer of massof the cortour body, viewed as a body with constart density. The two

vectorsare equal, if the following normalization is used:
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Lemmal8: Given a cortoured density function f sud that

z
kxkf (x)dx < 1 ; (26)
Rn
there exists a unique decomposition
f(x) = v ( C)

wherev, is given by (1), sud that the spherically cortoured density function f asgiven
by (9) satis es 7
kxkf (x)dx = 1:
If, howewer, the density f hasfat talls neither of the two lemmasabove may apply. We
can instead normalize the cortour body using a given perceriile:
Lemmal9: Let 0 < p < 1. For ead corntoured distribution with density function f,

there exists a unique decomposition

f(x) =

V(C)

wherev, is given by (1), sud that
z

f(x)dx = p:
C
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